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MOTION IN INCOMPRESSIBLE FLUID OF VARIABLE DENSITY 
By Santi Ram Mukherjee 
Mathkmvtics Dppartmrnt, Aiiahabad University 
(Yimmurucatpd by Prof \ 0 Bancrji 
(Received on 3nd April, 1943) 

Motion in incompressible viscous fluid has been investigated by various workers 
Oseen and others have investigated the uniform motion of a sphere 1 and an 
ellipsoid 1 through a uniform viscous liquid and also calculated the resistance ex* 
penenced by these bodies Bairstow,” Filon 1 and others* have treated the problems 
of the steady translation of circular and elliptic cylinders and cylinders of arbitary 
cross section" in a uniform viscous liquid and found the resistance in these cases. 
In this paper motion in viscous liquid of variable density has been discussed and 
solutions of hydrodynatmeal equations arising out of motion have heen obtained 

in series Three cases, where density p is given by ( 1 ) P= (u) P = Pq (1 + kr) 

and ( 111 ) p™Pi>6~* x , X being a constant and p 0 . the value of p at the origin, have 
been treated. It is believed that motion in viscous liquid of variable density bas 
not been considered before 

Neglecting extraneous forces, when the fluid is incompressible the equations 
of motion are 

Dm dp , „ j 

'cr =_ to + “ v ” 

Dv 3« , 


D w 
P D t ; 


dp 


3 u , 


3 Ur 


With ^ ^ =0, where p is constant and p variable. 
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Following Oseen, 7 we write U + u for u and neglect terms ot the second order 
in u, v and w. These latter symbols now denote the components of the velocity 
which would remain if a translation—U were superposed on the whole system. 
The hydrodynamical equations accordingly take the forms 


dx 


• t|e+ 

P ox p 


ox p dy 


dx 


dl p OX P 

, 3 m , dr Sir A 

with e - + v- -i-- A 

ox dy 


(A) 


P = Po/(H 

The equations (A) then become 


A.r) 


IT 

3« 


1+Ax 

dp 

U 

3x 


Po 

3x 

TT 

3r 


14 Xx 

dp 

U 

3x 


‘ ~ Po 

dy 

TT 

3w 


14- Xx 

d£ 

U 

3a- 


Po 

dx 

3 « . 

dv 

. 3 ir 


3t 

; + 

dy 

+ dx = 

= 0 


Lot + r = i)i + vi and ir-u’i +tr a such that 


TT ^ Ux = — * * ^ 51? 4- 

U dx P 0 H 


1 + Xx-t \ 

„_i±i?St i+Xx v , 

9* p 0 dy p o 

3m’i 
3a; 


1 + Aa; 3p 1+Xx „ ; 



(Ai) 


(AM 


(A*i) 
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Let us first consider (A'J 

Tf there be a velocity potential ♦ such that 

3* 8* , 3* 

" I =- 37 ’ Vl = ~ %y and M ’ 1 = — 3 * 
we get the modified form of (A'J to be 

rT 3«i 1 + Xa- dp X 

o j p o dr p o 

3t^ _ _ Hl-Xa; 3?» 

3a; Pq foj 

Un¬ 


provided 


dx p 0 dx 

with V s ® =0 


1 + Xa- tt 3* 
-Z- ?>= U ST 


i 


( 1 ) 

( 2 ) 


Now for M g , Vi and w t we consider (A*J 
We can write (A"J in the form 


3mj 

3a 

| (1 + X*) V’r, -2A, } =0 

{ (1 + xr) VVg-2/,^’} -0 


X 

~ j* 


3mj , Ivi . 3m’» n 
with — i + -^4- -z- 1 =0, 
cr cy cx 


where 21 , t = 


Ueo 


Since the vortea lines must be circles having the nxis of x as a common axis, 
we may assume 

t n _ 3X . 3X 

5-°.n- - -„.t- Y y • • <■# 

where X is a function of x and to (the distance from the nxw of x only) 

Now { (1 + Xa-) V’ -2/., ~ + XV V, =0 

{«** +w ’<--° 


(1 + Xxc) V* -2*i 


X cp 

v- Qv 

_ \ dp 
3 x f dx ~~ n dx 


( (l + WV-2k,^}^=0 and 
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? = 

lw t bv% 
by dx^~ 

. 3«, 

8* ~ 

0m>» 

•sr* ndC= 

3t>» 

0* " 

du 1 

by 




{ 

(1 + Xar) 


Kt- 

5? 

u 

1 

x 0g 

(i 8* 

+ AV 




1 

[ (1+A*) 


Kfc- 

3«j \ _ 

3y / 

A_ 3^ 
|1 07/ 

— AV 1 




so that 











1 

(1 + A*) V* -2ki -} 

q = 3t V *« 5 

_ A 
' H 

32 

0* 



(4) 


{ 

u+wv’-a,^} 

t =-xv*r 

'♦* 

a_2 

by 



(5) 

Now 

2 J\ - 

. 3£ _ 3 / 9« i 

__ dw t 

1 _ A / 

- 3m» 

I 




3* 

'ey" 1% \ lx 

3* 

/ by\lx 

07/ 

) 






= - 

I’v’t _ 

3 f t>, + 0 s j 








3** 

8*3* 

3yd* 3y 

r 







= 9 ’*l. + 

8*«» 

1 ( 9 ±* + 1 

&«£• ^ 







3** 

V ~ 

3* l 01/ + 

0* / 







. + 
0* 1 

3*?/, 

3»? 

1 /_ 8«i) 

3* V 0* / 

since 

8u t 
bx + 

3”* + 
3*7 + 

3W>f 

3* 

= 0 


= V*77* 


Similarly, - ~ = W, and - - ^ = V*w, 

Cr lx cy lx 

Hence, substituting the values of V*Wj and V*t»i m (4) and (5), we get 

{(i+»i)V + ix-sUj^} >i = - ~ j'j 

({l+WV + t =. since ?=<) by (3) 

Now substituting the values of q and £ from (3) m the above equations, we get 
the equation to determine X to be 

| (l + AaOV* + (A-2A,) X = j p (0) 

on additive function of r only being obviously irrelevant. 
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at ^■=d+wv , tt,+|p 




= ^p-(l+M( 


2 k t -^-= (1 +Xrr) V*t>, 




■«+«($--&) 

.. ,. . a*x 

= (1 + Xx) - v - s - 


"• = ar ,1+w S" 

•• = i; (1+x * ) lr 


1 „ ,, . 3X X f 3X , 

*, (1+b:) jjr-MTJi*"'* 

1 „ ,, , 3X A f SX . 

*T (1+W ^" wh* ^ 


Now we have to find the form of X Riven bv (6) 

(l+W V-J+0-SW ■§“ *1’“ 7 TT&- & f "“» W 


Turning to the solution of the above equation, we find that since the problem 
is one of preferential motion along the nxis of x , we are justified in considering the 
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solution of in the form ♦=E. 8, where R is a function of x only and 8 that 

of w and <t> only, where w= and tan <A= —, so that from V* ♦•=0, 

V 

we get 

“ i ’5 = 0, where V i ’=+ ~r~s~ 


Tx TTlvv ‘ w ' ,ere v 1 ~ V + T* r 

° r 

This is satisfied if we wnte 

■^j~r — AR=0 and V^S + AS^O, where A is an arbitary constant 
Whereby Rsq^* *+<■* e~ J**, ci and c* being arbitary constants 
and B* = B' ff J„ (0 t e>) g® 8 } nt, if A = p 1 * 

or B m I m co) }m, if A= — P» 1 

In the differential equation for X we put X« VS, where V is a function of x 
only, so that 

fr - 8 & • -£>-= 8 w- * nd v ' 1 ■ 1=7 v ' 1,s - - tVR 

Then we get 

s [d +w (-J- tv )+«-«.) rf J]= lit % s 

So that V is to be determined from 

*v. «, 

where R=(*i *+cjc * 

Put 1 + Aa=kri bo that SxsS*! 

Henw , *(3^-w)+»-w£-^-g- 


*-(0- 4v ) +i ^ 


d*7 


2A| J_ dR 

A *i dxi 

d*V ± dV . „ i iR . A-2A, 

r + a^ r -te 1 V»--^-,wherea=- T 1 a 


2A t 

A 


Let us first solve X\ + o -fatt V=0 

0*i 0*j 
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Let V= 2^ A, X\ =sAi Xi™' + A, xi m ‘ + + A s x ™ + — 

Substituting for V we get 

Ai nii (wi + a-1) x\ m ' _1 — A, L xi m ' ^ 

+ A 2 hi, (m, + o-l) x ,**' 1 - A, k r x "'+* 

+ A 3 nif (wi + rt-l) Jti ” 1 ~ 1 — Vj k 


r=o 


+ A»-1 no -, (H/,., + «-l)x 1 ",-r 1 -A < i /t + , 
+ A, hi, (hij + o—1) X, V, — Ai £ Xi"*, 


(7) 


From (7) we get hi, (hi, +«-l)=0 hi, =0 or 1-rt 
hi, — 1=»i, + 1 or hi, = hii + 2 
hi h =hi,+2 
=»ii +4 

hi, = hi 1 + 2(s-1) 

and Ai-,A, = Ai »Wi(Hii+a-1) for s i^2 

An a: ,* __ A, at,* ____ kr^ ___ 

or A,-i hi, (hi, + o-1) “ (hi, + 2# — /) (»i! + 2s+ «-3) 

—> 0 as s *—> oc 


Henoe, the senes thus found is absolutely and uniformly Convergent for all 
values of x, 

Now the roots of hi, are zero and 1—a 
X_2A.* 2ii 2Jfci 

l-o*l- \ If ~y~ be not an integer, either positive or 

negative, we get two independent series for hi, =0 and , fc, obviously is not 


2A, 


happens to be an integer other than unity, the solutions in that case 


w,U b. [v]„ [£•].,.» 
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Again, if X=2k u our equation wiJ) reduce to 
d* V p „ b dR 

j —j — K V — -- -j- -3—, 

dor 1 Xi dx 1 


whereby the solutions can be easily found 

k 


A, - 

A,= 


(»ii +2s-2) + 

(m t +2) (wt + a+1) (m t +4) (mi + a + 3) 

V 


1 , for * 

A 


(«»i + 4)(>«i + - , K»«i + o + 3)()».+a+l) 


A, 


I/wi + 6 )(hii + 4)(?«i + 4<»«i + o+'))(»*i + a + 8H»ii +o +1) 
Hence, 


Ai, etc 


V = Ai®!*' L + 


A», a 


, E, F being arbitary 
constants 


(V«! + 2 )l/M| +/7 + 1 ) (ff»i + 4 )lm t + 2 Hm t + a + 3 )(/«i+a + l) 

,_AW_. 1 

(mi + 6)(wtj + 4)(wi +2)(»»i + o + SKfMj +a+8)(m l + « +1< J ’ 

where A t is an arbitary constant 

For the particular Integrals we write the equation as 
d*JV « dV nT _ fc dR 

(tei* Xj dar t * a?! 1 da-t 

The complete solution is given by (9) V = BV, + AV j 

’ hete . r, f * <« v , ) 

A " t+ J *7 r ^ 

it , 

J xi dxi 

Now let us consider the integrals contained m A and B After substituting for 
R we find that they are of the form — 

WTj —r (cj l e^ *' -Ct 1 *’ j x x \ f dx lt where I or 2. 

Thus we see, we have to evaluate integrals of the form 

| * xh dx,\lkvt positive 

and I 008 1 a x x, % bx dx, if k is negative 
J sin J 

or j tP' x xP' log x dx and j ®!j^ | Oj® x bi log® dx 

But the above forms are mtegrable. Hence, the solution of V c«n be obtained 
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Again, X VS and since X is a function of x and <o onlj, S must he independent 
of 0 Henep, S is a function of a> onl\ Hemp the* equation for S becomes 


rf*S 

(ho 1 


0 ) 


cZS 
di o 


+ KS -0 


when by S= A„ J„ ip, ©i 
o. H„ T 0 (p, to) 


Thus X has been found \giin ♦ is given b> $ -RS Heme, we (an hud the 
value of p fioin (?), sm< e $ is known Substituting the value ot X t m s , f 4 and ?r 4 
can be determined and 4 being known, we can get»(, t’i and 1V\ I hus a complete 
solution of the problem has been determined 


Case II 

p = po (1 + X:r) 

The equations of motion become 

IT ?" = _ l__8p +_H_1 

dx Po(l + X:r) dx Po |l+Xa:) V ' 

T T iiL = _ L _*£+_ H_V 7 

3a: Po (l + Xrl p 0 (1 + Xar) V 1 


U 2 "’ = ~ L _ a P + _T*_r 

3sr p«(l + X*)3* + P 0 (l + X*) N 


.. 3?/ , 8 v , dir A 
with 9 +z~ +-- =0 
ct ct/ 9 * 


». 0 ( 1 +»*)|£«— jJ+iiV*. 

Po l 7 (1 + Air) =— ^ + (*Vjie 

, f « + + 
dx cy 9* 

Let k : h i + ti,, v = v x -t v t and >r=tr x + u> t , such that 

Poll (1+ Xa:) ^ + Po I'Xmi= -|^+nVVj 


Po U (1 + Xx) 


wuh + f > + £ ,'2i =0 

3* c* 


= ~Py +fiVV 


(A,) 


(A,') 
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7^7/ a 

Po U (1 + Xi) ~fa~Po U X«i = nV*«» 


Po U(l + k) - 


Po U (l + Xx) 


dir, 

ix 


~HV l v t 
= rV*«’i 


with ?-*+ ^t,0 

3x cy ex 


Fust wo consider the equations (A/). 

If there be n \elocitj potential ® such that 


«I s 


oy 


and 7f i " 


wo get the modified form of (to be 


Po D (l+ta) l-‘ 


Po U (1 +Xt) 


dwi 


. h! 

dr 


3p 

~ 3* 


3* 


(A,') 


provided 


P-P o U ( 1 +Xx) 


Now for u ], v t and w, We consider (A/) 


If*) in the form 


iTSr V '- 2i ‘ 



Lh'-” 




* 3«* , Cvi , 3wi n . OJ _Up 0 

with 5 a =0, where 21 1 = - 

or oy cx p 


Since the vortex lines must be t ireles having the axis of r as a common axiR, 
we may assume 

ov nv 

(3 1) 


t n 3X .. 3X 
6*M— 5 .t= n 


where X is a function of x and w (the distance from the axis of ft) only 
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21, ,1 9 //, 

1 + 1* ix 

_ 2L 11 i ju | 

1+1* 9 >/ 


i additive function nl / <mh being nb\ musli irr< lc\ int 


= o/ i 11 1 + * / cl l _ \ 

' 11 1 + 11 1 +1 /V 3 * cy ) 

_ 1 

1 1+la l + l»u V 1 5**/ 

. 1 9 ’*+( ;,T 

1 + 1X9/ -1 IU + 1*1 J ' 


1 h li uy 9*/ 


_ ax./- x cx i 

.'iiU-txVaj/^u+ia-)- e» I 
_±\ i n. r x ax 

w * 2&ill + l*£* ill + 1*) 1 9* 


Now let us turn to (b 1) which may be written as 


Following the same argumeut, in Case I, and writing 

*=RS,X = VS and 1 + 1*-lir x , where 0 and V/S+KS-0, 
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we get the equation to determine V to be 
id*V 


*' (2 ~ KV ) + f, 

Let us hrst get the Complimentary function given by 
2 + ( l - 2 ‘ ik ‘')^, u ‘ v =-° 


Let V a i P, J ={ 11 » 1 W '+ Ps j l"‘ + + | 5 s Xi" IS 1 

s = l 

Substituting, we get 

(ii *«i* V"' ‘ ‘"Pi U I Xm 1 + /) V + 1 I 

+ |lj «/, J r/"* -1 -(ij (2/.+ /^) i 

+ (i, (-^iXw/j+X) j7"* + 1 : 

+ ' =0 

+ 1 

+ P,_ l -p,-i(?XiX»i3_i + A) 1 + 1 

+ P, /«', ‘ -P; UiX>», + A) x, w , + 1 


From this we get 

7«!* = 0, 

7«1 + 1 = W» —1 


Pi w.* Pi-! 12A, 1 X in,-i + L) or 


e, /«! - 0 
or nii = mi + 2 

niz =7W| + 2=wji + 4 

7«i = wii + 2 la-1) 

*!-L - Ml + X 


_ |2A: 1 X (»«i + 2< t-4H k} , 

(wii + 2v -2|* 3:1 


Hence, the senes thus found ie absolutely and uniformly Convergent for all 
values of x u 



Morm\ i\ l nloMi u-ssilti » hiiIioi \UU\lni di \mn 
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Since the two values of mi t have coincided into one vi/ zeto the solutions 
will be given by 


l v L o » nd UB. 


by suitably modifying the .ubitary constant 
Now B - 


V jk (?»i + is 

U»i + °s- 


■4) + / . 

y 1 


B, : 




(m ! + J) 


,13, 13s 


_2/ 1 A l (wi 1 + •>) + / , 
{/Wi + 41* 


. V ,A (hi, 4 ’)+/ lihrt\ + l ,, 
(/ / j ♦- 4) * 0/1,+ ’) 1 


„ 2/ il f/M| +4) + / («t 1 + 9 ) J -/ V|Xh/| + /„ 

(wi, + 6)* (hi +4)* (;«!+’)* ' 


n / r, J. , , V,X(i/, + 2l+/ ;,AIH, + / 

V " JV| [ (« +2)* M (h/,+ 4) 1 (1/1,+ ^* r 

. V,X/w#i+4> + / / 1 Mw 1 + 2)_+/ »/ 1 Jl»h,+/ 

(>», + ())* fini +4V* (hi i 4* "*)* 1 

where B, is an arbitary constant 


0V 


“ v "* *- +B '■"' +, f 2 &^(2/TJsrr t - Wl+ 2T 

2/ 1 M/ra 1 + 2) + A •»/,*>» + / I A,A _ 0 _2 | 

>», + 4)* (wti + * l 2/ iX (mi + )+k 1A.///1 + / w,+4 111 , + 2J 

, 2/iX ( w t + 4)4-/ / 1 a(»h 1 + 2)+2 2/fXm, +/ j 2M 

2:1 + (HM + b)’ («t,+4)‘ <»»,+ >)' t /,JKw t +4) + / 

_2/_,A + 2/»-iX— _ 2 _ _2_ LI-4+ I 

2A,A («?, + 2) + A; 2/iXh?i + / rw, + t> »J,+4 ih, + 2J J 

so that 

ravi 


‘V,! 


v.- 


L&IH! ]W| =0 


Hence the complete solution of (6 1) is given by 

X = S(BV, + AV ! ) wheieS=A 0 J 0 10, co\ if p x * = i 

or Bo I 0 (0i to), if 0,* = —A 

A- *1^1 


,P /l - AiAir , , 

and A=E-2A,A j "" V^/ * *, Ar, 4*i 

- , n /"l — 2/ tAsri * 

F + 2AiX a. 


E and F being axbitary 
constants 


and B- 
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The forms given in A utid B are mtegrable as in Case I Hence, we can have 
a complete solution of (A *) 

Cask III 

p = p u e~' KX 


The equations of motion become 


j du _ _ r_ dp + pc' 

3x Po 9a: p 

, <•#__ e'f dp 

dx Po 3y 


,\x 

V*« 

po 

M 

- V’p 

I’O 
\\ 


U I" ’ y.„, 

9® Po cx Po 

. 9« , dv , dv' f, 

with X-+r-+ «— = 0 
dx dy ?* 


Let «=«i+«i, v—v\ +Wj and tr-u i 4 w’j 
such that 

U ?“» = - r — V*«, - 

dx Po Cx Po 

u 

OX Po uy Po 

3® Po dx P o 

. 9/<i , cvi . 3/f i _ n 
with 4 - - + *t— =0 
3 jt 3 y dx 




u v, 

c® 




Vi 


rT fogs _ m** 

U 3® " Po 

3«j 3«| 3fp 


3® 9y 


V’w, 

0 


First we consider (A'j) 


(A,) 


(A',) 


(A'*) 
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If there be :i velocitj potential such that 

cQf 3® 3* 

3 t 1 cy 1 dz 

we get the modified form of (\%) to bo 

TT dtf, _ t** h> 

P o Cz i‘o 
TT ?Vj _ e** Ip 

U 3® p 0 Zy 


^ 3?p, _e x * ip 

Zr Po f* 

with V ! 4fr-0 

3* <> x * 

provided U 5— = —p 

Car P 0 

We now write (A"*) m the form 

(e x * 

(e x * V*-2/., |^j*'i = 0 

3?<, 3j)j 3«», A , Upo 

with ■**- + - 5 — + — - =0 where 2 /., = — 
ex cy cz p 


Since the vortex lines must be circles having the axis of x ns common axis, 
we may assume 


E=0, t] =■ 


ex 3x 

■ Zx' W 3^ 

where X is a function of x and a) onlj, where <ois the distance from the axis of r 
Proceeding as 111 Case I, we get 


(3 2) 


(*v-si,v*- 



(r Xx V s - ?/. 

, »)(- 

-Xr^ V 

v ( + 



V 

1 cr J 


p cy 


or 

J e Xv 7*+l 

(xt X *-U. 

),U 

p 3* 



{ e u V‘+| 

(la** - ?X, 

)&} 

t= A A v 


80 that 

{« U V'+( 

Xr** -2/1, 

)£}* 

= A e** p 
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an additive function of x only being obviously irrelevant 


whereby 


2/., ^=c A - ¥ A 2 «, + ~e**j> 


= 


2 /., 


-*‘£> 


’•’■-arl'*'* - X /' U 9V'4 


Now we solve for X given by (6 2) 

VI t ft/' -»,)?. 1 /* p = I t* 

&r ft 1 1 dr 

=2// |^wheie V'* J =0 
ox 

Following the same argument in Case I and writing ♦ = RS and X = X°S, 

./* n 

where -KR=0, Vi*8 +KS=0 and X* is a function of x only, we get the differ¬ 
ential equation for X' to be 

^ ($5-«■)+<***-»■>£? -»,* f 

or ~T + (X—2X, e-**)'? -lX=2k l l «“** ~ 

dr ax 

Put e’^sssri, le, A*= log —- 

T i 

or ^ «-X*, 



MOTION IN INCOMPRESSIBLE FLUID OF VARIABLE DENSITY 
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dT_dX^dx L ~ , dV 
dx ~ dx, dx l dxi 



Substituting, we get 

»' (*■’ £? +*• £(-»*,) 

» 1 " ,21) 

Let us first find the complementary function given by 

D*-=x'*,*g;+ 2 i,ta :i *f-- 1 r=» 

Constructing an expression 

V =c 0 Xi a +ciaJi* +1 +C| xi a+2 + +c« xi“ + ” + 

we have DV=c 0 {X*a(a-l)—A.} Xi“ 

provided 2AjA c#- 1 (a+—1) ^lA’fa + n) (a+n—1) — k] c„ , for 


So the wdical equation is given by 

A s a(a-1)-A=0 
, c u ri 2kiUa+n-\) 

8Dd o u . { = X*(a+«) (a+w-D-i** 


Hence, the series thus obtained is absolutely and uniformly Convergent for 
all values of x t 

Now A'a *—Va — A=0 

JL*± s/Jl+4 A± ^*+4A 
° “S 1 “ 2JL 

If the roots <*i and a» do not differ by an integer we shall get .the two solu¬ 
tions as 

%l* = [ V ]a-a, and x, = [v]a» 0( 
for»si 


Now 


" X*(a+») ta+n-l)~A * 

2AiAo 

is-* 0 * 
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mathematics s a mukhewee 


_ 2XxX(g + l) _ 2k x U a+l\ 2Mg 

c * X'(a + 2)(a+l) - 1 C * ~ A*(a+ 2)(o+U-it X*<a+l)a—A C# 

_ >HxXIg+ » U|Xa 

68 " X'la+dWa'-T ) / X*(i+2)(a-l) + X X*(a+l)a-/ c ° etc 

Hence 


V 


a / < i_2 A-_iAci _ >ti3L(o+l) >1 Xa 1 

-c oa:i [ 1+^ ( a +l)a-A, Xl+ X*(et + )(a + l)-X X’(*+l)a-X 1 

, _JX,XJa+ ) >/ iX(a+l) ZXxXa , 

+ X 8 a+3)(a + 2)-/ X*(a + 2) a + 1)-/ XV+Da-A 


) 


Hence the complete solution is given by 

X=S (BX|*+ \X*)° where S= X 0 J 0 (M itp,* = / 

- Ho MM ifp,* = -/ 


md \ = b *>/, ^ kdX (hl 

B= b + 2K t {jgx, Ui 

which are integrate 

Now R=<: x * +c , e 


(. F and F being arbitary 
I constants 


V* , 

= c , e A log 


-Vi 
c ]« A 


log 


1 

-ri 


= e', (a-x) 


Vi , Vi 

A +c a(aii) A 


Heuce a complete solution of (As) is found 

My beet thanke are due to Prof A C Banerji for bis kind help and encourage 
rnent in bringing out this paper 
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THE ARMS OF A SPIRAL NEBULA IN RESISTING MEDIUM I 


By Bru Babi Lal 

Mathematics Department, Ailahabau University 


< 'ommumcated by Prof A C Banerji 


(Recoived on trd August 1942.) 


In this paper we have investigated the actual path of an ejected material from 
the equatorial plane taking account of resistance The space outside a nebula is not 
totally devoid of matter, and thus the ejected particle would travel in resisting 
medium Moreover Eddington’s* theoretical researches ns well as Plaskett 5 and 
Pearce’s observational investigations show that interstellar space (within the confines 
of the galaxy) is not empty but is fitted with a veiy rarefied gas of “Substantially 
uniform density” 

We have assumed BanerjiV configuration of a rotating gaseous mass of uniform 
density which surrounds spheroidal homogeneous mass of incompressible material 
The total intensity of attraction f w at an external point in the equatorial plane is 
assumed to be made up of two parts—one part is due to the attraction of the larger 
spheroid of equatorial radius a and density p t and the other is due to the smaller 
spheroid of equatorial radius K 0 n and density (Po“Pi) 

Now, 

/•=2rU-e J ) 4 [ii ~i {K 0 Vo + Pi(t-K 0 s )| +Jyr{K 0 Vo+Pi(l-K (l i )} + 


2 4 2 n 2n+ 

By keeping only upto e 
Hence we have 

+ 




{Ko^V + PiG-Ko^ 8 )} J 


A” 


Ao = 2iw*a-P , )*Po i {Ko*+ ~(l-K 0 8 )}=2^«Vo (l-e’)‘a 0 


Ai *2jio 8 (I~e*) 4 p 0 i «*«* {Ko 0 + p-Ml-Ko‘)} =2,ra , P 0 (L-e*) 4 aVa 1 


A« ^ 2na 8 (1- 


24 2« 

=> 2 v o’( 1 - etypocPe^cin 


{ K ,. w . + £i(,-K,.«)} 


_ 2 _ 
+ 3 
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where 




a. _ 1 — ' 2 ( jr 3«+8 i £l/i ^ l 

"“ 24 2ft 2« + 3 1 K ° + P. I 1 K * )) 

(a) Resistance* varies as , where v is the velocity and r, distance from the 
centre 

The radial and transverse components are — jj and where L is 

constant and small. 


Equations of motion now become 


-f~ \ 


( 1 ) 

( 2 ) 


1 du 


-^-(n" 4 u ) +2«" 6 u* +«- s P’=(A 0 + . . A,« to )-LM“*t 

Equation (2) becomes 

s(“' 9 * )=-“■ 

m“ 3 9 =* 

- 

here h 0 is constant, when 0=0, u»t< 0 . we have ho to 
where to is the initial angular velocity. 

Now equation (3) becomes 


(3) 
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where higher powers of L are neglected 
Now put 2 ^^ a ° =m 

By putting the values of TT, Po, a 0 and to 5 , we see that m is less than 1. 
ue, m is + w , small and less than 1 
m < 1 


„ _ miS i + 

Qlg* 


2 l 1 + 


“ aJl l+ *. J 

keeping terms up to e* 



To the first approximation we oan 

take the value of 0 , * ) 

\ 4 o 0 / 1 

^ sin -1 

2u-mu 0 TT \ 

(Z-m)ui 2 ’ 


-e'Mtto 1 a ai - f V (wo-«)[tt + w 0 (l-?«)l + — V -■ I 

l 60o«o* «o tt + Mo(l-w») J 

’hus we have 

d*u , mu 0 f . , gje 1 j e* 1 

rf?- + “ = -r| 1+ w “ ~tJ 

. Lrnuo [I , , ai»tV e* \ ( -i 2u-mu 0 TT ^ 

+ “TT~U l+ to. "TA“ Ti 

+-s< «•(«.-' 

a 0 « 0 \ (2-m)M 0 2 / 


{ 6W ^ (».-«) t“ + «. 

w«o ., 2u—muo T i a.e* f u}_( _.i 2 u-mu 9 _TT\ 

-2 ,,D g=5Kr./ + ££ , l »l" (2-m)«. ll 
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where E is the cunstent of integration, which can be found out by putting 
the initial conditions, w=w» and ^ = 0 
Here we introduce new constants 
B= [|£ (!+»•-«)-! 


2hmif<i \( ,,a 1 m 1 e 1 e*W/ ot „- t 2u -mu t _ TTU »jjLo ^ 

+ - A 0 l^T" a'Ml 9m (2-m)«o 2 A 2 / 

♦*[<-«».-«,)•]*} ^{tf 

+ 3 +—»iM 0 M + B 1 uo*j^(2-w) , «o , ~(2»i-»M/o) s P 


, s( -i 2i^ L WM 0 _IT'\l 
0 I 81 ” {2-m)n 0 2 / J 


— e*»««o | f— (mo-«*)[*«+U o(l-»»)1 


dtf = •/(u 0 - tt)t« + Mo (l — w)] I 


, 2L»iu e f/, . aiWiV e 1 \l M ” 2 ; 

+ ~hT\ l 1+ 4^—T)-ftp 


j 2 u~wm 0 TT ^ 


u) [u+u, U-w)J 
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/ l + J*»»»V _ .eM r — { 2u—rnup . TT \ 

+ ' 4q,i 2 ) + ^ i _(2 —m )uo 2 / 

a7(Mo -«) [m+« 0 (i “ «i)T Oo«o 4 L («#-m)Im + ito(l— m)] 


3 // (« 0 ~w) l» + «o (1—m>J 


. tu—mua ii 

9in ~r- -r- 7i 

._ (2—ffllwp 2 


L 6a 0 «o* v (m 0 - »*)[« + «o(l — »i)I 

(2 — m) t uo 


'«o* / -i 2u—mu<t Tl ' 

_V (2-m if<o_2^ 

(no — u)(tt + «*(! — mil 


u o v / («o-«) t««+«o 0 ”>«)] «o 


/ ., 2 u-ihuq 77 

V sm _(2 — m)up 2 


lj}J‘ 


*'(uo — «) [w+tto 1 !”•«»)] 


l«o —«)* [m + «o U—w*)]i 


Hin<t\( . i 2u—m uo TT ' 

2 /l 8m (2 -w)m 0 ~*~ 2 , 

}(mo-m)(w + «oU-w)JH 


tfw _j. J*ljL 

{uq—u) («+«tll—»»)] a#«&' 


Afiili 
»J fa.- 


jg m«u 0 + Bi Uo* 

-«)(«+«oU“7M)] ^ 


r r u * I -i 2u—ihuq TT \ 

) L ,, 

| J { (wo -u)[u+u 0 (l -w)]}t 

.»b 

* J {(«o-«)[**+ w)]}* y 
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j-SH- f ( jtfa + 

I 6a 0 M»* I 2(«o - u)[u+ «#(1— m)\ 6ooUo* 

f ( 8in '‘ J7. 

8 J («♦-*)« I 




1 2u—muo TT \ 

2—ot^mq 2/ 

Iu+MoU-tm)) 5 


j du 1 B (2 — rn)M 0 


J (u 0 -u) l« + « c (l-/n)1 m # 1 

(uo-^tu+ttoU-jw)] 5 £ J 


Hence we get 


>1 2u ~ mt * - c t mUi 1 _®1 ^(Uo-Mjltt + Mod-W)] 

1 6a«M(* 


(2-«i)m<> 


+ J*«/ u t -u ) __Lotuo[/, ■ ctimV e 1 ^ f/ » ‘fo.-w wo _ II) 

«o * u+uo t 1 — -m) j fto 4a 0 2/1V_ (‘ >~m)u 0 2 I 


^[u 0 —u'[u + u 0 {l—m)] 


I + U+- 


-log 


u + u Q (l—m ) 


{2—m)uo nJ * Uq — m 1 1 \ x ‘ 4a 0 ” 2 /(2—w*)u 0 ” w<>-m 

, «!<* f TfO— .»)» f f (a-w^ti^-CiM-wwo)* II ,_ (g" g hf e _ 1 

+ 6aoUo* 1L U " U l2-m)u 0 J + 1(2 -w*) 1 **# - Gm-wiuoT 1 ]*J 

, „ [_ (2u-muj) _ 

W ° l[(2—(2a—wwo) 1 ]* 


-l 2u—wwp 1 

B (2- w»)«o J 


__i , u 9 m* _ (2u-inu 0 ) _] 

1(2—♦»)*«#'—(2m— mu®)*] (2—ml* 1(2—«*)*«**-(2a-ww#!*]* ] 


3m*u 0 . u+Uo(l-ni ) « 0 m* ,„_a/ ( 2-wj*« 0 »- (2u -wtT^ I l 

+ 2(2—«i) ° 2 Wo - W (2—»»)’ °® V -(fe^o Ji 

1+ 

- A+i)log(ai-«)[«+«♦(!-**)] 
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a if 2 m-wi« 0 _TT \/ 0 "V 

— 1 IJP Ilifo— _>)1 u TO “° ) ,/(2 1 

f'-i-w 'K, - U«-,»« 0 )‘]i +1 ° gV ^^rnUTo -J \ 

-e'mu 0 { - 

1 lJa 0 Mo Ki~m)u t 

n u-mu» TT\/o 

—L~ m f<a - l) + w)*»o* - 2u mup) 1 


r ,-—. 

l.a 0 «o 


■] 


+ «?l2-w) g « 0 -« + tio'W-m [I 8 

+ lo g \/ < 2 ~ w) , Mo T --T»i«-iiiM t i , '[ j 1 

(2-«mi 0 1 J J 


-l 2u-mu t TT 


7 j(2« - wm 0 ) 

[l2— mi’ut*— (2t« -mimoiM* 


I —m tig 


We substitute i log Uo — to) + li log [m4mo( 1~w))—log——for 

logV^— 7® 7 ^—and find that sum of the coefficients of all the terms 

U—m «o 

which become infinite on putting initial conditions, vanish 
Hence we have 

) (.»,-■ g i« 1 'W=sns«, u-*i 

\ 4a 0 I \ U-mfao 2 I \ 6ao« 0 

+ Ai/ up-u ") __ bmup Si l+a^^e* _ e*) ( j Vu-muo JT\ 

, ««o M + M 0 (l-MI)/ A 0 L' 4a 0 2/_ V <2 - m m» 2 / 

1(2 - w) — (2 m - mimo)M4 

. _Ui£* J [ , / 9 .1 r(2- w) l Mo , -(2u-WM«) i l^ . _ ( 2~ot) Mo _ 1 

+ 6W t \ l (F^j «0 J [(2-« t ) , tto , -(2M“m«o) , |l J 

. _ / ?m . .j 2u ~mu 0 ) 

mU ° l LVa-WD^Mo’ - (2lt 1 8m (2—M»/Mo J 

+ I (2 u-mu 9 ) _ lir-i^ojl 

(2—»i)* 11(2——(2w-»m#)*jl J JL (2 -wiJm # 2 J 

- [*«-«.>-!i»». {(»»•■ (?) i ] 

(t‘ 2 - 



MATHEMATICS I BRU BASI LAL 


\ IK'-"-" 1 " 1 )+ 

[(2-w)*Uo , “(2tt-mt<o) < Ji 

B=S? K^r 4 \ 

Hi-mPtt«*—(2 m - mu n) * li 


With a little simplification we set 

.JliffVsiYm ■2u==*-?.l- e 


•wuA |! 'W" )l “ + , '“ U '"‘ )l 
i6ao«o 




_! iu—viuo TH 
n [>-m )u 0 _2_l 


v'O/o— u) l« + 7( 0 ll“»l)| V (2- 
‘2B e‘m it4 Mo(l- ml , 4 OjC^ 


i 2u — lim p Fh cne 1 ^(« 0 —m) [jz + Mo (l“«t)| 

(2—«t)«o 2/3ao»to 11 


L 2M-wm _ TT\ r 
(2-ot)m 0 “ 2/ 


L 4 12(2-/»)*" 8 (2-/«?“ 24j“ (2-»t) 


and /w + OT* |+i^l4 


In order to see the curve at a sufficiently great distance we expand the above 
in powers of —, keeping only upto U — and neglecting its 2nd and higher powers and 


u 2 ( \+m*e , aA e^giwi* . . e*niB(?-tn) 

*ttoL2“Wi' 4a 0 I 12a 0 (1-mr 

hm | 1 r 2(c t -ciw) / m . Tf\| f‘2~ w>*c t — 

” Ao 1 Vl-ml (2“fit) \2-m + 2/L 2U~«i) 1 

, ci.eV J_/TT . m V m \ 2B e*m 

+ 3^r U 'M 2-m \,2 + 2—m/2(l-wi) J (l-m) (1-m) 9a 0 

. a.e’wTT \ 1 / m . TTV. . »»Vai\ iwe^id-wilJ 
+ 25,12=531 J:lFS + 2jl l+_ isrj 6ao 
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_ e*wB L m j I c,’-c i m \{ m IT \ 

(I-m)i A 0 + 2 / 

, (U . m )( aie*(l-m )i 2B e'm 
V 2 2 3a 0 (2 -m) 

which can be put in the form of 


g l— w __4 e*a i 
9 o 0 


-A'jWo *)—“ _ A‘j+A.4«9* (4) 

Wo 

where it, Aj, £ 8 and A;* are all constants and »o = ~ (constant) 

a 

Thus the curve given by equation (4) is a deformed spiral 
In the end I wish to record my respectful thanhs to Prof A C Banerji, for 
his keen interest in ray work 
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ON THE THEORY OF A SPIRAL NEBULA II 
By Bru Basi Lai, 

Mathematics Department, Allahabad University 
Communicated by Prof A C Banerji 
(Received on 3rd August, 1942) 

In this paper we have assumed Banerji’s 1 configuration of a rotating gaseous 
mass of uniform density which surrounds a spheroidal homogeneous mass of incom¬ 
pressible material The size of the central roa^ is assumed to be small compared 
to that of the outer boundary of the gaseous structure. We have investigated 
the actual path of an ejected material from the equatorial plane In a recent paper, 1 
I have worked out a case of a rotating spheroidal central mass of a small but finite 
dimensions and uniform density surrounded by a spheroidal structure of rotating 
compressible gas of variable density 

Lindblad* has considered the case of a condensed point nucleus which is sur¬ 
rounded by a spheroidal galaxy of stars of uniform density from which arms emanate. 
Now recent investigations by Plaskett* and Pearce about our galactic system show 
that “ the whole galactic system is immersed m a gaseous substratum consisting of 
atoms of various elements . . . the separate atoms while obeying ordinary gas laws 
participate in a rotational movement around a distant central mass to galactic longi¬ 
tude 825* ” so for a mathematical investigation it seems proper to assume that the 
central core is surrounded by a gaseous mass instead of a galaxy of stars, as assumed 
by Lindblad. Moreover Eddington’s* theoretical researches as well as Plaskett 7 
and Pearce’s observational investigations show that interstellar space (within 
the confines of the galaxy) is not empty but is filled with a very highly 
rarefied gas of “substantially uniform density” Smart* remarks “Tne observed 
feature of galactic rotation may be ascribed to a highly concentrated central mass 
together with a uniform spheroidal distribution of matter” For mathematical 
analysis we have assumed a configuration in which there is a central rotating 
spheroidal core of homogeneous and incompressible material whose density is f> 0 
and which is of small but finite dimensions This core is again surrounded by a 
rotating gaseous configuration of mean density Py which differs slightly from the 
actual density at any point of the gaseous mass, where Ptp-Pi 

The total intensity of attraction f l at the external point m the equatorial plane 
is assumed to be made up of two parts, one part is due to the attraction of the 
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larger spheroid of equatorial radius a and density p x and the other is due to the 
smaller spheroid of equatorial radius k 0 a and density (p t —p,) 

Now 

/•=2n( l-eV [i®TU.'ps+p«a-io , )i+» ^ {fcoVo+Pi a-4‘)} 

~ 3 Uo’" +> P.+ Pi (1-U-+ 8 )}] 


, 18 (2»~ 1) 


2 4 2« 2«4- 3 y 

By keeping only up to 


where 


f= *£+ + 

Y Y 

A 0 = 2lTa"(l-e , )^Po 2{*e* 


- (1—4 0 8 )}=2TTaVo(l'“p , )*ao 


A t =2rra s (l-e'i P 0 aVJUo # + =2TTa 8 Po (l-e'j’aVa, 

P o 


, „„ , /( 13 2»—1 

A«=2TTa (!-«’) Cji -gp j„ +8 

= 2TTa* (l-e , )ipoO , "e , "o« 


-e*)'a , p*ai 


ao = Mo‘ + e Ml-*o J )J 
P o 

Po 


. .fori 11 *«+>+£l/i_i a *«+»)} 
2f» 2n+3 P, U Afl n 


In addition to the force of attraction f there is also a repulsive force pro¬ 
portional to the distance from the centre of the core which follows from the general 
theory of relativity Thus the repulsive force is p’r where p* is very small 

The equation of the orbit of an external particle which has just been ejected 
in the equatorial plane is 


dju 

do* 


+B = «4 i- ife' := f [1A,+A "' ,+ 


A -'"i-sfe 


where — and p* is very small 
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The effect of some such disturbing; factor as tidal action will be to cause a slight 
perturbation but this leaves h unchanged, i.e, A=a’a>jwhere w being the angular 
velocity. Therefore 


l +E 


v [ AtU+ f + • *'*' 1 ] */£?' 

where E is the constant of integration We can get the value of E by putting the 
du __ 
d9' 


[dfij PL 


A 0 («-«#) H 


An 
2 w + 


- 1 (« , " +1 -« 0 ’- +I )| +fr 


) "hM®*~W* 


Putting 


where m is + ve and less than 1 On substituting the values of p 0 , TT, a„ and to*, 
we see that m is actually less than 1, l e., m < 1 

(t, [(«-<'.) + 3iS? ,, '’ _ " ,5> + ] 

By keeping terms only up to e’ we have 




L J 


J 


A’lio*#/' 


(u t —u)i |t< + w 0 (l— m)+ + 


w r 
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By keeping only up to p* the 1st part can be put in the form of 

_ _ du _ __ p* i f_ dn _ 

(m b -»)l[M + U 0 (l~»t)J» ih'uo* 1 J (w 0 — u)ltl[u + «o(l “ Wl)Jl 

+ f_ «o du _ i 

These on integration give 

log 


t 2u — mu 0 _ 

1 J A’Mo*!!— m)i 


Vrtif ol l - ni) + v 1 H - mbt 0 - «)) 
V« J 


. _J**«» J «o-m _ p ytf/-h//o( l-m))|>< 0 ->/l 

h*Ha*(2— m) ,Y m + MoO - "*) 2A i «o*U*-m) r n 

Now we take the °nd part l e 


miioo 1 



(m*+ //«* +| </« 


By keeping terms only up to p* we have 

i - <*i T f Jm^+mmo+ *£**)<<«_ 

wm # c g a#MB * [ J(tt 0 — w)tl«+M 0 (l-«i)J' 

p* f u 0 a '\(u+ u 0 )du 1 

A*« 0 * J tt’lwo-KlHw+MoU-nOji J 


murf* [ /"__ 3 

« L*'(«o ~ «)H« + «#U - »*)] 


3p* f_(w +_ 


These on integration give 

,7 Unn^ { j,™, bid 1 1 

L3ao«o* l 2 (2—7»)tt 0 J 

w« f JLL /i + -1 I */ _ g i*»V \/ u *- u 

(2—m) 13u« 11 ’ J u+MoU“»») 2ao* , «* 4 U"»i)* « + «oll-wt] 

._ ttiffip* , ( o/u + miiU ~ m ) + \/{ 1 wiKu 0 -m ) \ 

+ 2aoA'tt c i (l—«?)s 08 l ,/iT • 


_ _a x mi 9 ll+m 9 -m) f.f u<~JL J , + v'_HlZ*L_ 1 
2a 0 A 7 u 0 4 (l-«H2-n»F rU + uod-JJ Y w+« 0 (i-m) I 
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_J!l m ^d+m) . f */u+u<,{\-m) + Ja-m lu«-u) 
2a 0 A’ftoVl-wji 1011 1 / y~ 


+ _—.[</ {»+»o U-w }(!-»») lug— u) 

2a 0 A*« oMl-witfL* 2 u 

_ ^T^log | yU+Mo(l-»w) + y(l-Wl) Mq-^m) | j 

+ _ “«b»L , I -»wr«o^77) ) 

2a 0 A , Ho‘(l-'»«)’ l yj- J 


+ _ + ^ 4 / «,-« dWMVi *!»»-»»> 

L^ o AV< 0 4 (2-ffmi-w0 5 %4« # U-wr 2a 0 AW(l-w^2-™P 


h| _JioTJL_ 
L l w+?t 0 (i-»i) 


l s ’ + <\/_«» ”*»— 1 + j- v - _V__ 

J ’ «+«*(!--»») J A^oMl-w) 1 «4 


Up-U 

uod-m) 


~ir> 


, - J 1 -. - -*/ «»- «_ -L 3 W |l* _*/ « 6 -ti 

A , «o , U-wiM2-w) « + t / 0 (l-7«) A , «, 4 (2-»i)U-wi) i y a+MoU-^ 


4 TV7 




A'«o 4 U 


- W )! Io|! 


] ✓ «4tt>(l —nQ+ ^U — m)tuo 


V*” 1 _I j((Mo -w)U-w») )i _A/ (u 6 -«l |l-m)] 

>*(2—m)'(l—L l u+tioll-m) J v « + Wo U-m) J 


_3 Hi™ '/[t; 4w t ff- m l(w 0 - «) 

A’mo *«!-♦»)* u 


h logj 


</«-h« t |l-w) + y(L-w) Uq-u) \ 


|J2L 4 . -V™ _ a . . V ' ”L . . 4 / up-tt 

l 4 A ) 2A'«o 4 (l-w)t % A^o 4 (2—w)(l -m)* * u + u 0 U-m) 


-l 


A*«« 4 (2-w) T (l-#»)i 


r,/( m,-«)(!- m) u_ y (i- w i(^^y 

L tt+uoU-w) 2 u+Mod-wi). 


_ 4 __j 4 !»?_, 4 / « 0 ~» I 

A , « 0 i ( > 2-mjU wr v «+u 0 (l-m)J 

Thus we have 

„ l . _ 8 / v' tt+M ,(t_ m ) + v^T-wa) <u.-u) 

* +Cat " n ’( 2 -m )« 9 2 A*tt, 4 U-^ l0 * t- ^-*- 
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+ T- f --- —</ _“o~ M ._ m!___. ' / (tt 0 -uH u + u 0 )n-m) 

A , tto 4 (2-w)(l-w) !,v fi + « 0 (l-m) L'A^ 0 4 (l-w)* ” u 

_ *nu oai _ ^(m 0 — u) |u+mq (1— m)) 

3a 0 uo* 2 


Mq~ U_ 

M + «oU - »») 


h _ ( b+9w 5mai \ j f ^ u + /7 0 ( 1 - m)+ V (1 - m)(n „ - n) ) 

4A*»o* (l—»»)5 V. 2 *a 0 / K l J 


2A'« 0 


-iPmo' 


mV _I (l + »»* —rra)at i \ I 

\ 3o 0 fl 

m* /<*i -A ^[n+MoU- w)] [np^ ] 

*(l-w) 4 Uo • « J 


Up— U 

n+n 0 (l—tn) | 


where c is the constant of integration We can get the value of the constant by 
noticing the initial conditions, Le, u=u 0 and 0 = 0 , we have 

FT/, H*w I f« ...) T <•’ 15wmi1 _J 

C= 2l 1 + “^J + &uS(T^ji l0g \ 2 U^m)\ ~ a 0 I 3 J 

Hence, we have 

_. TV. . e , m ]| ai'\ . H*»i , ,, ,T s’ |f) + 9wi 5»ia! \ 0 1 

,+ 2l 1+ ^) + 4Fva^ loe(J -n7a^ili T 3 J 

- J . in -i 2«-W H<0 f _ _i og J ^(l-w)(»Q-« )) 

(2-m)u 0 *A 7 Uo*JT-m)i g t >J U I 


- mup 
-m)uo 


. »T »ww ft a, ^(uo~«)[m+«*( 1 — ml] x m ’ a i„._-i?i t— * 

+ e ['iW 2 4 {2-n 

+ i~ 2i’«,‘(l-m)”2=S) ll fe l2_2 ” , ~ 3 “’ + 5 ”' ) ~ 







MATHEMATICS BBIJ BABI LAL 


+ [s+Scra ] 1 

, »«H*__ ( a l — \ ^I« + «q IL —w)]<Mo~-«n ■ 

+ 4A*tt 0 4 (l-»»)“'a 0 3 / u ] + 

_1 i'jn __ J uq-h p* _ ‘Amq -«)[«+M 0 (l-m)] 

A*wo'(2—»0U — m )* * tt + M 0 (l— nt) 2h*Uo\l—m)* tt 

To see how the ejected particle behaves at a sufficiently great distance we 
expand the above terms in powers of — and keeping the terms only up to ^7-, neg- 

Uo Uq 

looting its 2nd and higher powers and also neglecting 3rd and higher powers of 


2 u-mu 0 . n*m(3m—4) L n 2-t«\ 

= (2-m)u 0 2A*u 0 4 (2-»*)(l-*»)t\ l 2w 0 l—m) 

9 _ u*w»_ 2-nt u . p* k, » « / 2— 

1 -m « 0 + 2A"«**U—«0*L« + 2(1 — m) «oV.l~w*j 5 J 

. , [ | myi* 1 6+9m 5ma t \ 2—wi \ ti_ , 
e L ISA'tt* 4 2 a 0 / l-wiJw 0 

[jj(4-24« + 80m»-ll.«•) +t(4 - 6m- + 8m')] } f=3 


-5^<l-w» 1 + 


m u_ 1 ( m* gx 2u-mu 9 

2(1 ~m) ‘ M 0 J + 4 do ’ (2-m)u 0 


+ aPS7Ti-»h2-«) f • S} 

1 ^ ( ai A ( u ° 1 m u 1 

4A‘«oMl-»»)l\ao ’/lu ^2(1— m) u 0 \1— ml Jj 


With farther simplification, we get 


•♦Sti^k-rcSr 


4a„ ) ih % u 0 *\\—nifl\^(i—m)\ 2 
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m (.. tVai y _ n'wlfl-Bt w)_J J a, i\ 

+ (2-«i)V 1+ 4a, / 4A , « 0 4 {2 -w)(1-to)« [_ l3a, (l + , ' i " I 

_ m 

(2—/«) (l-/w)4 

+ «VMir-,Tl {?;(4-24«+3„»>-l lm 'l + i(4-6» l - + 3m«)} 

mV*e» fa , 

8A’Mo*'l~» w )na 0 3 > 

_ u T 2 _ n*(24-2»») 1 , f m\k*[2—m ) 1 6+ 9 w_ fiwcti \ 

16fc*?r 0 4 (l~wj)t r l8/**«o 4 U — w)41 2 a 0 / 

30m’-llm*) + ((4-6m + S„^]-i TC7I] ^ (Tr ^ t {^(l+M , -» ! )-i] 
m'ai . m 1 at 1 _wi* *(2—»»)* f ai -A]] 

12ao(1—w)*2 ’ a 0 2—m 32A*«o 4 (l—twj* Va 0 /iJ 

+ U” 4 )] 

We introduce new constants 
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1 0 + 9m 

5wiai| Jj 

J + 4* , Wo i (l-»»)«L2(l-«0' 

i 2 

o, I J 


m n*m(6—5?») 
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„ _ __2_j**(2+w)* ! 1 wn*<2- r«) / 6 + 9m 

~ 2—9« i6A'»o 4 (l-i»)i f L8fe'«o 4 2 


+ {a. H+M ’-’” ) - i l2iT^ 
IjMi+t. 


k r v 0 *(2- m ) (1 —«*JS \ 3a o 


\ i l m “i 
m) 12ao(l-7n)i 


+ *«! 

ai 1 m)' ( a t 

- 3 )1 

+ 2 

a 0 (2 —w) _ 32A*»to 4 (I —»?)i\a 0 


and 

n p* , 

wtpV 


2h i it 0 i ([~m)i 4 h 


where 

K>1 



B^l 


and 

C<1 



Hence, the path is simplified to 

$+K = B—+ C— 

It 0 u 

Now — is small, and — is therefore very great 
tt o u 

Therefore C~ is the dominating term which will give the main part of the 

curve Thus we consider C^~=0 f K which gives a deformed spirnl of Archimedes 

In the end I think it my great privilege to record my grateful thanks to Prof 
A C Banerji, for his keen interest m the preparation of this paper 
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TWO SELF-RECTPROC4L FUNCTIONS 
B\ H C Gupta 
Christ Church Coi i ege Cawnporl 
Communicated by Dr R Varma 
(Received on October 21,1942) 

1 The object of this paper is to investigate functions which are self-reciprocal 
in the Hankel transform of order v and following Hardy and Titc hmirsh we shall call 
such functions R* The functions are obtained by the application of the theorem 1 
that if f(y) is Ri, then the function 

ob) =| f(y) by )" H^_d (xy) dy (11) 

0 

is Ry, where H» (x) is Struve's function defined by 

H y = y _ l -\Y * +8r+l __ 

’ " 2'^ r+1 r(r + i)r(v + » + i) 

r=0 

= (i*)'* 1 lF|(l,^V+8, -i*’) 

It is interesting to note that the R.- functions investigated m this paper are 
in the form of generalised hypergeometric function *F 3 

2 We know* that a-'+l e ix+t To" (a-*) is R" or skew R» according as n is 
even or odd Let us take v=l and n to be an even integer Then 

f(y)=y* e-V T," (*■) 

is Rj Taking this value of f(y) in (1 1), we have 

0 (x)= j fa)-* Hjfr.j) by) e & T121) 
o 
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Now the series for y (y) is uniformly convergent in any arbi¬ 

trary interval of values of y and the function 


V* e'*>' T," (y l ) 


is continuous Also the integral (2'1) is absolutely convergent Hence we may 
integrate the series in (2 2) term by term Thus 

nt »- jdllilv _ (— ly*)’’ _v (-yr(i + 8-r) Tln-s+r+jl) 

9[y ’~ r(»-t2)^ r(r+4) r(iv+»-+i)r(i-r)^ *!(»-*)» 

rm o 1=0 

where we have used an integral due to Varma s 

If we use the formula T(x) r(l-*)=* coaeoi-a, it is easy to see, after 
some simplification, that the function 


SmQ 


is Rr. 


8 Taking 4 in (11) 


fiy)=y-' D‘,*+,(v), 

which is Ri, we have 

g(a;)=*' ,, ’| o y-4(» + l) D'i»+i (y) ( xy ) dy 


=s . 


term by term integration being easily justified. Since 4 
ta+l 


p^aiL |D,W 
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?(*)- s 


2<s+l 


(M ,r+> 2>'{(2m+l)l} 1 _ 

IHr+jf) T(iv+r+1) (s!)*(2m+l—s)lJo 


| 0 y 2r D 0 (!/)D„ ( y ) dy 


= v v” U2m+iyy2 r -b- 1 x {r<+i)i* r(s+i) , , „ 

^ ^ (r!)'(2m+ !-/•)!s! r(s+i) Tfs + iv + l) r(s-r + l) 1 ** 1 

r *0 j »0 

where we have used an integral due to Watson 8 
We therefore conclude that the function 


3*+i 

^ (r!)M 2 m+l-r)' Hl-rj aF8 (i ’ 1 ’ 3 * iv+1, l “ r ’ 

r-0 

18 R» 

My best thanks are due to Dr R. 8 Varraa for suggesting the problem and for 
his guidance in the preparation of this paper 
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AN INFINITE INTEGRAL INVOLVING WHITTAKER’S FUNCTION 
By R S. Varma 

Mathematics dfpartmfnt, Lucknow University 
(Received on 21st October, 1842) 

The object of this paper is to investigate an infinite integral involving 
Whittaker’s function Wj iW (x) The method adopted is that of integration by parts 
and it is interesting to note that this simple method gives a pretty general result 
We start with the following integral due to Erdelyi 1 

rfr-&.+i>w 


= ] yl’-6^ J, (2^/xy) W*, m (y) dy . . (1) 

R(H-l) >0, R(»—2m+l) >0 andR(2w-2A:-0 >~h 
= I, say 

Using the relation 1 

{tJ' [ v ~ HmH ] 

»' t+ * 

where 

^“| = a(a—l)(n—2) (a-p+1) 

We can wnte (1) in the form 


r(I + yfc +t») f / 
m+rn+2s+i) J l 

0 


V*"- 2m J y (2y/v) | 


*(ir { V~' +m+ ' ^ w,+,.„+/*) )dy 
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Integrating the left-hand side by parts and noting that 


and hence, 


vi)*l } 


► -aw-'/y __ <-^y) r r[v-2m+/ f 1)_ 

v " r'IV + » + l)IV-2w + »-?a+l) 


»-> _ r(w- 2w+l )_ 

y r(a+ur(v-2»»-j«+i) 

x jF* (v— 2 ii/ + I, v + 1, v—2wi— 's'+l, —ji/), 


we get that 


r U + t+»i)r (v_-_2 m + 1) u\ v _ 


) f 


r(K+i)n/ l + 7 w+ 2 s + j)r(v- 2 wi- 2 «+i) J 

: jFj v-2m + l, v+ 1, w-2»«-2s+l, -xy J e ^ y~'' + "' +l \Vk+ !i m +s(y) dy 
Hence we obtain that 


"itf+lw-F-Jl, >(„+*-/»+*) 


x _ Air.*+ w >r? *+*■+»? _ , [ e iy W lXl , (») 

r(v+lir(v-2»n-2s + l)ra+»« + 2s + i) J J 

x iFj^v-Jw + l, v+ 1, v—2w-2s+l, -ryjdy 

valid when s is a positive integer, R(p + 1) 0, R(v» — Cm + 1) 0, nnd 

R(2m-2/c—v + i) >0 


Hefei ences 
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By P C Mita \. 

('minim moated by I)r It S Varmn 
(Received on October 31 1343) 
Wo know 1 that if f\r) is R^, then 


is R»- 

For p= — i, 


q(r) = 


c jf («> 


v = i, this gives* that 


- <hi 


( 1 ) 


g(p)=P | dv (°) 

18 R„ if fh) 18 R 

In the present paper I have used this result to deduce some functions which 
are self-reciprocal in the sine transform 

(1) The function 

/la-) 58 g,„ 8 (4' a-’- j) is ±R 

Using thiR function in (2), we get that the function 

M ‘(V + -5 )■'*«. 
sin \ l 8 / 

(2) Using f(r) = - - —— m (2), 

cosh ( x ^ a ) 

% _ Ay. __ 

°^ P J (w , +p*)cosh(»V , T) 

Evaluating this integral, we get that 






2 fVj* ilijZ 

-0 2p*-«•"(?«+ u* 
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, .v cosh(i.Wn) 

we get that 


, , f C08h(ijf n/„) 

S ' , '' ,= ”J (F+PioMk(T^T) dy 

= ' + 1 v 

y cos liivj) 51 * 


(4) Taking fU) 


I M »h (x/j) 

sinh | 


7 8Ul11 \ V\ i ) 

^)=pJ - v r n*V ly 

0 (y* + p*') sinh \yS a 1 


(-lr 1 sm in 


(5) Taking f(x) 


_ COS ^^BLnix 11 


r cob iy i + Biniy* 

P ] (V 1 +2>*) cosh(yV r -a ) dV 

_ o oa jp 1 —am jp* 
cos [yj y] 

E. 

I am indebted to Dr. R. 8. ¥*rma for his helpful suggestions 
Reference* 

1 W N Btuley, Journ Lend Math &v, 0 (1981), g 4, p, 246 

2 B Mohan, Free Lend Math Sec 8,4 (1982), p 237 
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bUMHARY 

For small radial oscillations of the generalised Roche h model it bus been found that the 
radius of the nucleus must bear certain defined ratios to that of the whole sphere and that only 
one mode is possible for a particular vnlue of the ratio The bearing of this on the ongin of the spiral 
nebula) has been considered The generalised Roche s model lias further been shown incapable of 
large radial oscillations 

It is well known that the extreme limit of non-homogeneity is reached by the 
Roche’s model, vtx a small and intensely dense solid nucleus surrounded by tn 
atmosphere of negligible density The model so takes its name as it waB extensively 
utilised by Roche in his researches on Cosmogony As the whole of the mass is 
supposed conceutrited at the cuitie, the density is infinite at the centre and zero 
elsewhere and m this lespect the model resembles the polytropic one with index 
« = b ihat the model is not a mathematical fiction but has i definite physical 
bearing, has been explained by Jeans 8 

The small radial oscillations of Roche's model has been considered by Sterne,** 
who has obtained the penods of the different modes P L Bhatnagar, in his 
unpublished thesis for the D Phil degree of the Allahabad University, has shown 
that the model is unstable for large radial oscillatious 

In his researches on the stability of a rotatiug compressible gaseous mass, 
Jeans baa established two distinct methoda_of breaking up of a rotating configu¬ 
ration (D fassioual and (2) equatorial A rotating mass of small central con¬ 
densation breaks up by hssion, when a furrow forms near the middle and the 
pear-shaped figure divides into two detached masses On the other hand, a 
lotating mass of great central condensation, e g, the Roche’s model, becomes 
lens-shaped and finally matter is shed from the equator in a continuous 
stream 


U 



RADIAL 08CILI A1I0N8 Oi T1IF GLNJ KA1ISLD ROC1II- h MOD LI 


45 


To bridge over the wide gap between the two extreme canes and effect a 
continuous transition from homogeneity t non homogeneity Jeans considered the 
generalised Roches model 10 mx a nucleus of uniform hmte density with an 
itmosphere of ffmte extent but of infinitesimal density Jeans 11 established the 
quite general result that if the ratio of the volume of the atmosphere to that of the 
nucleus be less than one third the rotating mass will brcik up by hseioi otherwise 
cquatonally 

We have in this paper considered the radial oscillations of the generalised 
Roches model hor small oscillations we have found that the ladius of the 
nucleus must bear certain defined ratios to that of the whole spheie and that only 
one mode is possible for a particular value of the ratio We have calculated this 
ritio for the fundamental mode and we have found that the nucleus can at the 
most occupy about 30/ of the volume of the whole sphere The bearing of this on 
the origin of the spiral nebulse has been considered hinally the generalised Roche s 
model has been shown incapable of large radial oscillations 

Let initially R be the radius and p the mean densitj ot the model Let the 
nucleus be of radius a and let there be a ontwuous density distribution 
Po=//§o* in the annulus where p 0 is the density at a point distant £ 0 from 
the centre and / is a constant which we shall presently allow to approach 
zero 

Now we have that mass instde the nucleus 


Hence we have thit mass withiu the spl eie of iddius §o 


The value of gravity at £o is 


<7o= ? ®Ij-R 3 P-4jc/ <R-So)] 


The pressure at £ 0 is 


u 4n(7 H~ ” 2i 0 * J?o 

-i»a> l p R8 - kR 4. ' L 1 

- 4 ” 0 ' l« 1? 31. + 5? -9~6ir| 
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Now as A.-*o, f> 0 and Po separately approach 0 except in the nucleus, while 


„ 4*G R j P 

r v ■ 

Po _ _ 

P, 4*R*Gpa-r>) ’ 

where ^ =x , 

Soffllo - * d 

Po V l-J 8 ’ 

R*Po«*_^ _ 9«’s 

PoY 4nGYP(l-J 3 ) ’ 

and (uRpo^o/Po^HSo/aiMl— z 9 ), 


( 1 ) 


where a=3-4/7 , y being the ratio of the specific heats (regarding matter and radi¬ 
ation as one system) 

Changing from the indepeudeut variable £ 0 to x, Eddington’s fundamental 
differential equation 6 for small adiabatic oscillations of amplitude ti reduces to 

S," + ^ V + ^(»iK-<B.) 5l=0 , (21 

where the dashes denote differentiation with respect to r 

With the substitutions (1), the ditteieutaal equation (2) becomes in the limit 


where 


(!-*’) 5i"+ (f*~ p)li=0, 


f= 


4kGyp 


(3) 

(3') 


Equation (3) has regular singulanties 16 at ®=0 and at x = l The roots of the 
indicial equation 16 are ± s/ 3«. Assume 


^ Sis* 7 (4) 

as a senes solution of (3), 
where 

q= ± Vto, 

and we leave arbitrary for the present 


( 4 ') 
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Substituting (4) in (3) we find that nil coefficients vanish except those which 
are multiples of 3, and that these obey the recurrence formula 


l - gM+ g+3 )~f . 

>A+ * ft+g+3)*-3a A ’ 

where X is a multiple of 3, say X=3y, where j is integral or 0 

We have from (f>) that the senes solution (4) terminates when 

f={3j+<i) (3y+</ + 3) 




lb) 


Otherwise, (l) is nil infinite senes which can easily bo shown to be convergent 
for z<l but divergent for r=l (that is, on the surface of the model) In this mso 
we shall have, by the extension of Abel’s theorem 4 to series divergent on the oircle 
of convergence, the limit of the amplitude infinite on the surface 

Hence, the modes of small radial oscillation are given by (6), where ; is a 
positive integer or /ero The value j=0 gives the fundamental mode 

The atmosphere being of infinitesimal density exerts no appreciable pressure 
on the nucleus Hence, the nucleus oscillates as though the atmosphere weio 
non-existent The modes of small oscillation for the homogeneous sphere linvo 
been obtnined by Sterne ts If p' be the density, the grivity and pressure will 
respectively be given by 

0o= -JOSoP'and P»=~Gp"(R*-lft 11 ) 

In this case, 



With these substitutions, equation (2) reduces to 


where 


(1 —r*)E 1 " + 


4—6a; 1 

x 


Si'+.1! 1=0, 


3/1 _ 
2jcG/>'i 


(7) 

( 8 ) 


Reasoning as in (-$), Sterne 1 * finds the modps to be given by 

J a 2/(2/+5), (0) 

where f is integral or zero The fundamental mode is given by / - 0 

For the generalised Roche’s model, the periods given by (6) and (9) should 
agree Eliminating n between (6) and (9), we hare 


(8j+tfX8j + g»3) ? p' 

2/ (2/+b) + 2a } 


(10) 
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As the whole mass of the sphere ultimately condenses into the nucleus, we 

have 

\ jiRV = 1 jmV, 

whence we have Plp-Wla* (11) 

Substituting (11) in (10), wo have 

«L _ 3/(2/+ fi)+3a /, 

R’ (^+fl)(3;+7+3) 

We see from equation (12) that the volume of the nucleus cannot be arbitrary 
in the generalised Roche’s model In order to give a well-definod period of radial 
oscillation, the ratio o/R must satisfy equation (12), where j and / are integral 
(including the value zero), and q is given by (4') 

Further, the amplitude of the oscillations must agree on the surface of separa¬ 
tion. The values for the first three modes of oscillation of the homogeneous sphere 
are, ns given by Sterne, 1 * 

/ = 0 , ii = 1, 1 

/ = !, ii = 1-U*, [ 03) 

A < O t 1 18 * . W 4 

and j = 2 , li = 1-^'+ ) 

From (5), wo obtain the following corresponding values of the amplitude for 
the annulus 


j = 0 , li=A 0 a: f , 


and ; = 2, 5j = & 0 a f -6,- 


, ( 2 ± 6 )(?£±Mo^_ 

tt r(g+3)*-3a}{(«7+6)*-3a} 


In view of the importance of the fundamental mode of oscillation, we will 
work out this case iq detail 

For the fundamental modes of oscillation of nucleus and annulus, we have 
7 ’=y y =: 0 , and we have from (12) ’ 


o* a 


( 16 ) 


We do not consider the value q - - v'Sa» as it will give a negative value 

for tf/R, 
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We have from (13), Ei — 1, and from (14), ii — b 0 tf. In order that these 
may agree on the interface, wc choose b 0 = (al R)'f, where a/R is given by (15) 
Thus b 0 is no longer arbitrary 

The ratio a/R given by (15) depends on the value of a which lies 11 between 
0 and 6 We cannot have a=0, as then n = 0, and the period becomes infinite. 
We very well know that the value a=0 or y=4/3 separates the regions of stability 
and instability for radial oscillations * Below we tabulate, for different values 
of a, the values of the ratios a/R and a 3 /R', that is, the ratios between the radii 
and volumes, respectively, of the nucleus and the whole sphere 
al 2 3 4 56 

a/R I>3 59 62 65 06 68 

o’/ R 3 15 21 24 27 28 .11 

Thus wo see that the nucleus can at the most occupy about 30% of the volume 
of the whole sphere For actual stars, a lies between 7 4 and 6, and for these 
values of a the nucleus will have about 25 to 30 per cent of the total 
volume. 

We have established agreement between the fundamental modes of oscillation 
of the nucleus and the annulus by choosing a particular value for the ratio a/R. It 
is evident that, on putting this value of a/R in (12), it will not in general be possible 
to get a pair of integral values, j and /, (other than both zeros), satisfying (12), 
and that, oven if it were possible to get such a pair, the pair thus obtained 
would hardly give the same value of £ t in (13) as in (14) when x= the 
chosen value for a/R Thus there would not be agreement between the higher 
modes, when the fundamental modes of oscillation of the nucleus and annulus 
agree 

A similar argument to that given above would show that the generalised 
Roche’s model can vibrate in only one mode 

We will now consider the large radial oscillations of the generalised Roche’s 
model. The instability of large radial oscillations for the homogeneous sphere has 
been showa by A C Banerji in connection with his very interesting and entirely 
novel Cepheid theory 1 of the origin of the solar system The nucleus, which is 
homogeneous, will therefore be unstable for large radial oscillations We will 
consider the annulus. 

The fundamental differential equations for large radial oscillations have been 
obtained by Banenv 1 and Bhatnagar * It has been assumed that 
! 1= rai vos nt—a t cos 2«#—a 3 , 

where fti is a Bmall quantity of the first order, and a% and as are small quantities 

* Unpublished theeiB for Ph, D, of A U 
F,7 
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of the second order in 1 1 (the amplitude) Neglecting email quantities of the third 
and higher orders, the equations obtained are 



,,.4-v ,An*Po av"| A 

4 17“‘ + IKy"1. , J“‘ ’ 

. (16) 


„ . 4-v ,.r4«*Po avl ^ 

«, + t 7«. +|.p,y-!T|'"=Q 

. (17) 

and 

„ . 4-v , av „ 

(18) 

whore 

v = Mo, a =3- i 
^0 Y 

. (19) 

and 

Q,= i(3v — 1) |~(y _ 1) |^/J«i*+^(y+1) 




. (20) 


and the dashes denote differentiation with respect to ? 0 

With the substitutions (1), the differential equations (16), (17) and (18) become, 
In the limit, 

(!--•) ^ ?/+ ( /i’-8-) fi -° • (21) 


< 1 - a ' , ’S* +b r !d f- + ( ^- 8 »»?= P ' (2 » 

^ + 5}. =P , . . W 

where P = [ i (3y-l) f yi ~\ a <Y~l)]^r +4 (lf+1) (/Sr'-Sn) 


+ [(«-3y)-* , ](^)’ 

. (24) 

and /*= 9« , /(4ji Gyp) . 

. . (26) 

Assume the following seneB solution for (21) 


«i -xl 2 bx , 

o A 

• • • (26) 

The roots of the indicial equation are 


?=* ± ^8a 

• t • (27) 
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Substituting (26) in (21), we find that the only non-vanishing co-efficients are 
those for which 

* = 3 j, . . . (28) 

where j is zero or a positive integer, and that the co-efficients obey the recurrence 
formula 


!>\+3 


_ ( k+q) a+7 + 3 )-/ , 

' (X+«/ + 3)’-3a A 


(29) 


When 

f =\k+q){k+q+3), m 

the series (26) terminates , otherwise, (26) is an infinite senes, which can be shown 
to be convergent for asCl but divergent when & = l (that is, on the boundary) 
Hence, by the extension of Abel's theorem 4 , /'must satisfy (30) in order that modes 
of radial oscillation may be possible 

Suppose that the equation f30) is satisfied and the series (26) for ai terminates 
Let the complementary function for (22) be 


a,= c x t x ’ 
0 


(31) 


We find that the indicial equation gives the same roots as in (27), and the 
recurrence formula for the co-efficients is 


„ _ (Uq) ft+o + SM/ _ 

Cx + 8- ~(X+7+3)*-3a 1 


(32) 


where k is of the form in (28) 

As a i is a terminating series in x, so is P by (24) Hence the co-efficients of 
the particular integral of (22) will ultimately satisfy the same recurrence formula 
as (32). 

As before, we find that for the modes of radial oscillation to be possible, the 
series (31) for o» must also terminate, that is, we must have 

if=(k+q) U+g+3) . (38) 

Let us suppose that (30) and (33) are simultaneously satisfied and that the 
series for at and a t both terminate ^ 

The complementary function of (23) is 


03 =^ S d x 


( 34 ) 
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where the indicial equation gives the same roots as in (27), and the recurrence 
formula for the co-efficients is 

^ = .... (M 

ft+ 9 +8)*-^ A 

where X is of the form in (28) 

As before, it can be shown that for the radial oscillations to be possible, we 
must have 

(X+ 9 )(a+( / 4-3)=0 . . (36) 

Hence, wc havo that the equations (30), (33) and (36) must be simultaneously 
satisfied in order that modes of radial oscillation may be possible From (27 \ we 
have the following two cases . 

Case (rt) q=>jAa. 

It is evident that (30), (33) and (3b) are simultaneously satisfied when 
\-q-f=0 In that case, we have from (25) that n=0, or the penod is infinite, which 
means that the sphere is in neutral equilibrium This is also evident from the fact 
that when < 7=0 then a=0 and Y=4/3, from (19) We know that the value y=4/3 
is where the transition from stability to instability sets in for radial oscillations * 

As we can have only the positive root m (27) for the Roche’s model, we obtain, 
as a particular case, Bhatnagar’s result* that the Roche’s model cannot execute 
large radial oscillations 
Case (5). q- — •Jfc. 

As a lies 1 * between 0 and 6, in this case one possibility is as in Case (a) above, 
which has already been discussed The other is X = —g=l in (36) In this case we 
have, if (30) and (33) are to be simultaneously satisfied, 

(X-l) (X+2) « 4(X'-l)(X'+2) 
for integral pairs of values of X and X’ 

From (37), we have 

-l* •Jp'TbyT 

* 2 


(37) 

(38) 


We have from (28) that both X and X r in (38) must be multiples of 3 We find 
that amongst the lower modes this condition is only satisfied by the pair X=6, X ,= 3 
X'=3 means j=l in (12), that is, the first mode in the annulus. Putting 
j=l g= —1 m (12), we have 


«1 3/ (2/+5)+l 

R 5 “ 10 


. ( 39 ) 


as 


asr?*/3—1/3. 
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(39) w only possible when /= 0, and in this case we have 
o" a 

gT = *l, whence we have ^ = 46 . . . (40) 

Thus amongst the lower modes the only possible combination for large radial 
oscillations of the generalised Roche’s model is the fundamental mode of the nucleus 
and the first mode of the annulus, and the ratio of the radii of the nucleus and the 
model must satisfy (40) 

The sharp value of y that we get, vix , 1 5, shows that the model will be 
unstable for large radial oscillations if the actual value of y differs appreciably from 
the theoretical value (l 5) 

The homogeneous nucleus in any case cannot execute large radial oscillutions, 
as shown by Banerji, 3 and therefore the generalised Roche’s model is incapable of 
large radial oscillations 

This enables us to draw a tentative picture of the origin of tho spiral ncbulre 
We imagine a nebula of the form of tho generalised Roche’s model, oscillating 
with small amplitude A catastrophe, such as explosions of stars m the nucleus, 
increases the amplitude of the oscillations, so that instability ensues and matter 
is ejected m the equatorial plane, 11 which forms the spiral arms This possibility 
in the case of the Roche’s model has been indicated by Bhatnagar * 

The author considers it a great privilege to record hiB sincert thanks to 
Professor A C Banerji, under whose guidance he has carried out the above 
investigation 
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CHEMICAL EXAMINATION OF THE SEEDS OF NIG ELL A SATSVA, 
LINN. (MAGREL) PART II THE COMPONENT GLYCERIDES 
OF THE FATTY OIL 

By Bawa Kartaii Singh and Ram Das Tewari 

CHEMIBTRY DEPARTMENT, ALLAHABAD UNIVERSITY 
(Received on November 36,1942) 

SUMMARY 

The component glycerides of the oil of Ntgella sattva have been examined Tho percentages 
of oleic, hnoleic and solid acids have been calculated from the thiocyanogen value and these results 
have been found to be in fair agreement with those reported previously in Part I The component 
glycerides of the oil in round figures are as follows — 

Tnlinolein 3%, oloodilinoleln 36%, dioleolinolein 42%, pnlmitooleolmolein 24%, and Btearoolco- 
hnolein 7% The palmitoglycende contains small amounts of mynsticacid 

In a previous communication 1 the authors examined the component acids 
of the fatty oil, from the seeds of Nigella sattva In the present investigation the 
percentages of oleic, hnoleic and solid acids have been confirmed by the determina¬ 
tion of the thiocyanogen value and also the component glycerides of the oil have 
been examined by brominatmg the neutral oil in petroleum ether (BP 40*—60'C) 
at —5*C and resolving the brominated product into a number of fractions *• 8 
No solid was obtained by chilling the oil in acetone showing the absence of fully 
saturated and disaturated glycerides The absence of fully saturated glycerides was 
further confirmed by oxidising the oil with potassium permanganate m acetone 
solution according to the method of Hilditch and Lea 4 when no neutral product 
was obtained 

The component acids of the oil determined by this method are m fair agree¬ 
ment with those reported in Part I. The comparison is shown in Table 3. 

The component glycerides of the oil in round figures are as follows (Table 4) .— 
Tnlinolein 2%; oleodilinolein 25%, dioleolinolein 42%, palmitooleolinolein 24% aild 
stearooleolinolein 7%. The palmitoglycende contains small amount of mynstic acid 
On* experiments have thus shown the actual number of chief glycendes to be five, 
whereas the maximum number of individual glycerides, which may be obtained by 
54 
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any permutation of the four main acids, in combination with the tnhydric glyceryl 
radical CHj-CH-CHj, is 40 


Experimental 

The thiocyanogen values of the oil and of the mixed fatty acids were determined 
and found to be 81 20 and 82 22 respectively The percentages of the oleic, linoleic 
and solid acids in mixed acids were then calculated from the thiocyanogen value 
(8222) and the iodine value (11910) of the mixed fatty acids They are as 
follows 


Acids 


Percentage in mixed acids 


Oleic 

Linoleic 

Solid (saturated) 


50 43 (49 67) 
40 70 (40 22) 
8 87 (10 11) 


These results are in fair agreement with those obtained by Twitchell's lead 
salt-alcohol process and bromination of the liquid acids, which are also given above 
in brackets for comparison 

The oil was then made neutral by treating with sodium carbonate and purified 
with animal charcoal and Fuller’s earth 

The neutral oil (118 2 gms) was dissolved in six times its weight of dry acetone 
and kept in a fngidaire for about six days No solid separated showing the absence 
of any fully saturated or disaturated glycerides 

The absence of fully saturated glycerides was further confirmed by oxidising 
1018 gms. of the neutral oil in ten times its weight of acetone with 410 gms of 
powdered potassium permanganate according to the method of Hilditch and Lea 
(loc. at). The process was repeated two times when ultimately no neutral 
substance was obtained 

One hundred grams of the neutral oil was then dissolved in a litre of dry 
petroleum ether (B P 40'—60'C), cooled to —5’C and bromine added till it was in 
slight excess which was indicated by the colour of the solution turning to perma¬ 
nently brown. This was kept overnight m a fngidaire when some solid mass 
separated This was filtered off and washed with chilled petroleum ether. The 
solid mass left on the filter paper was resolved into two fractions and Fj 
by crystallising from absolute alcohol The petroleum ether filtrate was treated 
with a solution of sodinm thiosulphate to remove excess of bromine, washed 
with water, dned over fused calcium chloride and the solvent was distilled 
off when a dark viscous liquid was left. This was extracted with alcohol. 
The alcohol insoluble portion was then treated with a mixture of alcohol and 
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acetone (1 1) when the whole of it dissolved The scheme of separation is shown 
below — 


Neutral Oil (100 gms) 

I Brominated in dry petroleum ether 


r 

Insoluble 

| Treated with alcohol 


“"1 

Soluble 

Extracted with 
alcohol 


Insoluble F t 
2-21 gins. 
(Solid M P 
80-8 I*C) 


Soluble F f 
31 4 gms 
(Semi-solid mass) 


Soluble F s 
115 0 gms 
(Dark viscous 
liquid) 


Extracted with alcohol + acetone (l 1) 


All dissolved F 4 
23 70 gms 

(Dark viscous liquid) 


The fractions F*, Fa and F t were then debrominated by taking them in methyl 
alcohol, adding zinc dust, saturating the solution with dry hydrochloric acid gas 
and then refluxing for several hours The debrominated products were then sap¬ 
onified with alcoholic potassium hydroxide, the unsaponifiable matter removed with 
ether and the fatty acids liberated with dilute sulphuric acid The Baponification 
equivalent, the iodine value and the thiocyanogen value of the liberated acids from 
all the three fractions were then determined and from these the quantities of 
individual acids were calculated. The amount of saturated acids being too small 
for estimating them separately they were considered as one acid. The fractions 
containing solid acids were then oxidised with potassium permanganate in alkaline 
solution according to the method of Lapwortb and Mottram,® the oxidation product 
extracted with petroleum ether and the saponification equivalents of the acids so 
obtained were determined 

The amount of Fj being too small, it was not subjected to debrommation and 
other subsequent operations. Its bromine contents were determined by the Pina 
and Schifl’s method This was found to be a triglyceride of tetrabromo linoleie acid. 
(FoundBr=52*089%, C S7 O c Br t , requires Br—52 26% 

The results of bromination and analysis are given below in Tables I, II 

and lit 
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Table I 



Pi 

F, 

F, 

F t 

Weight in grams 

2 2112 

31 10 

11100 

23 70 

Wt. of the debrominated product (gly¬ 





ceride + unsapoBifiable) 

1 0868 

16 37 

68 87 

13 59 

Wt of the unsapornfiablo matter 


0 000 

0 02 


Wt, percentage of glycerides (free 





from unsapomfiable) 

1 00 

16 38 

68 03 

13 60 

Saponification equivalent of liberated 





acids 


*80 30 

280 50 

280 30 

Iodine value 


112 33 

111 18 

123 33 

Thiocyanogen value 


00 42 

78 77 

82 31 

Saponification equivalent of saturated 





acids 



264 81 

282-10 

Table II 





Mol pei cent of acids in each fraction 


Fi 

F. 

F s 

F* 


100% 

16 30% 

68 02% 

13 m 

Linoleic acid 

100 

68 45 

31 65 

41-46 

Oleic acid 


31 53 

50 90 

45 74 

Saturated acids 



13 36 

8 80 


Table III 



Mol. per cent of acids 

on total acids 


Fi F, 

Fa 

Ft 

Mean 

Linoleic 

109 11-22 

24 57 

619 

43 07 (4019) 

Oleic 

5 17 

35 14 

6 22 

46 53 (49 29) 

Saturated 


9 21 

119 

L0-40 (1012) 

These results are in fair agreement with 

those 

obtained for 

the component 


fatty acids of the oil as reported in Part 1 1 Their mol. per cent are given in 
brackets for comparison. 

From the above figures the component glycerides of the oil of Ntgella snttvn 
have been calculated as shown below in Table 1Y. 
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Table IV 


Estimated Component Glycerides of the Oil of Ntgella sativa (mol per cent) 



Glycerides in 

Fi 

I* 

r 3 

F t 

Mean 



109 

16 39 

68 9’ 

13 60 

100 

1 

Fully saturated glycerides 

ml 

ml 

ml 

ml 


2 

Disaturated glycerides 

ml 

ml 

ml 

nil 


8 

Monosaturated diunsaturated gly 
cerides 

(a) Monosaturated oleohnolein 



7 03 

3 r 7 

31 90 

4 

Tnunsaturated glycerides 
(a) Tnlmolein 

10) 

088 



197 


{b) Oleodilinolein 


15 51 

4 7 1 

4 )7 

05 07 


(c) Dioleohnolein 



36 50 

r 06 

41 56 


In the above calculations all the saturated acids have been considered as one 
acid According to the law of even distribution there are greater possibilities for 
the presence of glycerides with all the three different acids than with only two 
different acids, henco we are justified to assume that the saturated acids m P 5 
and Fi are combined as saturated oleohnolein rather than as saturated dilinolein 
or as saturated diolein Also as all the saturated acids of the oil of Nigella sativa 
are combined as monosatarated diunsaturatod glycerides we can assumo that thej 
are proportionally divided m saturated oleohnoleiu From the above considerations 
the component glycerides of the oil of htgella sativa may be given in round figures 
as follows —Tnlmolein 27 oleodilinolein 25 % dioleohnolein 427 palmitooleolinolem 
24% and stearooleolinolein V, The palmito glyceride will contain small amounts 
of mynstic acid as in the above calculations the amount of mynstic acid being too 
small (less than 1%} it has been included in palmitic acid 
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STUDIES ON THE NATURE OF RACEMIC MODIFICATIONS OF 
OPTICALLY ACTIVE COMPOUNDS IN THE SOLTD STATE. PART I- 
ANILINE, a-, m- AND p-TOLUIDINE, a-NAPHTHYLAMINE, fi- 
NAPHTHYLAMINE, AND a> -TETRAHYDRO-a-NAPHTHYL- 
AMINE SALTS OF CAMPIIOR-P-SULPHONIC ACIDS 

By Baiva Kaktak Singh and Onkab Nath Perti 
Chemistry Department, University of Allahabad 
(Received on November 25,1048) 

In previous studies 1 of enantiomoiphs and then racemic modifications by one 
of us, the question of the nature of the racemic modification has never been thoroughly 
investigated In this paper we have undertaken the study of the nature of the 
racemic forms of salts of d-, 1-, and dl- camphoi -(J-sulphomc acids with aniline, 
0 -, )«-, p-toluidmc, a-naphthjlamine, (Vnaphthylnmine, and a>-tetrahydro-a- 
naphthylamine 

According to Pastern's principle of Molecular Dissymmetry, the d- and l- 
forms must possess the same total energy They must also possess the same scalar 
properties such as density, viscosity, cry stal lustre, solubility, etc But they must differ 
in such vectorial physical pioperties, as for example, the direction of rotation of the 
plane of polarisation of light, unsymmetncal distribution of bemihedrat facets in 
the crystal forms in which these facets are developed/ and also in the enantiomor- 
phous distribution of pyro-and piezo-electrical polarity The magnitude of these 
vectorial properties is, however, identical for the enantiomorphous forms 

The enautioinorphous modifications may occur in equiraolecular proportions to 
constitute what is known as a racemic form The properties of the racemic modi¬ 
fication will vary according to whether it is (t) a mixture of the two optically active 
and opposite forms in equal proportions, (d- and /-), or (u) a compound of these 
two forms, ( dl- ), or im) a solid solution of the dextro and leevo forms due to tbe 
enantiomorphs being isomorphous, each crystal containing both the forms The last 
case differs from the first in constituting a single phase unlike in a mixture 

Roozeboom* has devised two methods for distinguishing between the above- 
mentioned types of racemic modifications The first of these methods is the 
Freexmg-pomt Method It is, possible to determine the nature of the racemic 

* Contrary to Pasteur’s dictum that hemihedry was invariably associated with molecular dis¬ 
symmetry, subsequent work has shown that this does not hold in all cases (Fronkland, Pasteur 
Memorial Lecture, Jour Chtm &, 1897, 71, G92) 
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modification from the melting-point determinations* A racemic modification 
may melt at the same temperature as the optically active forms or at higher 
or lower temperatures If the melting-point of the racemic form is higher than 
or equal to that of the active forms, it is a true racemic compound But if it is 
lower, then the nature of the racemic form cannot be decided without making a 
melting-point-composition curve We may, therefore, discuss the types of 
molting point-composition curves that can be obtained from mixtures of racemic 
modification and d- and /-components 

Type I—Melting-point-composition curve of racomic mixture and its d- or 
/ — modification 

In this case the racemic form is the eutectic mixture of d- and /-compo¬ 
nents m equal proportions I ho meltmg-pomt-composition diagram will consist 
of two symmetrical curves as shown in Fig I as none of the compounds investi¬ 
gated here are racemic mixtures, a racemic mixture was prepared by mixing equal 
quantities of salts of f)-naphthylamine with d- and /-camphor-^-sulphomc acid 
One such case,® namely, the racemic modification of p-phenylene-bisimino-cam- 
phor, which was found by this method to be a racemic mixture, has already been 
reported by one of us 

Type II—Melting-point-composition curves of racemic compound and its d- 
or /-modification 

Three kinds of curves are possible under this type, vtx , (a) where the racemic 
form has a melting-point lower than that of the enantiomorphs (Figs 2-6), (b) where 
the racemic form has a higher melting-point (Fig 7), and (c) where the racemic form 
has the same melting point as the enuutiomorphs (Fig 6) In this case, unlike, in 
Type I, there will be two eutectic points, symmetrically placed, giving rise to three 
distinct curves—Figs 2, 3, 4,5 and 6, correspond to anihne-camphor-P-sulphonates, 
o-toluidine-camphor-P-sulphonates, w-toluidine-camphor-fi-Bulphonates, p-toluidine- 
camphor-fi-sulphonates and a-naphthylamine-camphor-(3-sulphonates respectively, 
and Fig 7 to fl-naphthylamine-campbor-P-suIphonates, and Fig 8 to or-tetrahydro- 
a-naphthylarame-camphor-fJ-eulphonates. 

Type III- In the case where the reoemic form is a solid solution, its melting- 
point may be the same as that of the optically active components, or it may be higher 
or lower, but the melting-point-composition diagram will be a single curve 

A study of the curves referring to Types I and II indicates a convenient aud 
quick method for determining whether the racemic modification is a compound or 
a mixture, a Bmall amount (less than that required for the eutectic mixture) of the 


* Thu will not characterise racemic solid solutions It writ be necessary to prepare a meltmg- 
pomt-composition diagram of the nuxturo of tho racemic modification and the optical enantiomorphs. 
If a single cune u obtained then we are dealing with a racemic solid solution 
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d- or /-form is added to the racemic modification, if the melting-point is raised 
it is a mixture, and if, on the other hand, it is lowered then it is a compound 

There is a second method (due also to Roozeboom* and Brum*) derived from 
phase rule depending on the solubility relationships existing between the optical 
isomers and their racemic mixtures, compounds or solid solutions The solubility- 
composition isotherms, which they have derived theoretically, have not yet been 
established experimentally The reasoning is as follows —the addition of a solid 
fuBible phase lowers the melting-point of an organic compound, similarly, a second 
soluble phase alters its solubility Hence if a solubility-composition isotherm of a 
racemic modification with its dextro and Isovo isomers is plotted, a racemic mixture 
should give two curves, a racemic solid solution one curve and a racemic compound 
three curves Wc propose to undertake this experimental study as soon as sufficient 
amount of materials have been prepared 

Expluimentai 

The salts of the organic bases with (/-camphoi-(i-sulphonic acid have been 
found, on heating to a high temperature, to lose a moleculo of water with the forma¬ 
tion of the conesponding anils* In order to overcome this difficulty, the melting 
points were determined instead of the freezing-points ns the latter process involves 
heating the compound above its melting point for a considerable time An intimate 
mixture of accurately weighed quantities of the racemic modification with 
d - or /-form was made and the melting-points were determined by the capillary 
tube method The results are given in Tables I to VIII 

p-naphthylamwe-camphoi-fi-BuIpbonates* The racemic modification, prepared 
from (3-naphthylamme and f//-camphor-(3-sulphouic acid, melts at 183'5°C As is 
evident from Fig 7, it is a racemic compound and it corresponds to Type H 
The melting point determinations are given m Table VII 

As m none of the cases reported here we have come across a true 
racemic mixture by synthesis, a racemic mixture of the substance was 
prepared by mixing equal weights of the d- and /-isomers This eutectic 
mixture melts at 161 5°C which is the lowest melting-point of all the mixtures 
(vide Table I) and, therefore, conforms to Type I (Fig l) discussed above When 
this racemic mixture was dissolved in water and the solution allowed to 
evaporate spontaneously in vacuum at room temperature (d0*0°C) it yielded the 
above-mentioned racemic mixture melting at 161 5°C, indicating that the transition 
temperature of the system is above 300°C 

* This salt and the subsequent ones described hero are new compounds and will bo treated in 
detail in a later communication, The aniline salt of d camphor-(9-su)phonic acid has, howevei, 
been reported by Schreiber and Shnnci * 
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Amlme-camphor-p-sixlphonates The racemic modification as prepared from 
aniline and d/-camphor-|J-8ulphonic acid melts at 170 0°C As is evident from 
Fig 2, it is a racemic compound and it conforms to Type II The melting-point 
determinations are given in Table II 

o-Toluidme-oamphor-P-sulphonotes The racemic modification as piepared 
from o-toluidine and rfi-eamphor-p-sulphonio acid melts at 144.0° It is evident 
from Fig 3 that it is a racemic compound and it corresponds to Type II The 
melting-point determinations are given in Table III. 

?«-Toluidine-camphor-fJ-sulphonates The racemic modification as prepared 
from m-toluidine and rf/-camphor-(i-sul phonic acid melts at 145 0°C As is evident 
from Fig. 4 it is a racemic compound and conforms to Type II The melting-point 
determinations are given in Table IV 

joToluidine-camphor-fi-sulphonates The racemic modification, as prepared 
from p-toluidine and rfj-camphor-fl-sulphonic acid, melts at 155 0°C It is evident 
from Fig 5 that it is a racemic compound conforming to Type II The melting- 
point determinations are given in Table V. 

a-Naphthylamine-camphor-p-sulphonates The racemic modification as pre¬ 
pared from a-naphthylamine and d7-camphor-(f-sulphomc acid melts at 165 0°C 
As is evident from Fig 6 it is a racemic compound and it is of Type II The 
melting-point determinations are given in Table VI. 

flr-Tetrahydro-a-naphthylamine-camphor-|3-8ulpbonates The racemic modi¬ 
fication as prepared from af-tetrahjdro-a-naphthylamine and di-camphor-sulphonic 
acid melts at 163 0°C. It is evident from Fig 8, that it is a racemic compound of 
Type II The melting point determinations are given in Table VIII 


Table I 

(J-Naphthylamine-camphor-p-eulphonates 
Mixed melting-points of the racemic modifications, Type I (mixture), with 
l- and d-isomers 


Wt %of 

Wt % of the 

Meiting-po 

l * or d- 

racemic 

of the 

component. 

mixture. 

mixture. 

0 

100 

161 5’C 

20 l- 

80 

162 5°C 

40 „ 

60 

163 0*C 

60 „ 

40 

164*0 C 

80 ,, 

100 „ 

20 

164 5*C 

0 

165 5 C 

20 d- 

80 

162*0*0 

40 , 

60 

163‘0'C 

60 „ 

40 

164*i >*C 

80 „ 

20 

166*0*0 

ioo * 

0 

165*5*C 



P-Naphthylamine-camphor-P- 

sulphonates 
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Table U 

Amline-caraphor-p-suiphonates 

Mixed melting-points of the racemic modification, Type II (compound), 
with l- and d-isomers 

Wt % of Wt % of Melting-point 
l- or d- racemic of the 

component compound. mixture 

0 100 170 O'C 

10 l- 90 169 6°C 

20 „ 80 109 0°C 

30 „ 70 167 4*C 

40 „ 60 169 8’C 

50 „ 50 172 OC 

60 „ 40 1744*C 

70 „ 30 17b 6*C 

80 „ 20 179 O’C 

90 10 1812*C 

100 „ 0 183 5’C 

10 d- 90 169 6*C 

20 „ 80 168*8‘C 

30 „ 70 167 4*C 

40 60 lb9 4*C 

50 „ 50 172 0*0 

60 „ 40 i74*6)C Fig 2 

70 „ 30 176 4)C Aniline-camphor-P-sulphonate 

80 „ 20 179 0 C 

90 „ 10 18l*2*C 

100 „ 0 183*5’C 

Table III 

o-Toluidine-camphor-P-sulphonates 

Mixed melting-points of the racemic modification, Typo II (compound), 
with l- and rf-isomere 

Wt % of Wt % of Melting-point 
l- or d- racemic of the 

component compound mixture 

0 100 144 0'C 

10 l- 90 143 8*C 

20 „ 80 143*6*C 

80 „ 70 143 2*C 

40 „ 00 142 4’C 

50 „ 50 143*5*0 

60 „ 40 144*6*C 

70 „ 30 145 8*C 

80 „ 20 146*8*0 

90 „ 10 148*0*0 Fiff. 3 

J.00 „ 0 149*0*0 o-Toluidine-camphor-p-sulphonates 
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Wt % of 

Wt % of 

Melting-point 

l- or d- 

racemic 

of the 

eomponent. 

compound. 

mixture. 

io d- 

90 

143 8'C 

20 „ 

80 

143 6*C 

30 „ 

70 

143-2*0 

40 „ 

60 

I42-4*C 

50 „ 

50 

143 5‘C 

60 „ 

40 

144 6‘C 

70 „ 

30 

145 6 C 

80 „ 

20 

146-8‘C 

90 „ 

10 

147 8*C 

100 „ 

0 

149 0’C 

Table 


m- 

■Tolnidine-camph 

Mixed molting points of the racemic 1 
with l- ant 

Wt % of 

Wt % of the 

Melting-point 

/- or rf- 

racemic 

of tho 

oomponont 

compound 

mixture 

0 

100 

145 0*C 

10 l- 

90 

144 8*C 

20 „ 

80 

144 6*C 

30 „ 

70 

144 2’C 

40 „ 

60 

143 8’C 

50 „ 

50 

144 6'C 

60 „ 

40 

145 4'C 

70 „ 

30 

146 2*C 

80 „ 

20 

147 _>*C 

90 „ 

10 

148-2*0 

100 „ 

0 

149-0*0 

10 d- 

90 

144 8’C 

20 „ 

80 

144 6*C 

30 „ 

70 

144-2*C 

40 „ 

60 

143-8'C 

50 „ 

50 

144-5*0 

60 „ 

40 

145 4*C 

*70 „ 

80 

146-2*C 

80 „ 

20 

147 2'C 

90 „ 

10 

148-0’C 

100 4 

0 

149 0’C 




_ Fig. 4 

f-Toluidine-camphor-fl-sulpbonates 
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Tariff V 

Ti-Toluidine-camphor-fi-snlphonates 

Mixed melting-points of the racemic modification, Typo II (compound), 
with /- and rf-isomers 


Wt % of 

Wt 7. of the 

Melting-poin 

Z- or d- 

racemic 

of the 

component 

compound 

mixture 

0 

100 

155 0*C 

10 Z- 

90 

154 5*C 

20 „ 

80 

153 0*C 

30 „ 

70 

152 0*C 

40 „ 

60 

154 0‘C 

BO „ 

50 

‘157 0*C 

60 „ 

40 

159 0*C 

70 „ 

30 

161*5*C 

80 „ 

20 

165*5* C 

90 „ 

10 

168 0*C 

100 „ 

0 

170 0‘C 

10 d- 

90 

154 0‘C 

20 „ 

80 

163 0*C 

30 „ 

40 „ 

70 

152 0'C 

60 

153 5*C 

50 „ 

50 

156 5*C 

60 „ 

40 

158 5*C 

70 „ 

30 

16l*6*C 

80 „ 

20 

165 0’C 

90 „ 

10 

168-0'C 

100 „ 

0 

170 0'C 



p-Tolmdine-camphor-P-BiilphonateH 


Table VI 


a-Naphthy lamine-camphor-fi-su I phonates 


Mixed melting points of the racemic modification, Type IT (compound), 
with Z-and d-isomera 






CO 
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Wt % of 

Wt % of the 

Melting-point 

l- or d- 

racemic 

of the 

component 

compound 

mixture 

10 d- 

90 

164 8*0 

20 „ 

80 

164 6*0 

30 „ 

70 

164 0 C 

40 „ 

60 

163 2*C 

50 „ 

50 

164*6*C 

00 „ 

40 

166 8‘C 

70 „ 

30 

168 2*0 

80 „ 

20 

170 0*0 

90 „ 

10 

171 6‘C 

100 „ 

0 

178*0*0 



Table VII 


P-Naphthylamme-camphor-P-siilphonates 


Mixed melting points of the racemic modification, Type II (compound), with 
l- and ^-isomers 


Wt %of 

Wt % of the 

Melting-point 

l- or d- 

racemic 

of the 

jomponent. 

compound 

mixture. 

0 

100 

183 5*C 

10 l- 

90 

182 0*C 

20 „ 

80 

180 0*C 

30 „ 

70 

177 0*C 

40 „ 

60 

174 0*C 

60 „ 

50 

169 5*C 

60 „ 

40 

166 0*C 

70 „ 

30 

162*0*C 

80 „ 

20 

163 5*C 

90 „ 

10 

164 5*C 

100 „ ' 

0 

165-5’C 

10 <7- 

90 

182 0*C 

20 „ 

80 

180-0*0 

30 „ 

70 

177 0*C 

40 „ 

60 

173 5*C 

50 „ 

50 

169-6*0 

60 , 

, 40 

166-5'C 

70 „ 

30 

162-0*C 

80 „ 

20 

163-5*0 

90 „ 

10 

164*5*0 

*00, 

0 

165 5*0 



Fig 7 

P-Naphth.v lamme-camphor-P- 
sulphonates 
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Table VIII 

ar-Tetrahydro-a-naphth>lnnm»e-onmphor-[5-8ulphonateB 

Mixed melting points of the racemic modification Type II (compound) 
with l- and rf-isomers 


Wt, % of 

Wt % of 

Melting point 

1- or d- 

the racemic 

of the 

component 

compound 

mixture 

0 

100 

163 0*C 

10 l- 

90 

162*5*0 

20 „ 

80 

162*0*C 

30 „ 

70 

16l*0*C 

40 „ 

60 

160 5*C 

50 „ 

50 

159 0*C 

60 „ 

40 

lbO 6*C 

70 „ 

30 

161*5*C 

80 „ 

20 

1620*0 

90 „ 

10 

162 5*C 

100 „ 

0 

163 0*C 

10 d- 

90 

102 5*0 

20 „ 

80 

162*0*0 

30 „ 

70 

161 5*C 

40 „ 

60 

1605*C 

50 „ 

50 

159*0*0 

60 „ 

40 

160 5*0 

70 „ 

80 

161*0*0 

80 „ 

20 

162 0*C 

90 „ 

10 

162 5*C 

100 „ 

0 

163 0*C 



w-Tetrahydro-a-naphthylamine- 

caraphor-P*sulphonates 
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THE CHEMICAL EXAMINATION OF THE FRUITS OF 
TERMINAL 1 A BbLbRICA ROXB PART I THE COM¬ 
PONENT ACIDS OF THE FATTY OIL 
By Brij Mohan Saran and Bawa Kartar Singh 

Tit Chemistry Deportment, University of Allahabad, Allahabad 
(Received—21 December, 1942) 

The kernels of the seeds of Termmalta belertca Roxb on extraction with petroleum 
ether (40-60 °C) yield 38 6% of a clear light yellow fatty oil having o 9108, 

1 4601, [a];jj e , + 0 04° acid value 2 28, sap value 198 8, acetyl value 18 72, Hch- 
ner value 94 8, R M o 82, iodine value (Hanus) 89 14, thiocyanogcn value 63 0 and 
unsapomfiablt matter (sitosterol M P 135 °C) o 5 3% 

The component fatty acids were found to b< oleic (43 21%), linoleic (28 99%), 
palmitic (11 80%) and stearic (16 00%) acids 

Termmalta belertca , Roxb commonly known as Baheda or Bahera in Hindi 
and Sanskrit and bastard tnyrobalan or Balenc myrobalan in English belongs 
to the combretaceae family It is commonly found in the forests of India, 
Burma and Ceylon upto a height of 3,000 feet The fruit is nearly globular, 
suddenly narrowing into a short stalk, i to | inch in diameter The stone 
is hard, pentagonal and contains a sweet oily kernel having three prominent 
ridges from the base to its apex 

According to Kirtikar and Basu, 1 Chopra, 2 Dey, 8 and Dymock 4 , the 
fruits of the plant are highly njedicinal, nearly all the parts being used in 
various ailments The fruit is an ingredient of the reputed Ayurvedic 
medicine Trtphala (three fruits), the other two bemg Har (Termmalta chebula) 
and Aonla (Phjllanthus embeltca) The fruit is bitter, pungent, acrid, diges¬ 
tible, laxative, anthelmintic and astringent It is useful in dropsy, piles, 
69 
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leprosy, diarrhoea, bronchitis, sore-throat, asthma and eye diseases. In 
combination with other drugs it is used in snake bite and scorpion sting. 
The kernel is popularly believed to be narcotic and intoxicant when taken 
internally and is useful in thirst, vomiting, bronchitis, eye troubles and 
urinary diseases It is used with betel in dyspepsia and with honey in 
ophthalmia The kernel oil is used as a dressing for hair and as a substitute 
for ghee by poorer classes of people in the Central Provinces It relieves 
pain and swelling when rubbed in rheumatism and soothes the skin in bums. 

In spite of the great medicinal value of the fruits very little work has 
been done on its chemical examination A preliminary examination of the 
fruit is reported by Hooper 8 who showed the presence of tannic acid, gallo- 
tanmc acid and a fatty oil, the characteristics of which are recorded and 
given in table I Shnkhande and Godbole” examined the oil for its cons¬ 
tants which are also given in table I. None of these workers have studied 
the component acids or the component glycerides of the fatty oil and the 
other constituents of the fruits. The present investigation was, there¬ 
fore, undertaken and the component acids of the oil are reported in this 
paper. The component glycerides of the oil and other constituents of the 
fruits are under examination. 

The constants of the oil as found by us (table I) are in fair agreement 
with those reported by Hooper {loc. at ), but differ slightly from those given 
by Shnkhande and Godbole {loc. at ) 

The oil has been shown to consist of the glycendes of oleic, linoleic, 
palmitic and stearic acids together with a sitosterol (MP. 155-136°C). 
The percentages of oleic and linoleic acids in mixed acids have also been 
calculated from the thiocyanogen value 7 of the mixed fatty acids and the 
results have been found to be in agreement with those obtained by other 
methods (table 8). 

'Experimental 

The material under investigation was collected from the Central Pro¬ 
vinces and obtained through Principal Surendra Mohan, Dayanand Ayur¬ 
vedic College, Lahore. The fruits consist of 59.4 percent, of the pulp 
(mesocarp) and 40.6 percent, of the seed stones. The average weight of a 
seed stone is 2 3 grams and it consists of 78% of the stony shell and 22% 
of the kernels. The latter were white m colour having a characteristic 
smell and sweetish taste resembling that of almonds. 
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The moisture content of the kernels was 10 62% jo grams of the 
kernels were completely incinerated in a porcelain dish when 2 1 grams 
(4.2%) of a greyish white ash were obtained containing the following 
radicles ■— 

Water soluble portion (20 %) —sodium, potassium, carbonate, chlo- 
nde, and sulphate 

Water insoluble portion (80%) —aluminium, calcium, magnesium, 
carbonate, sulphate and phosphate 

jo Grams of the crushed kernels were successively extracted with 
various solvents in a soxhlet apparatus with the following results — 

1 Petroleum ether (40-60 °Q —38 6%—The extract was light 
yellow in colour On distilling off the solvent it gave a clear yellow 
thin oil 

2. Ether •—2 17%—A light yellow coloured extract was obtained 
which on distilling off the solvent gave an oily residue mixed with some 
white solid mass 

3. Chloroform —o 47%—The extract gave a sticky resmous mass. 

4 Ethyl acetate :—o j%—The light brown extract gave a clear brown 
residue 

j. Absolute alcohol *—2 8%—It gave a yellow extract from which a 
viscous oily residue was obtained This gave tests for tannins and sugars. 

For complete analysis, j kilograms of the crushed kernels were exhaus¬ 
tively extracted with petroleum ether (40-60 °C), when 2 kilograms of a thin 
clear light yellow oil was obtained having a smell characteristic of the 
kernels. 

The material left after removing the oil was dried to remove petroleum 
ether completely and then exhaustively extracted with 95% alcohol The 
residue obtained on distilling off the alcohol is under examination, the 
results of which will be published in a separate communication 

Examination of the Oil 

The oil obtained as above jvas purified with animal charcoal and Ful¬ 
ler’s earth when a transparent light yellow non-drying oil was obtained, 
it deposited no residue on keepmg. The characteristics of the oil are given 
in table 1: 
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Table I 



Hooper’s results® 

Shrikhande 

& 

Godbole® 

Present authors 

Specific gravity 

at i5°fo 9168, 

0 9093 

at }o°cl$o°c 


0 9193 


0 9108 

Ref index 


at 27 8°r l 4640 

at 30 °e 1 4601 




r M°° c 

Rotation 



[aJ 3 + 8 o +004 

Acid value 

z 48, 3 97 

Nil 

2 28 

Saponification value 

ZOJ 8, 20; 3 

181 0 

198 80 

Acetyle value 


23.72 

18 72 

Iodine value 

79 °4> 85 38 

97 0 

89 14 

Thiocyanogen value 



65 0 

Hehner value 

94 2. 9J 6 

92 0 

94 8 

R M value 

0 76, 0 78 


0 82 

Unsapomfiable matter 


1 5 

0 53% 


The oil (500 grams) was saponified with alcoholic sodium hydroxide 
solution, unsapomfiable matter removed with ether and the soap solution 
was decomposed with dilute sulphuric acid when fatty acids having the 
following characteristics were obtained — 

Table TI 


Consistency 

Solid 

Titre value 

Z7°c 

Neutralisation value 

202 99 

Saponification equivalent 

276 40 

Iodine value 

92 60 

Thiocyanogen value 

66 22 


The mixed fatty acids were separated into ‘solid’ and ‘liquid’ acids by 
means of the differing solubility of their lead salts in alcohol (Twitchell’s 
process) 8 , with the following results — 

Table III 


Add* 

Percentage 

Iodine value 

Neutralisation 

value 

Sap equivalent 

Solid (saturated) 

27 80 

1 7 

207 6 

270 2 

Liquid 

72 20 

128 4 

199 4 

281 3 


Examination of Solid Acids 

The methyl esters (79 1 gms) prepared from the ‘solid’ acids (80 
grams) were fractionally distilled atnmm pressure from a Willstatter flask 
The results of distillation, analysis and calculations 9 are given in table 4. 









No j Temp range 
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The esters from the different fractions were saponified and the liberated 
acids were fractionally crystallised from dilute acetone 

Fraction Si— The acids, MP 53-5 4 °C, on fractional crystallisation 
from acetone gave palmitic acid MP 61 °C and stearic acid MP 66°C 
The melting points were not depressed by the addition of authentic samples 
of these acids 

Fractions SzA, SzB and ^3—These fractions also gave palmitic acid 
M P 61 °C and stearic acid M P 6j°C and were confirmed as such by taking 
their mixed melting point with authentic samples 

Fractions S4A, S4B, and —Palmitic and stearic acids were isolated 

and identified in these fractions 

Fractions S6—The liberated acids M P J4°C gave only stearic acid 
on crystallisation, the melting point of which was not depressed by the 
addition of an authentic sample 

Fraction J7—Residue—The acids were light yellow in colour On 
extraction with petroleum ether (40-60 °Q a product was obtained which 
after crystallisation was identified to be steanc acid (MP 66 °C, S E 283) 
The percentages of the individual solid acids in ‘solid’ acids and mixed 
acids are given in table V 


Table V 

Acids 

% in solid acids 

% in mixed acids 

Palmitic 

4 * 45 

11 80 

Stearic 

57 55 

16 00 


Examination of the Liquid Acids 

The liquid acids on oxidation with an alkaline solution of potassium 
permanganate 10 gave a dihydroxy stearic acid (MP i}o°C) and two tetra- 
hydroxy stearic acids (MP 171° and 156°C) showing the presence of oleic 
and hnoleic acids only 

The quantitative determination of these acids was done by brominat- 
mg 11 12 a known weight in ether at — j °C, the results of which are recorded 
in table VI 
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Tabu VI 

Weight of adds brominated 

12 7160 

gms 

Weight of the tetrabromide (M P ii4°C) 

5 3002 


Weight of the residue (di+tetrabromides) 

17 5759 


Percentage of bromine in the residue (Pina and Schiffs method) 

41 69 


Weight of tetrabromide in the residue 

5 6430 


Weight of dlbromidc in the residue 

n 9329 


Total weight of the tetrabromide 

10 9432 


Weight of the Iinolcic aad 

j 1060 


Weight of oleic aad 

7 6100 


Percentage of oleic aad in liquid aads 

59 85 


Percentage of linolac aad in liquid aads 

40 15 


Percentage of oleic aad in mixed aads 

43 *1 


Percentage of linoleic acid in mixed aads 

28 99 


The ‘liquid’ aads (65 grams.) were converted into methyl esters (62.0 


gms.) which were distilled under reduced pressure (9 mm) The results 
of distillation and calculation are given in table VII 

Tabus VII 


No. 

Temp, range 
°( 

wt in gms 

Iod value 

S E 

Methyl 

oleate 

Methyl 

linoleatc 

Li. 

165-168 

6 49 

105 1 

292 9 

5 038 

1 452 

L2 

168-170 

9 97 

131 I 

294 4 

4 75 ° 

j no 

L3 

170-171 

10^64 

H7 2 

294 J 

6 775 

3 865 

L4- 

171-172 

11 24 

120 4 

295 6 

6 744 

4 49 6 

L5. 

I 7 1 “ I 75 

9 29 

120 9 

295 6 

5 5 *° 

3 77 ° 

L6 

175-180 

9 36 

120 0 

296 3 

5 659 

3 7 °i 

l 7 

above- 180 
Loss 

3 98 

1 03 

119 7 

295 8 

2 421 

1 559 



62 00 



36 907 

24 063 


Percentage of oleic aad in 'liquid’ acids 60 5 3 

Percentage of Iinolcic aad in ‘liquid’ aads 39 47 

Percentage of oleic aad m mixed aads 43 7 ° 

Percentage of Iinolcic aad in mixed aads . .2850 


The acids from the various fractions are oxidised by alkaline potassium 
permanganate solution 11 : Dihydroxy stearic aad (MP. 130 °C) and 
tetrahydroxy stearic acids (M.P. ij6° and 171 °C) were isolated from the 
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oxidation products showing thereby the presence of oleic and linoleic acids 
in the various fractions 

The percentages of oleic and linoleic acids in mixed acids calculated 
from their thiocyanogen and iodine values are given below for comparison 
with the results obtained by bromination and ester fractionation methods 

Table VIII 



Percentage by 

% by ester 

% calculated from 

Acids 

bromination method 

fractionation 

SCN value and I V 


(Joe at ) 

method 

of mixed acids 

Linoleic 

28 99 

28 50 

29 12 

Oleic 

43 21 

43 70 

44 3 ° 


Examination op the Soap 

The iodine value of the oil (89 14) and the titre value of the mixed 
acids of the oil (27 °C) are very similar to those of ground nut oil (titre value 
i%°C and IV 90 108), which is very widely used in the manufacture 
of washing soaps The washing soap prepared from a mixture of 40% 
Ttrmmalia belerica oil and 60% ground nut oil was found to give good 
results by practical tests* The ground nut oil on hydrogenation is largely 
used in the preparation of toilet soaps The Terminalia belerica oil could, 
therefore, be similarly used after hydrogenation as its properties are so 
similar to those of ground nut oil The possibility of the industrial utilis 
ation is thus indicated, and we reserve it for future study 

Examination of the Unsaponifiable Matter 

The unsaponifiable matter obtained by extracting the soaps with ether 
and distilling off the solvent was resaponified m order to free it from any 
adhering oil On crystallisation from rectified spirit it gave a white solid 
melting at 13 j i36°C The acetyl derivative melted at ii4°C It was 
identified to be phytosterol by colour reactions Thus the sterol is sitos¬ 
terol commonly found in most vegetable oils 

* These practical tests were carried out by the soap expert, Mr P S Menon, 
Senior Chemical Assistant m charge of the Industrial Chemistry Section, Department of 
Industries, Bihar, Patna, to whom our thanks are due 
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THE TIME OF SETTING AND CHANGES IN H-ION 
CONCENTRATION DURING THE SETTING OF 
NICKEL HYDROXIDE GELS FORMED BY THE 
ADDITION OF ELECTROLYTES TO THE NICKEL 
HYDROXIDE SOL 

By S D Mehta 

Royal Institute of Science, Bombay 

(Communicated By Dr Mata Prasad — Received if February, iff}) 


The time of setting (T) of the nickel hydroxide gels in the presence of varying quanti¬ 
ties ( A ) of different electrolytes has been measured at }} 0 and it has been found to follow 
the relation T=RA-a m, in which m and R are constants The order of different electro 
lytes is 

BaCl % > CaS 0 4 > AlC^ >Al t (SO^ t >HgCl t >(Ha>Na t > ( SO t >NaCl 

The pH of gel forming mixtures has been found to increase during gelation the 
increase is largest in the early period of gelation and it decreases in the later stages 

It is now well known that one of the principal methods of preparation 
of inorganic gels is by the addition of electrolytes to a fairly concentrated 
sol, dialysedor undialysed, of the gel-forming substance Thus transparent 
gels of feme, 1 chromium and stannic, 2 cenc 8 and zirconium 4 hydroxides, 
of vanadium pentoxide, 6 and of ferric and chromum arsenate, 8 have been 
obtained 

It has been observed that in certain cases it is not quite necessary to 
use concentrated sols, for example, Gnmaux 1 obtained feme hydroxide and 
Ravinervon 7 the vanadium pentoxide gels by using fairly dilute sols of these 
substances 

It is, however, quite necessary to use solutions of electrolytes of con¬ 
centrations lymg within certain definite range, and if these limits are exceed¬ 
ed either no gel is formed, or a gelatinous precipitate is obtained These 
conclusions have been experimentally confirmed by Weiser 2 in the case of 
stannic hydroxide gels 
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The Tme of Setting and Changes tn H-Ion Concentration 

The time of setting of gels prepared by this method has been measured 
by Prakash and coworkers 8 who have also examined the effects of the con¬ 
centration of the sol and of the electrolytes added, on the time of setting 
They found that the time of setting (0) is related to the concentration of 
electrolyte (c) as 0 =RC~ P in which R and p are constants Previously Prasad 
and Hattiangadi had shown that the time of setting (T) of silicic acid gels 
is related to the concentration (Q of ammonium accetate solution as 
(T —ac m ) ( T-bc -*)= <9 

The expression in the second bracket is of the same form as obtained by 
Prakash and co-workers 8 

In this investigation the time of setting of gels of nickel hydroxide 
formed by the addition of electrolytes to the nickel hydroxide sol prepared 
by a new method, has been measured and the effect of the concentration of 
electrolyte added on the setting time has been examined The changes 
in the H/-ion concentration during the formation of some of these gels 
have also been measured 

These gels were first prepared by Tower and Cook 10 by the addition 
of normal alcoholic solution of KoH to a glycerol solution of nickel acetate 
Later they found that transparent gels are obtained if NaOH or KoH is added 
to a concentrated solution of nickel tartrate The author has found that the 
gel obtained by the addition of NaOH solution to a saturated solution of 
nickel hydroxide in tartaric acid gives rise to a stable, transparent green 
coloured sol when it is immediately shaken with suitable amount of dis¬ 
tilled water This sol sets to a transparent gel when suitable amounts of 
certain electrolytes are added to it 

Experimental 

Preparation of the ntckel hydroxide sol 

Approximately 2.0 N-NaOH solution was added to the nickel chloride 
solution (30^. in 30 occ of water) until the mixture was distinctly alkaline 
The precipitated nickel hydroxide was washed with distilled water, until 
free from chloride 10ns and then dissolved in 30^ of tartaric acid The 
required amount of 2 2.0 N — NaOH was then added to the clear solution 
which rapidly set to a clear transparent gel, which, on shaking with dis¬ 
tilled water, dispersed completely and gave rise to a stable transparent green 



80 S D Mehta 

coloured sol. The colloidal content of thesol corresponded to 0.30/g. of 
nickel in 100 c c of the sol 

Solution of electrolytes 

The electrolytes used were solutions of NaCl, Na^SO^ HgCl 2 , BaCl %i 
CaSO tJ AlCl^ Al a (TOJj and HCl, prepared from pure chemicals in distill¬ 
ed water. 

Method of measuring the time of setting 

The time of setting was measured at 35 0 in an air thermostat by Hurd 
and Letteron’s method 11 , in which certain modifications were introduced 
for the sake of accuracy 

Experimental procedure 

A number of test tubes were filled with j c c of the nickel hydroxide sol 
and another set with different known volumes of the solutions of an elec¬ 
trolyte diluted with distilled water so as to make up their volume to j cc. 
Both sets were put in the air thermostat for half an hour to attain the con¬ 
stant temperature The sol and electrolyte solution were then mixed a 
number of times and well shaken The mixture was then transferred to a 
small weighing bottle, and a glass rod 3" long and 1 mm in diameter was 
inserted in position, a stop watch was also started simultaneously A 
number of readings of the time of setting were taken, each time disturbing 
the gel-forming mixture as few times as possible The minimum time 
obtained in this manner was taken as the time of setting of the gel. 

The small volumes of the solution of electrolytes used in this investi¬ 
gation were measured out from a micropipette measuring up to 0.01 cc. 

Measurement of pH 

The pH values of the gel-forming mixtures were determined by Cole¬ 
man’s electrometer, which was standardised and occasionally checked with 
the freshly prepared standard buffer solutions 

Results 

The results obtained are given in the following tables in which 
A**c c of electrolyte solutions added to the sol, 

T=*time of setting in minutes. 

The range of the change in the pH during and after the setting period 
are given in the third column of the Tables. 
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Table I 

Electrolyte NaCl (i oN) 


A 

T 

1 

/>H 

log A 

log T (Obs) 

log T (Cal) 

2 zoo 

4 0 


0 3424 

0 6021 

0 731 

2 IOO 

5 5 


0 3222 

0 7404 

0 708 

2 050 

8 0 

8 37-8 39 

0 3118 

0 9031 

0 904 

2 OOO 

12 0 

8 32-8 36 

O 3010 

1 0792 

1 ro6 

I 975 

16 j 


0 2956 

1 2175 

1 210 

I 950 

20 5 

8 30-8 35 

0 2900 

1 3118 

1 312 

I 925 

25 5 


0 2844 

1 4065 

1 418 

I 900 

34 0 


0 2788 

1 5378 

I J22 

T 830 

60 0 


0 2672 

1 7782 

1 753 


»i=i8 75 log Ri==6 7J 


Table II 

Electrolyte NafSO t (© xN ) 


A 

T 

pH 

log A 

log T (Obs) 

log T (Cal.) 

5 00 

z 0 


0 6990 

0 3010 

0 3630* 

4 85 

3 0 


0 6857 

0 4771 

0 5000* 

4 75 

4 0 


0 6767 

0 6021 

0 6020* 

4 65 

5 0 


0 6675 

0 6990 

0 7020* 

4 55 

6 0 


0 6580 

0 7782 

0 7970* 

4 45 

8 0 | 

8 32-8 36 

0 6484 

0 9031 

0 9070* 

4 35 

10 0 

8 30-8 36 

0 6385 

1 0000 

1.0500 

4 25 

20 0 

8 16-8 19 

0.6284 

1 3010 

1 3100 

4 15 

37 0 

8 15-8 21 •*' 

0 6180 

1 5682 

r 5700 

4 00 

65 0 


0 6021 

1 8129 

1 9900 


Wr=2j 69 log ^=17 4J *w,=io. 69 *log R,.®? 83 
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Tabu III 

Electrolyte HgCl t (o i N) 


A 

T 

pH 

-1 

log A 

log T (Obs ) 

log T (Cal) 

2 00 

0 7J 


O 3010 1 

-0 1249 

-0 2500 

1 80 

1 00 


0 2J33 

0 0000 

-0 0300 

1 60 

2 0 


0 2041 

0 3010 

0 2610 

1 40 

3 J 


0 1461 

0 3441 

0 5901 

1 30 

6 0 

7 3i-7 39 

0 1139 

0 7782 

0 773i 

1 20 

10 0 

7 34-7 6} 

0 0792 

1 0000 

0 9702 

1 10 

M 5 

7 3i-7 72 

0 0414 

1 1903 

1 1848 

1 00 

23 0 

7 40-7 79 

0 0000 

1 3617 

1 4200 

0 90 

63 0 


-0 0436 

1 8129 

1 6801 


m x —j 68 log 41 


Table IV 


Electrolyte BaCl t (o 02 5IV) 


n 

T 

PH 

log A 

log T (Obs ) 

log T (Cal) 

2 30 

0 25 


0 3979 

-0 6021 

-0 6000 

* 45 

0 50 


0 3892 

-0 3010 

-0 3000 

2 40 

1 00 


0 3802 

0 0000 

0 010 

* 33 

2 O 


0 3711 

0 3010 

0 JJO 

2 JO 

3 0 


0 3617 

0 4771 

0 660 

* *5 

7 0 


0 3522 

0 8451 

0 990 

2 to 

12 0 

8 37-8 44 

0 3424 

1 0792 

1 330 

2 130 

20 0 

8 31-8 42 

0 3324 

1 3010 

1 670 

2 itj 

30 0 


O 3*73 

1 477i 

1 830 

HH 

90 0 


0 3222 

1 9342 

2 000 


%=}4 61 log R^ij 17 
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Table V 

Electrolyte CaSO t CN/30) 


A 

T 

PH 

log A 

log T (Obs) 

log T (Cal) 

2 JO 

1 0 


0 3979 

0 0000 

0 1300* 

2 40 

2 0 


0 3802 

0 3010 

0 298* 

2 30 

3 0 


0 3617 

0 4771 

0 474* 

2 20 

4 5 


0 3424 

0 6532 

0 637* 

2 10 

7 0 


0 3222 

0 8431 

0 849* 

2 00 

12 0 

8 70-8 82 

0 3010 1 

1 0792 

I 0J0* 

i 90 

18 0 

8 68-8 82 

0 2788 

1 1553 

I 261 

1 80 

23 0 

8 67-8 82 

O 2JJ3 

1 3617 

I 362 

1 70 

30 0 

8 63-8 82 

0 2304 

1 477* 

I 477 


»i=4 63 log R x =2 jj 

*»,=9 50 *log R»—3 91 


Table VI 

Electrolyte : AlCl % (o oj N) 


A 

T 

PH 

log A 

log T (Obs.) 

log T (Cal) 

3 60 

0 JO 

. 

0 5 j6 3 

-0 3010 

-0 3000* 

3 50 

0 75 


0 3441 

-0 1249 

-0 0700* 

3 40 , 

I JO 


0 J 3 IJ 

0 1761 

0 18* 

3 3° 

3 0 


0 Ji8j 

0 4771 

0 44* 

3 20 

3 5 


O JOJI 

0 7404 ■ 

0 68* 

3 10 

7 5 


0 4914 

0 8 7 jr 

0 70 

3 00 

10 j 

7 !8-7 5‘ 

0 4771 

1 0212 

0 92 

2 90 

ij 0 

7 35-7 75 

0 4624 

1 1761 

1 14 

2 80 

22 J 

7 35-7 76 

0 4472 

I JJ22 

1 36 

2 70 

40 0 

7 5i-7 84 

0 4314 

I 6021 

1 59 

2 60 

70 0 


0 4130 

I 84JI 

1 84 

2 50 

ho 






w x -i4 8z log R x =7 99 

**,=19 ij *log Rj =1x040 
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Table VII 

Electrolyte : AI t ( SO^ t (o oj N ) 


A 

T 

PH 

log A 

log T (Obs) 

log T(Cal) 

3 60 

0 J 


0 5363 

-O JOIO 

-0 23* 

3 50 

1 O 


0 3441 

0 0000 

-0 06* 

3 40 

1 75 


0 5315 

0 2430 

0 22* 

3 30 

3 0 


0 Ji8j 

0 4771 

0 50* 

3 10 

3 5 


0 3031 

0 7401 

0 80* 

3 10 

7 5 


0 4914 

0 8751 

0 75 

3 00 

10 j 

7 18-7 60 

0 4771 

I 0212 

1 06 

2 90 

16 0 

7 28-7 68 

0 4624 

I 2041 

1 17 

2 80 

23 0 

7 31-7 83 

0 4472 

I 3617 

1 38 

2 70 

42 0 

7 38-7 89 

0 4314 

1 6232 

1 61 

2 60 

72 0 

... 

0 4130 

I 8573 

1.84 


»i=i4 28 log R x =7 77 

*W, = 21 94 *log Rj-^sll 90 


Table VTII 

Electrolyte HCI (o 1 N) 


A 

T 

PH 

log A 

log T (Obs.) 

log T (Cal) 

2 58 

1 0 


0 4116 

0 000 

-0 16* 

2 56 

1 3 


0 4082 

0 114 

0 10* 

2 54 

2 5 


0 4048 

0 398 

0 38* 

* 52 

4 5 


0 4014' 

0 653 

0 63* 

2 50 

7 0 


0 3979 

0 843 

0 82 

2 48 

10 0 

7 5°~7 83 

0 3945 

1 000 

1 01 

2 46 

*4 0 

7 46-7 83 

0 3909 

1 146 

1 20 

2 45 

20 0 

7 52-7 84 

0 3892 

1 301 

1.30 

2 44 

40 0 


0 3874 

1 602 

1 38 


°9 log *i-« 95 

*»i“79 JO *l°g R|=«J2 4« 
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The Time of Setting and Changes in H-lon Concentration 
Discussion of Results 

The gels obtained by the addition of all the electrolytes used were 
firm and transparent, excepting in the case of NaCl and Na 2 SO t which are 
required in high concentration. 

The foregoing tables show that the time of setting decreases at first 
rapidly and then slowly as increasing amounts of electrolytes are added to 
the same amount of the nickel hydroxide sol 

The concentrations (*) of various electrolytes in the gel-forming 
mixtures required to cause the setting in 20 minutes have been read from 
the curves drawn by plotting (A) against (T) and are given in Table IX 


Table IX 


Electrolytes 

X 


Electrolytes 

X 

NaC/ 

0 195 N 

AlCl t 


0 014 N 

NaJOt 

0 083 N 

HgClt 


0 o»o N 

HCl 

0 024 N 

CaSO t 


0 006 N 

AJ t (SOJ t 

0 014 N 

BaCl t 


0 ooj N 


The order of these electrolytes is thus 
BaCl t > Ca0 4 > HgC/ a > AlCl a > Al 2 {S0 4 \ > HCl> Na^SO^ NaCl. 


This series does not follow the valency rule according to which 
the gelating power (analogous to coagulating power) of trivalent 
aluminium salts should be the highest Such exceptions hav^ been found 
m the study of the coagulating power of electrolytes in the case of several 
sols. 

On plotting log A against log T a single straight line or two intersec¬ 
ting straight lines, are obtained The results, therefore, in general, show 
that T—RA~ m where m and R art constants. The values of m and log R 
are given below each of the tables I*VIII and summarised in Table X in 
which and log R x refer to straight lines corresponding to lower con¬ 
centrations of an electrolyte and m % and log R* for those corresponding to 
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higher concentrations. The latter values are marked with an asterisk m 
each case. 

Table X 


Electrolyte 


log R t 

n t 

log R* 

NaCl 

18 7 j 

6 75 



NatSOt 

zj 69 

17 45 

10 69 

7 83 

HgCI t 

5 68 

1 42- 



BaCl t 

34 61 

13 >7 



CaSO i 

4 

* 55 

9 50 

3 9 1 

AlCl , 

14 8z 

7 99 

19 *3 

10 40 


14 z8 

7 77 

21 94 

11 90 

HCl 

53 °9 

21 93 

79 30 

32 48 


It will be seen that excepting for aluminium salts the values of m and 
log R are different for different electrolytes 

These values of m and log R have been used to calculate the values 
of T for the corresponding values of A employed in this investigation and 
the results obtained are given in the 6th column of the Tables I-VIII The 
values matked with an asterisk are calculated from and log R a A com¬ 
parison of the calculated and observed values of T shows that the relation 
TcJM - "* reproduces the experimental results fairly accurately. 

The changes in pH during and after the setting of the gels were obser¬ 
ved with all electrolytes excepting NaC/ and Na^SO t The pH increases 
for some time and then reaches a constant value. These results are similar 
to those obtained by Kugelmass. 18 . 

Also the pH ceases to change earlier, greater is the concentration of 
the electrolyte added. This is illustrated in the case of gels formed by the 
addition of aluminium sulphate, in Table XI, in which represents the 
interval in minutes after introducing the mixture in the electrometer, at 
which the pH readings were taken. 
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Table XI 


t 

A—2 70 
pH 

A= 2 io 
pH 

A- 2 90 

pH 

A---$ 00 
pH 

I 0 

7 38 

7 3i 

7 z8 

7 

2 5 

7 54 

7 48 

7 47 

7 38 

5 0 

7 67 

7 60 

7 5l> 

7 47 

7 J 

7 7i 

7 66 

7 60 

7 Ji 

10 0 

7 74 

7 69 

7 63 

7 54 

12 5 


7 7 i 

7 65 

7 J7 

15 0 

7 79 

7 75 


7 60 

17 5 



7 68 

No change 

20 0 

7 81 

7 76 

No change 


25 0 

7 83 

7 78 



35 0 

7 85 

7 80 



43 0 

7 87 

7 82 



60 0 

7 89 

7 83 



70 0 

No change 

No change 



T 

42 0 

23 0 

16 0 

10 3 


Tables I to VIII reveal that mixtures containing greater amounts of 
electrolytes set earlier. It may, therefore, be surmised that the changes in 
pH are related in some way to the process of setting of these gels It will 
be seen from the table XI that the rapid increase in pH takes place during 
the early period of gelation process, that is, in the first few minutes This 
is probably the stage of coagulation of the sol. The slow increase in pH 
which takes place in the later period of gelation process and continues 
even after the gel has set, probably occurs during the formation of specific 
gel-structure 

The author takes this opportunity to thank Dr. Mata Prasad, D.Sc., 
F I.C, under whose guidance the work described in this paper was com¬ 
pleted. 
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CHEMICAL EXAMINATION OF SPHAERANTHUS INDICUS, 
LINN PART I—THE COMPONENT FATTY ACIDS AND PRO¬ 
BABLE GLYCERIDES OF THE FATTY OIL 


By Bawa Kartar Singh and Ram Das Tiwari ' 

(Chmtstry Department , Allahabad University — Received 2j January, 194$) 

Sphaeranthus md/cus Linn has been found to yield 5 03% of a semi-drying oil having 
d w °° o 9298, n d u ° 1 4882, acid value 13 97, sap value 179 40, acetyl value 25 75, 
Hehnervalue 90 33, unsaponifiable matter 1 8|%, R M 1 24, iodine value (Hanus) 
117 40 and thiocyanogen value (24 hours) 80 jo 

The component fatty auds were found to be linolcntc 1 02%, lmoleic 46 08%, 
oleic 44 32%, palmitic 1 06%, stearic j 70% and arachidic 1 82% The unsaponifiable 
matter consisted of a sitosterol mp 13 5 °C and another compound, m p 78 °C 

The glyceride structure of the fatty oil has been determined by brominating the 
neutral oil, separating the bromoglycendes into simpler fractions and estimating their 
fatty acid composition The component glycerides of the oil arc —palmitodilinolcin 
(o 8%), stearodilinolein (4 1%), arachidodihnolem (1 3%) palmitooleolinolein (1 5%), 
stearooleohnolcin (7 9%), arachidooleiolinolein (2 j)%, palmitodilocin (1 1%), stear- 
odiolein (6 0%), arachidodiolein (1 9%), linoleooleolinolenein (3 0%), tnlinolein (3 1%), 
oleodilinolun (32 9%), diolcolmolcin (33 6%) and triolein (o 3%) 

Sphaeranthus tndicus Linn commonly known as Mundi or Gorakh- 
mundi in Hindi and Mahamundi in Sanskrit is a much branched annual 
herb belonging to the natural order compositae. The herb is very common 
in the rice fields of India where it grows in abundance after the rice is 
harvested It is also distributed throughout India, Ceylon, China, and 
Africa 

The drug generally consists of the whole plant or only capitulas and has 
been described by various writers to be highly medicinal. According to 
Kirtikar and Basu, 1 Chopra 2 and Dymock, Warden and Hooper 3 the herb 
is bitter, laxative, tome, anthelmintic and appetiser, useful in insanity, 
indigestion, anaemia, dysentery, scabies and ringworm and enriches blood. 
The aqueous distillate of the herb is the most common preparation used. 

In spite of the great medicinal value of the plant, very little work has 
88 
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been done on its chemical examination Dymock (toe. ett ) reports that on 
distillation with water the herb yields a dark sherry coloured essential oil 
and that the most important principle that could be detected in the leaves, 
stems and flowers was a bitter alkaloid provisionally named ‘Sphaeranthine ’ 
The constants of the essential oil have also been recently reported 4 and will 
be compared with those obtained by us m a subsequent communication 
It was, therefore, thought desirable that a complete systematic chemical 
examination of the drug would be interesting and with this object in view 
the present work was undertaken In this part the work on the component 
acids and glyceride structure of the fatty oil is described The results of 
the examination of the other constituents of the drug will form the subject 
of subsequent communications 

The material was so light and voluminous that the use of petroleum 
ether or benzene for the extraction of the fatty oil was found to be too ex¬ 
pensive The difficulty was further aggravated by the low percentage 
yield of the oil The whole material was, therefore, extracted with rectified 
spirit in lots of 600 grams The alcohol was distilled off and from the 
residue fatty oil was separated by the method described in the experimental 
part 

A detailed chemical examination of the oil has shown that it consists 
of the glycerides of hnolenic (1 02%), linoleic (46 08%), oloeic (44.32%), 
palmitic (1 06%), stearic (j 7%) and arachidic (1 82%) acids, together 
with an unsapontfiable matter consisting of a sitosterol mp 135 0 and 
another compound m p 78°C 

The component glycerides of the oil have been examined by brominat- 
mg the neutral oil in petroleum ether (B P 4o°-6o°C) at-j°C and resolv¬ 
ing the brominated product into a number of simpler fractions 66,7 
The absence of any fully saturated or disaturated glycende was established 
by chilling the oil m acetone solution in a frigidaire for about a week when 
only o 2 gms. of the unsapomfiable matter was deposited A similar small 
quantity of the unsapomfiable matter was obtained on oxidising the neutral 
oil in acetone with powdered potassium permanganate according to the 
method of Hilditch and Lea, 8 confirming further the absence of any fully 
saturated glyceride. 

The component acids of the oil determined by this method are in fair 
agreement with those obtained by lead salt separation and ester fractiona¬ 
tion methods. The comparison is shown in table 12. 



90 Bawa Kartar Singh and Ram Das Tiwari 

The probable component glycerides of the oil are as follows:— 
palmitodilmolein (o. 8%), stcarodilinolem (4 1%), arachidodilinolein (i. 3%) 
palmitooleolmolem (1 5%), stearooleohnolem (7 9%), arachidooleokno- 
lein (2. j%), palmitodiolein (1 1%), stearodiolein (6 0%), arachidodiolein 
(1.9%),linoleooleolinolenein(3%), tnlinolein (3 i%),oleodilinolein (32.9%) 
dioleohnolem (33.6%) and triolein (o 3%) Our experiments have thus 
shown the actual number of glyendes to be 14, whereas the maximum num¬ 
ber of individual glycerides, which may be obtamed by any permutation of 
the six fatty acids in combination with the tnhydric glyceryl radical, 
HoC-CH-CHa, is 126 
III 

Experimental 

About twenty kilograms of the crushed material was extracted with 
rectified spirit The syrupy mass left after distilling off the alcohol was 
subjected to steam distillation whereby the volatile oil was removed. Now 
there remained in the distilling flask an aqueous layer and above it an oily 
layer. The oily layer was separated from the aqueous layer with a separat¬ 
ing funnel This was then treated with petroleum ether (B.P. 40-60°C) 
which dissolved out the fatty oil On distilling off the solvent a dark vis¬ 
cous oil was obtained which was further purified with animal charcoal and 
Fuller’s earth The oil did not deposit any residue on keeping It was 
found to be a semidrying oil having the following physical and chemical 
constants (Table I):— 

Table I 


Yield 

J.03% 

c r _ Oil 50°C 

Specific gravity ^ ^ 

. 0.9298 

Refractive index at zj °C 

1 4^1 

Acid value 

• 13 97 

Saponification value 

179 40 

Acetyl value 

»5 75 

Hehner number 

90 jj 

Reichert Meisal value 

1 24 

Unsapomfiable matter 

1 «5% 

Iodine value (Han us) 

117 40 


- Thiocyanogen value (24 hours) 80 so 

Four hundred and seventy-five grams of the oil were then saponified 
with an alcoholic solution of sodium hydroxide, alcohol distilled off and the 
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unsaponifiable matter removed with ether The soap solution was then 
decomposed with dilute sulphuric acid when fatty acids (425 grams) having 
the following constants were obtained (Table 2) .— 

Table 2 


Consistency 
Neutralisation value 
Saponification equivalent 
Iodine value (Hanus) 
Thiocyanogen value (24 hours) 


—liquid, became solid on keeping. 
—194 20 
—288 95 
—123 32 
- 83 85 


The mixture of fatty acids was then separated into solid and liquid 
acids by the TwitchelFs Lead Salt-Alcohol process # . The percentages, the 
iodine and thiocyanogen values, the neutralisation values and the saponifi¬ 
cation equivalents of the solid and liquid acids are given below (Table 3):— 


Table 3 


Acids 

% 

Iodine 

value 

Thiocyanogen 

value 

Neutralisation 

value 

Saponification 

equiv. 

Solid 

8 58 

0 88 

— 

189 90 

*93 40 

Liquid 

91 42 

136 00 

90 86 

200.30 

280 20 


Examination of the liquid acids 

Ten grams of the liquid acids were oxidised with a dilute solution of 
alkaline potassium permanganate according to the method of Lapworth 
and Mottram 10 when a dihydroxy stearic acid M P. i3o°C, a tetrahydroxy- 
stearic acid M P. 17z°C and a hexahydroxy stearic acid M.P 202 °C were 
obtained showing the presence of oleic, hnoleic and linolenic acids m the 
liquid acids. 

The quantitative determination of these acids was donehy brominating 
a known weight of these acids in ether at-io°C according to the method 
of Eibner and Muggenthalor 11 modified by Jamieson and Boughmann, 18 
the results of which ate given below (Table 4):— 

„ Table 4 


Weight of liquid acids 

Weight of knoleoic hcxabromide 

Melting point of linolenic hcxabromide . 


. 8.6896 gnu. 
o 2622 gnu. 
i 7 6°C 
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Weight of linoleic tetrabromide 

j 8965 gms 

Melting point of linoleic tetrabromide 

113‘C 

Weight of the residue (di-+tctrabromidc) 

9 9416 gms 

Bromine contents of the residue (Pina and Schiff’s method) 

42 °J% 

Weight of linoleic tetrabromide in the residue 

5 4 ° 3 ° gms 

Weight of oleic dibromide in the residue 

6 5386 gms 

Total weight of linoleic tetrabromide 

9 2995 gms 

Weight of hnolenic acid 

0 0962 gms 

Weight of linoleic acid 

4 3400 gms 

Weight of oleic acid 

4 1730 gms 


From the above results the percentages of hnolenic, linoleic and oleic 
acids in liquid acids, in mixed acids and in the oil have been calculated and 
are given below (Table j) — 


Acids 

Linolenic 
Linoleic . 
Oleic 


Table 5 

Percentage in 
liquid acids 

1 J2( O 72) 

50 41(49 Oj) 
48 . 47 (J° *j) 


Percentage in 
mixed acids 
1 02 
46 08 
44 3 » 


Percentage in 
oil 
o 92 
41 62 
40 oj 


The figures in brackets are those calculated for these acids from the 
thiocyanogen value of the liquid acids 

The theoretical iodine value of a mixture of 1 12% hnolenic, 50.41% 
linoleic and 48 47% oleic acids is 157 92 which agrees fairly well with the 
iodine value of liquid acids (Table 5) 

The percentages of hnolenic, linoleic and oleic acids in the mixed 
acids were calculated from the thiocyanogen and lodme values of mixed 
acids. These results are given below (Table 6) for comparison with those 
obtained by bromination of the liquid acids 


Acids 


Lmolemc 

Linoleic 

Oleic 


Table 6 


Percentage in mixed acids 
by brominauon 
method 


Percentage m mixed tads by 
calculation from rhiocyano- 
gen and iodine values 


1 02 
46.08 
44 }2 


1 ti 

43 6 j 
4669 
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Examination of the Solid Acids 

The solid acids were rubbed over a porous plate to free them from 
traces of liquid acids They were found to melt at 58°C The acids (38 
grams) were then converted to methyl esters in the usual manner when 40 
grams of the mixed esters were obtained The esters were subjected to 
distillation under reduced pressure, the results of which are given below 


(table 7) — 






Table 7 



Weight of c 

>tcn> distilled — 39 88 gms 


Fraction No 

Pressure 

Boiling range 

Wught in grams 

1 

13 mm 

187-190 °C 

2 70 

2 

13 mm 

190-193 °C 

12 42 

3 

13 mm 

1 93-197 °<- 

10 37 

4 

13mm 

197-200 °c 

6 95 

5 

» 3 mm 

200-201 °C 

2 64 

6 (Residue) 



4 28 


The saponification value, the saponification equivalent and the iodine 
values of all the fractions were determined and the amounts of various 
acids in different fractions were calculated according to the method of 
Jamieson and Boughmann 13 (Table 8) .— 

Table 8 
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Fraction i The liberated acids from this fraction melted at J9°C 
On repeated crystallisation from acetone palmitic acid, M P. 60-61 °C and 
stearic acid MP. 6j-66°C were isolated These melting points were not 
depressed by the addition of pure palmitic and stearic acids respectively 
Fraction 2 The acids obtained after saponification of the fraction 
melted at 60 °C Fractional crystallisation from acetone gave palmitic 
acid M P 6i°C and stearic acid M P 65-66°C, not depressed by the addi¬ 
tion of authentic samples of these acids 

Fractions 3, 4 and 5 The liberated acids from these fractions had 
melting points 64 °C, 64 °C and 70 °C respectively They were fractionally 
crystallised from acetone when in each case stearic acid, M P 66 °C and 
arachidic acid, M P 74 0 were obtained The presence of stearic acid was 
confirmed by the determination of mixed melting point with an authentic 
sample, but that of arachidic acid could not be confirmed for want of an 
authentic sample 

Fraction 6 ( Residue ) The acids liberated from this fraction after sapo¬ 
nification were brown in colour On extracting this with petroleum ether 
an acid was obtained which had molecular weight 3106 The acid on crys¬ 
tallisation from acetone melted at 74-75 °C and was evidently pure arachidic 
acid. 

Confirmation of arachidic acid The mixed melting points of the arachi¬ 
dic acid from fractions, P»P»Fi and with one another were deter¬ 
mined and found to be undepressed The different samples of arachidic 
acid from all the fractions were then mixed and crystallised from acetone, 
and melted at 75 °C Thi§ was converted into silver salt and ignited 
o 6810 gms of silver salt gave o 1739 gms of silver (Found molecular 
weight 314 9, CjoH^Oa requires M.W. 31a) 

The percentages of various solid acids m mixed solid acids, in mixed 
acids and in the oil are given below (Table 9) 


Table 9 


Acid 

Percentage in 
solid acids 

Percentage in 
mixed acids 

Percentage in 61I 

Palmitic 

12 38 

1 06 

0 96 

Stearic 

66 43 

5 70 

5 15 

Arachidic 

21 19 

1 82 

1 64 
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Examination of the Unsaponifiable Matter 

The unsaponifiable matter obtained by extracting the soap solution 
with ether was a semi-solid yellow brown mass having a characteristic 
odour This was kneaded in petroleum ether (B P 40-60 °C) and kept in 
a frigidaire The portion insoluble in petroleum ether was crystallised 
from absolute alcohol whereby a white crystalline substance M P 78° was 
obtained This gave no test for sterol and will be described fully in a 
later communication 

The petroleum ether soluble portion on repeated crystallisation from 
alcohol gave a solid crystalline compound M P 13 5 °C This gave all 
colour tests for a phytosterol, sitosterol The acetyl derivative melted at 
122 °C Hence this compound is a phytosterol, sitosterol, found in most 
vegetable oils 


The Component Glycerides 

The oil was made neutral by treating it with sodium carbonate and puri¬ 
fied with animal charcoal and Fuller’s earth 

Fifty grams of the neutral oil were then dissolved in six times its weight 
of dry acetone and chilled at o°C in a frigidaire for about six days, when 
o 2 gm of a neutral substance was deposited This was filtered off and 
crystallised from alcohol when a white crystalline substance M P 74 °C was 
obtained This was found to be the unsaponifiable matter Hence the 
oil does not contain any appreciable quantity of fully saturated or disaturat- 
ed glycerides 

Fifty grams of the neutral oil. were then dissolved in ten times its 
weight of dry acetone and oxidised with four times its weight of powdered 
potassium permanganate according to the method of Hilditch and Lea 
{loc. at.) The process was repeated three times when in the end o 2 gm. 
of a neutral substance was obtained which on crystallisation from alcohol 
melted at 75 °C This was found to be impure unsaponifiable matter. This 
further confirms the absence of any fully saturated glycerides. 

One hundred grams of the neutral oil were then dissolved in a litre 
of dry petroleum ether (B.P. 40°^o°C), cooled to — 5 °C and bromine added 
till it was in slight excess which was indicated by the colour of the solution 
turning to permanently brown This was kept overnight in a frigidaire 
when some gummy solid mass separated This was filtered off and washed 
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with chilled petroleum ether The solid mass left on the filter paper was 
boiled with alcohol when a portion remained undissolved which was desig¬ 
nated as F v another part crystallised out on cooling and this was F 2 and 
a third part F 3 was obtained on distilling off alcohol The petroleum ether 
filtrate was treated with a solution of sodium thiosulphate to remove excess 
of bromine, washed with water, dehydrated over fused calcium chloride 
and the solvent distilled off, when a dark viscous liquid was obtained This 
was extracted with absolute alcohol and the alcohol soluble portion was 
designated as I' 4 The alcohol insoluble portion was treated with a mixture 
of alcohol and acetone (i i) and the soluble portion gave F 5 The remain¬ 
ing insoluble portion then completely dissolved in acetone giving F e 
The scheme of separation is shown below — 


Neutral oil (ioo gms ) 

I Brominattd in pet ether 


Insoluble product 

I Boil with alcohol 


Insoluble 

Pi 

29 96 gms 
(dark viscous 
mass) 


I 

Soluble 

Wash with hypo and remove solvent 
I Extract with alcohol 


Soluble in hot 
but crystallised 
out in cold 

F, 

12 14 gms 
(dirty semisolid) 


Soluble 

F, 

19 30 gms 
(brown viscous 
mass) 


Soluble 

F t 

49 98 gms 
(dark viscous 
liquid) 


Insoluble 

Extract 
| with alcohol 
& acetone 

(1 0 


Insoluble 
Extract with I 
acetone 

Soluble 

F. 

ia 97 gms 
(dirty viscous mass) 


Soluble 

F t 

ji 11 gms 
(brown viscous 
liquid) 


The fractions F lt F % , F 8 , F 4 , F s and F e were all debrominated by 
taking them in methyl alcohol, adding zinc dust, saturating the solution 
with dry hydrochloric acid gas and then refluxing for about eight hours. 
The debrominated products were then saponified with alcoholic potassium 
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hydroxide, the unsapomfiable matter removed with ether and the fatty acids 
liberated with dilute sulphuric acid The saponification equivalent, the 
iodine value and the thiocyanogen value of the liberated acids were then 
determined and from these values the quantities of individual acids were 
calculated The amounts of saturated acids being too small for estimating 
them separately, they were considered as one acid The fractions were 
then oxidised with a dilute alkaline solution of potassium permanganate 
according to the method of Lapworth and Mottram (loc cit ) the unoxidis- 
able product extracted with petroleum ether and the saponification equiva¬ 
lent of the acids so obtained were determined It was found that no satura¬ 
ted acid was present in F v but from the oxidation product a hexahydroxy- 
steanc acid was isolated besides tetra-and di-hydroxy stearic acids, showing 
thereby that the acids of Fj contain linolenic, linoleic and oleic acids only 
As the hexahydroxy stearic acid could not be isolated from the oxidation 
product of any other fraction, it is clear that the entire linolenic acid is pre¬ 
sent in F 1 The amounts of these three acids in F v were then calculated 
by the usual formula 

The results of bromination and analysis are given below in tables 
10, 11 and 12 

Table 10 



F t 

F, 

F, 

f 4 

F # 

F, 

Weight of brominatcd product in 
gras 

Weight of debrominated product 

29 96 

12 14 

19 30 

49 9 8 

51 11 

12 97 

in gms (glyceride-funsapom- 
fiable matter) 

M 39 

6 91 

12 41 

28 03 

28 16 

9 46 

Weight of unsapomfiable matter 
Weight percent of glycerides (free 

0 21 

0 to 

0 16 

0 41 

0 43 

0 12 

from unsapomfiable matter) 

ij 34 

6 88 

12 38 

2 7 94 

28 03 

9 43 

Mol percent of mixed acids 
Saponification equivalent of li¬ 

15 39 

6 84 

12 27 

28 04 

28 06 

9 40 

berated acids 

280 }0 

283 20 

283 90 

280 30 

281 00 

282 40 

Iodine value of liberated acids 







(Hanus) 

157 10 

125 30 

92 12 

129 60 

133 10 

60.93 

Thiocyanogen value of liberated 
acids (24 hours) 

Saponification equivalent of sa¬ 

96 26 

62 53 

6l 06 

90 33 

90 10 

60 7J 

turated acids obtained on 
oxidation 


289 10 

284 20 



287 9® 
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Table ii 


Mol percent of acids in each fraction 

F x F, F 8 F 4 F, F, 


Mol percent of mixed acids 

M 39 

6 84 

12 27 28 04 

28 06 

9 40 

Linolenic acid 


6 54 

— 

- - 

— 

— 

Linoleic acid 


65 42 

69 96 

34 51 43 47 

49 94 

— 

Oleic acid 


28 04 

— 

33 36 56 53 

50 06 

67 80 

Saturated acids 


— 

30 04 

32 12 - 

— 

32 20 



Tabli 

E 12 





Mol 

percent cf acids on total acids 





F| F, 

F, 

f 4 f, r. 

mean 

Linolenic 


1 00 - 

— 

— — —. 

1001 

:« 04) 

Linoleic 


10 07 4 78 

4 .M 1 

12 19 14 02 - 

45 30 (46 4*) 

Oleic 


4 32- 

4 09 1 

15 85 14 04 6 37 

44 67(44 38) 

Saturated 


- 2 06 

3 94 

--3 03 

9 03 (8 «>) 


The results obtained above are in fair agreement with those obtained 
for the component fatty acids of the oil which are also given (mol percent) 
in the above table in brackets for comparison 

From the above figures the probable component glycerides of the oil 
of Sphaeranthus tndicus have been calculated as shown below (Table 13) •— 


Table 13 


Probable component glycerides of the oil of Sphaeranthus tndicus (Mol percent) 


Glycerides in 

F, 

F, 

f 8 

F4 

F s 

F, 

Mean 


M 39 

6 84 

12 27 

28 04 

28 06 

9 40 

100 

1 Fully saturated glycerides 

Nil 

Nil 

Nil 

Nil 

Nil 

Nil 


2 Disaturated glycerides 

Nil 

Nil 

Nil 

Nil 

Nil 

Nil 


3 Monosaturated glycerides 








(a) Saturated dilinolcin 


6 18 





6 18 

(b) Saturated oleohnolein 



11 82 




11 82 

(c) Saturated diolein 






9 09 

9 09 

4 Trtunsaturated glycerides— 








(a) Linoleooleolinolenein 

3 00 






3 00 

(b) Tnlinolein 

* 43 

0 66 





3 09 

(c) Olcodilinolein 

9.96 


0 45 

8 33 

14 00 


J 2 94 

(d) Dioleolinolem 




19 51 

14 06 


33 57 

(e) Triolein 






0 31 

0 31 
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In these calculations all the saturated acids have been considered as 
one acid Also as all the saturated acids of the oil of Sphaeranthus indtcus 
are combined as monosaturated diunsaturated glycerides, we can assume 
that they are proportionally distributed in monosaturated dilinolein, mono- 
saturated oleolinolein and monosaturated diolein From the above consi¬ 
derations the component glycerides of the oil of Sphaeranthus indtcus may 
be given as follows —palmitodihnolem (o 8%), stearodilmolein (4 1%), 
arachidodihnolein (1 3%), palmitooleolinolein (1 5%), stearooleolinolein 
(7 9%)» arachidooleolinolein (2 5%), palmitodiolem (1 1%), stearodio- 
lein (6 0%), arachidodiolein (1 9%), hnoleooleolinolenein (3%), trilinolein 
(3 x %)» oleodihnolein (32 9%), dioleolinolem (33 6%) and triolein (o 3%) 
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THE EFFECT OF H-ION CONCENTRATION ON THE TIME 
OF SETTING AND VISCOSITY CHANGES DURING 
THE SETTING OF THORIUM ARSENATE 
GEL-FORMING MIXTURES 

By T V Desai and S.S Bhanage 
Royal Institute of Sctenee, Bombay 

{Communicated by Dr Mata Prasad —Received 18 February, 1943) 

The changes in pH caused by the addition of different amounts of HC1 to mixtures 
giving rise to thorium arsenate gels have been discussed and their effect on the time of 
setting and the increase in viscosity during setting has been brought out It has been 
found that the time of sating of a gel-formtng mixture is minimum when its pH is 
maximum, also a reversal m the increase in viscosity during stttmg takes place at 
maximum pH 

The effect of H-ion concentration on the time of setting of gels has 
been most exhaustively and systematically studied in the case of gels of 
silicic acid by Hurd and co-workers (cf. Hurd and Carver, J. Phys. Chem., 
1933, 37, 321, Hurd and Miller, ibid 1934, 38, 668) Hurd and Paton 
(J Phys Chem , 1940, 44, 57) have confirmed in a remarkable manner, 
the specific effect of H-ion concentration on the time of setting of silicic 
acid gels On adding the same amount of extra acetic acid to the same 
silicic acid gel-forming mixture at different intervals from the commence¬ 
ment of the formation of the gel, they have shown that the setting of the 
gel proceeds at the same rate as without the addition of the extra acid, for 
the time before the acid is added, and subsequently at the rate followed m 
the presence of the extra acid added at the commencement of the setting. 

Very little work has been done on the effect of H-ion concentration 
on the time of setting of other gels The only early reference available in 
the literature is the observation of Freundlich and Sollner (Koll. Zeit., 
1928, 44, 309, 43, 348) who found that the time of setting of iron hydroxide 
gel increases from 82 seconds to 9000 seconds when the pH of the gel-form¬ 
ing system is changed from 3.86 to 3.11. Recently Prasad and Desai 
(J. Univ. Bom., 1938, 7, 132) measured the time of setting and the pH 


100 



The Effect of H-lon Concentration on the Time of Setting ioi 

of some mixtures giving rise to several inorganic gels They found that 
there is no definite relationship between the pH and the time of setting 
For example, in the case of stannic phosphate gels, the time of setting 
decreases and so does the pH on increasing the amount of phosphoric 
acid (the constituent I containing the anion of the gel-forming substance) 
in the mature, but on increasing the amount of stannic chloride (the cons¬ 
tituent II containing the cation of the gel-forming substance), the time of 
setting increases while the pH decreases Same observations have been 
made on increasing the amounts of the constituents 1 and II in mixtures 
giving rise to gels of stannic, manganese and zinc arsenate and of ceric phos¬ 
phate. In gels of thorium arsenate and thorium phosphate the above men¬ 
tioned observations have been found to hold with regard to constituent I 
only, with an increase in the amount of thorium nitrate in the mature no 
change in pH has been observed while the time of setting first decreases 
and then increases in the former case and regularly increases in the latter 
In the case of gels of thorium molybdate they found that with the addition 
of increasing amounts of HCl to a gel-forming mixture the pH decreases 
continuously, while the time of setting decreases and increases in succes¬ 
sion They further found that no change in pH takes place during the 
gelation of all the gels studied by them 

A systematic work on the relation between the time of setting and H-ion 
concentration has been carried out by Miss Nathan (J Indian Chcm Soc , 
1943, 20, ij9)(in the case of thorium phosphate gels, the pH of a gel¬ 
forming mature was changed by the addition of varying amounts of HCl 
to the mixture She found that with a continuous decrease in pH the time 
of setting of the several gel-forming mixtures first decreases and then 
increases, and the minimum time of setting occurs at lower pH, smaller 
the concentration of phosphoric acid in the mixture She found no linear 
relation between pH and logarithm of the time of setting as observed by 
Hurd and co-workers (loc cir ) She also observed no change in the pH of 
the gel-forming mixtures either on standing or on the addition of different 
amounts of alcohol. Further she found that the mixtures set to a gel only 
when their pH values are less than 1 7, if this value is exceeded a precipitate 
and not a gel is formed. 

In the present investigation'^ attempt has been made to study systema¬ 
tically the relation between the pH and the time of setting of thorium arse¬ 
nate gel-forming matures, the pH was altered by the addition of different 
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amounts of HU These gels are particularly interesting because they 
are clear or translucent when just set and become translucent or opaque, 
respectively, on standing 

Miss Nathan (J Indian (hem Soc, 1943, 20, 36) has also found 
that the viscosity changes taking place in thorium phosphate gel-forming 
mixtures with time are a function of its pH She found that increase in 
viscosity with time takes place more rapidly as the pH of the mixtures is 
reduced upto a certain value, further reduction in pH lowers down the rate 
of increase in viscosity The effect of pH on the increase of viscosity with 
time of thorium arsenate gel-forming mixtures was therefore, also studied 
in this investigation The viscosity changes during the setting of these gels 
have been measured by Prasad and Shejwalkar (J, Indian Them Soc , 1940, 
17, 308) who have examined the effects of the change of concentrations of 
the constituents of the gel-forming mixture and of temperature and of the 
addition of non-electrolytes and electrolytes (NnC/ and HaU^) to several 
mixtures 

Experimental 

Time of Setting 

Hurd and Letteron’s method described by Miss Nathan (loc cit) was 
employed for the measurement of the time of setting All the observations 
were taken at 35 0 Glass rods of o 094 ems and o 062 ems diameters 
were, respectively, used for the results given in the first two and the third 
tables The rod of smaller diameter had to be used in the latter case as 
the gels formed were not firm enough to support the rod of the bigger 
diameter 
pH 

The pH of the various gel-forming mixtures was measured by the 
quinhydrone method on Student Potentiometer, which was tested, using 
potassium hydrogen phthalate buffer 97), every time a set of 

observations was taken For this purpose the two constituents of the gel¬ 
forming mixtures were separately saturated with solid quinhydrone and 
kept overnight and were mixed when the readings were taken 
Solutions 

Following solutions were used for the preparation of gels 

(/) 6 per cent (N/i) solution of thorium nitrate prepared from 
Kahlbaum’s pure chemical, 
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(it) io per cent solution of arsenic acid prepared from Merck’s 
pure pyro-arsemc acid, 

(m) zNHCJ 

Experimental Procedure jor Time oj Setting 

A known volume of thorium nitrate solution was taken in one test 
tube and in the other were taken different volumes of the arsenic acid solu¬ 
tion with the requisite amount of HCl solution and distilled water so that 
the total volume on mixing was ioa The two test-tubes were kept in 
the thermostat for half an hour and then the two solutions were mixed 
by pouring the contents of one into the other, hve times over The mix¬ 
ture was then placed in the weighing bottle wherein it was allowed to 
set, with the glass rod inserted in it in accordance with the requirements 
of the above named method for the determination of the time of setting 

Results 

The results obtained are given in Tables 1 , II and III in which X re¬ 
presents the c c of arsenic acid solution in the mixture and T the time of 
setting m minutes The results are a mean of several readings which did 
not differ from each other by more than a-j seconds and were taken by shift¬ 
ing the rod only when the gel was about to set 
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Thonum Nitratc=5 o c c 



X- 

-0 45 

X=~o 

50 

X- 

0 51 

X- 

-0 60 

HU 









c c 

T 

pH 

T 

pH 

T 

P H 

T 

pH 

0 00 


1 25 


1 '7 

140 0 

• M 

90 0 

0 92 

o 05 


‘ 19 

no 0 

i 22 

65 0 

1 19 

H 5 

0 97 

0 10 

111 0 

1 3 1 

66 5 

1 2 5 

20 0 

1 21 

14 0 

1 02 

0 15 

86 0 

* 35 

48 0 

1 29 

*5 0 

' *5 

8 5 

1 OJ 

0 25 

5* 0 

1 93 

16 75 

' 32 

6 5 

1 2 7 

5 0 

1 09 

0 40 

17 0 

1 44 

6 2} * 

1 35 

1 0 

1 29 

2 0 

J 15 

0 60 

24 0 

' 3i 

10 0 

1 2 3 

6 0 

1 19 

2 5 

1 11 

0 80 

4i 5 

1 09 

19 0 

0 97 

8 0 

0 9J 

3 75 

0 95 

I 00 

67 j 

0 99 

29 0 

0 92 

10 j 

0 92 

5 5 

0 90 
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Table II 

Thorium Nitrate = 6o cc 



X 

0 43 

x= 

0 50 

X—0 

55 

X—0 

60 

HU 









cc 

T 

PH 

T 

PH 

T 

pH 

T 

pH 

0 00 


1 54 


1 19 

142 0 

1 07 

108 0 

0 84 

0 05 


* 75 

120 0 

1 25 

52 0 

« 25 

38 0 

i 07 

0 10 

>35 0 

1 95 

78 0 

1 72 

32 0 

1 45 

27 0 

1 30 

0 15 

69 0 

2 33 

53 0 

1 80 

21 0 

1 57 

16 0 

> 34 

0 25 

40 0 

2 45 

25 0 

1 96 

15 0 

1 77 

9 0 

1 40 

0 40 

23 0 

2 69 

21 0 

2 19 

11 0 

1 80 

6 0 

1 55 

0 60 

33 0 

* 5 > 

26 0 

2 04 

16 5 

1 7 > 

8 0 

1 39 

0 80 

46 0 

2 29 

34 0 

1 85 

20 0 

1 51 

12 0 

1 17 

1 00 

77 0 

2 01 

45 0 

• 35 

28 0 

1 24 

18 2; 

1 04 
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Thonum Nitrate’ 

'-7 0 c c 





X 

0 45 

X= 

-0 50 

X—0 

55 

X 0 

60 

HC1 









c c 

T 

pH 

T 

pH 

T 

PH 

T 

pH 

0 00 


* 54 


1 85 


1 64 


1 44 

0 05 


2 92 


2 17 


1 80 


1 52 

0 10 


3 30 


2 55 

140 0 

2 14 

110 0 

1 64 

0 15 


3 40 

1 35 0 

3 09 

100 0 

2 39 

5 » 5 

1 94 

0 25 

101 0 

3 5 i 

3 60 

70 0 

3 40 

52 0 

2 65 

29 0 

2 03 

0 40 

60 0 

54 0 

3 57 

34 0 

2 80 

>3 75 

2 30 

0 60 

65 0 

2 57 

58 0 

3 02 

41 0 

2 37 

19 0 

1 97 

0 80 

75 0 

2 14 

63 0 

2 49 

50 0 

2 09 

28 0 

1 42 

1 00 

95 5 

2 02 

74 0 

1 97 

63 0 

1 80 

34 0 

0 95 

Vrscostty Measurements 







Scarpa’s method employed by Prasad and Modak (Proc Ind 

Acad 

Set, 1940, ii, 

281) was used for this 

purpose 

The 

diameter and the 


length of the capillary tube were o 0995 ems and 4 395 ems, respectively, 
and the volume of the bulb between the two marks was 1 7a c c. The pres¬ 
sure applied for suction was 16 ems. of water and was kept constant 
throughout The constant of the apparatus was found to be o 00165 All 
the measurements were taken at 3J 0 . 

The concentrations of the solutions used were the same as mentioned 
before 

The chosen constituents of a gel-forming mixture were mixed m the 
same manner as described in the foregoing pages and the mixture was 
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poured in the viscosity bottle The times of rise and fall of the gel-form¬ 
ing mixture between the fixed marks on the viscometer were measured after 
known intervals of time t (expressed in minutes), from the time of mixing 
and the results obtained are shown graphically in figs 1 and 2 in which 
viscosity (expressed in milhpoises) is plotted against / The readings were 
continued in each case until the mixture would not rise and fall through 
the capillary in reasonable time 

Discussion or Results 

It will be seen from the results given in tables 1 , II and 111 that with the 
addition of increasing amounts of hydrochloric acid the time of setting of 
all gel-forming mixtures first decreases, reaches a minimum, and then in¬ 
creases The minimum, in all cases, has been found to take place in the 
presence of o 40 c c of the HCl solution With the similar addition of the 
acid the pH first increases, reaches a maximum value and then decreases, 
the maximum pH has been observed with mixtures containing o 40 cc 
of the HCl solution, that is, those which set in minimum time However, 
it will be noticed from these tables that the pH of various mixtures setting 
in minimum time has no fixed value 

On plotting the pH values against the logarithm of the time of setting 
two intersecting straight lines are obtained These are shown in Fig. 3, 
for mixtures containing 5 o cc of thorium nitrate and o 43, o 50, 0.55 
and o 60 c c of arsenic acid solution Similar lines are obtained for other 
mixtures used in this investigation, the intersecting point in each case cor¬ 
responding to the mixture which sets in minimum time 9 These observa¬ 
tions are different from those made on gels of thorium phosphate 

It was found that the pH of the solution obtained by diluting 5 o c c 
of the solution of thorium nitrate to 10 o c c by the addition of distilled 
water is 2 39 The pH values of solutions obtained by diluting o 45 c c 
and o 60 c c. of the solution of arsenic acid to 10 o c c by the addition of 
distilled water were found to be, respectively, 1 88 and 1 17 The pH 
values of the gel-forming mixtures containing 5 o c c of thorium nitrate 
and o 4j and o 60 c.c of arsenic acid solution, made upto 10 o c.c, are 
i.aj and o 92, respectively This shows that the formation of thonum 
arsenate is followed by a decrease in pH, probably on account of the nitric 
acid formed in the reaction between the constituents of the gel-forming 
mixture 
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While preparing the gels it was observed that when solutions of tho¬ 
rium nitrate and arsenic acid are mixed, a precipitate is obtained which is 
reduced first to a finely divided state and then disappears extremely slowly 
during the transference of the contents of one test tube into another It 
was found that the finely divided precipitate was present in some gel-form¬ 
ing mixture even after the gel had set, and disappeared only after keeping 
the gel for some time For a time, the gel was clear but later it developed 
a turbidity which increased enormously until the whole gel became opaque 

With the addition of increasing amount of HCl to the gel-forming mix¬ 
ture it was observed that the precipitate disappeared more quickly and in 
the presence of large amounts of HC l it did not appear at all Thus the 
action of HCl in these mixtures is that of peptisation and hence it is oppos¬ 
ed to the action which causes precipitation Since the precipitation of 
thorium arsenate is accompanied by a decrease in pH, it is clear from the 
above arguments that the peptisation would be followed by an increase 
in pH This has actually been observed The optimum conditions reached 
in all cases in the presence of o 4 c c of the HCl solution Tm. decrease 
in pH on the addition of amounts of HCl greater than o 4 c c seems to be 
a normal effect 

If the density of charge on the micelles in the gel-forming mixtures is 
assumed to be due to the adsorption of H-ions from the medium, then it 
would decrease with an increase in the amounts of HCl upto o 4 c c and 
would begin to increase with the addition of larger amounts of HCl 

It will appear from the above discussion that two types of gels arc ob¬ 
tained, one from mixtures containing o 0-0 4 c c of HCl and the other from 
those containmg more than o 4 c c of the acid The character of these two 
types of gels has also been found to be different The latter gels become 
dead opaque on standing and do not synerise, while the former do not 
become so opaque on standing and exhibit syneresis Also the texture of 
the latter gel-forming mixtures during the course of gel-formation is fairly 
loose 

It will be seen from the above tables that the time of setting and the 
pH values of all mixtures containmg the same amounts of arsenic and hydro¬ 
chloric acids increase as the amount of thorium nitrate in them is increased 
Thorium 10ns are well known as peptising agents and hence their increase 
in a gel-forming mixture would cause the same effect as the addition of 
HCl upto o 4 c.c, that is, an increase in pH, as observed. 
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It would appear from the above discussion that the peptisation of 
thorium arsenate m the gel-forming mixture containing no HCl is brought 
about by (t) Hi- ons present in the mixture and (//) thorium ions which have 
not entered into reaction with arsenic acid Since the amounts of these 
peptising ions are not sufficiently large, the peptisation does not take place 
to a great extent and hence some precipitate remains unpeptised even after 
the gel sets, as mentioned before 

It will be noticed from the curves m figure 3 that the time of setting of 
thorium arsenate gels is not a function of pH only Mixtures containing 
the same amount of thorium nitrate and having the same pH take different 
time to set if the amounts of arsenic and hydrochloric acids in the mix¬ 
ture are changed 

It will be seen from the foregoing tables that (/) the time of setting 
and (u) the pH of a mixture (including the one setting in minimum time) 
containing the same amounts of solutions of thorium nitrate and HCl 
decrease as the amount of arsenic acid in the mixture is increased The 
decrease in the time of setting m the presence of larger amounts of arsenic 
acid may be due to a slight increase in the amount of the gel-forming sub¬ 
stance m the colloidal state It will be found from the volumes and the 
concentrations of solutions of thorium nitrate and arsenic acid used in this 
investigation that in all cases thorium nitrate is in good excess Tables I, 
II and III also bring out clearly that the same value of pH is reached in the 
presence of greater amount of HCl when increased amounts of arsenic acid 
are used This happens probably because larger amounts of HCl are required 
to peptise greater amounts of the gel-forming substance formed under the 
circumstances It is a surprising coincidence that the maximum value of 
pH in all cases is reached in the presence of o 4 c c of HCl It is, however, 
probable that the changes in the time of setting are caused bv the changes in 
the structure of gels formed in the presence of different amounts of arsenic 
acid owing to the differences in the rate of their formation 

The decrease in pH mentioned above may be due to an increase in the 
amount of (/) arsenic acid and (//) nitric acid formed in the reaction between 
arsenic acid and thonum nitrate, in case there is an increase in the micellar 
content of the gel-forming mixture. The former explanation is supported 
from the data given in the first row of the tables I, II and III which show that 
the pH of the gel-forming mixtures containing no HCl decreases as the 
amount of arsenic acid in the mixture is increased 
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On the addiuon of methyl and ethyl alcohols and glycerine to some 
of the gel-forming mixtures, corresponding to the two types of gels, that 
is, those containing larger and smaller amounts of HCl than that of the mix¬ 
ture setting in the minimum time, it was found that the time of setting 
increases as larger amounts of the non-electrolytes are added The time of 
setting was found to be too great in the presence of large amounts of al¬ 
cohols and also the gels formed were loosely set No change m the pH 
erf any gel-forming mixture was observed on the addition of alcohols This 
observation is similar to that made by Miss Nathan and leads to the con¬ 
clusion that the addition of alcohols to thorium arsenate gel-forming mix¬ 
tures onlv decreases the rate of gel-formation 

The curves in figures i and i show that the increase in viscosity of a 
gel-forming mixture during setting changes with the addition of different 
amounts of (/) HCl, that is, with a change in pH, and (//) thorium nitrate 
It will be observed that in the case of the mixture contaming 50 c c of 
thorium nitrate the viscosity-time curves rise slowly in the early stages of 
gelation and rapidly in the subsequent ones and the increase in viscosity 
becomes more and more rapid as the pH is increased (cf Fig 1) However, 
in mixtures containing 7 o c.c. of thorium nitrate the viscositv-time curves 
are S-shaped and the rate of change of viscosity increases with an in¬ 
crease in pH upto 3 40 and then decreases. Probably this reversal in vis¬ 
cosity changes corresponds to the minimum time of setting No such 
reversal could be observed with the mixtures containing 5 o c c of 
thonum nitrate because flakes separate out when more than o 2 1 c of 
HCl are added to it and no viscosity measurements could be possibly 
taken 

Several workers have pointed out that an increased rate of change 
of viscosity during gelation is due to the low density of charge on the 
micelles and greater degree of hydration If these conclusions be adopted 
then they confirm the observations made above that the addition of HCl 
before the minimum setting condition decreases the density of charge on 
the micelles 

The authors feel grateful to Dr Mata Prasad, D sc , F t c , for suggesung the problem 
and the guidance throughout the progress of this work One of the authors is sb is 
also thankful to Mr M B Kabadi, m sc , for his guidance and help 





CHEMICAL EXAMINATION OF CASSIA ALATA 
LINN. PART I. THE COMPONENT ACIDS OF 
THE FATTY OIL FROM THE SEEDS 

By Bawa Kartar Singh and Ram Das Tiwari 
(Chemistry Department, University of Allahabad— Reserved j March, 1943) 

The seeds of Cassia alata Linn, yield j 02% of a non-drying clear yellow fatty 
oil having d*°°« 0 8898, 1 4681, acid value 9 ij , sap value 165 4, acetyl 

value 13 6j, Hehner value 83 86, R M o 08, unsapomfiable matter 4 41%,! odine value 
(Hanus) 91 28 and thiocyanogen value (24 hours) 63 82 

The component fatty acids of the oil were found to be linoleic 37 81%, oleic 
37 33 %. palmitic 9 90 % and lignocenc 14 96 % The unsapomfiable matter consisted of 
a sitosterol, phytosterol, M P 133-134^ besides a small amount of a colouring matter 

Cassia alata Linn, commonly known as nngworm shrub in Eng¬ 
lish, Dadmurdan in Hindi and Dadrughna in Sanskrit belongs to the na¬ 
tural order Leguminosae It grows in abundance in Bengal and also in 
other parts of India. 

According to Dey , 1 Kirtikar and Basu , 2 Dymock, Warden and 
Hooper , 3 the plant has been described to be highly medicinal in the indi¬ 
genous system of medicine One of the native names of the plant is derived 
from its efficacy in curing nngworm. The leaves of the plant are com¬ 
monly used in itching, nngworm, skin diseases, coughs and asthma and 
also as expectorant and purgative 

In spite of the reputed medicinal value of the plant, no work has been 
done on its chemical examination Only the fatty oil from a few other 
allied species of the genus has been examined Jois and Manjunath 4 have 
examined the fatty oil from the seeds of Cassia tora and reported the pre¬ 
sence of linoleic, oleic, palmitic and lignocenc acids. Ahmad 5 examined 
the fatty oil from Cassia abssts and showed that the component fatty acids 
consisted of oleic, linoleic, palmitic, steanc and lignocenc acids. Steger 
and Van Loon* reported the presence of oleic, linoleic, linolemc, palmitic 
and steanc acids in the fatty oil of Cassia oscidentahs. The physical and che* 
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mical constants of the fatty oils from allied species, as reported by above 
workers, are given in table i along with our results for comparison As 
no work has been done on Cassia alata , it was thought desirable that a 
systematic chemical examination of the plant would be interesting and useful 
and with this object the present work was undertaken. Tn the present 
communication the results of the examination of the fatty oil from the 
seeds of Cassia alata are leported Further work on the seeds and other 
parts of the plant is in progress and will be reported later 

As a result of our examination we find that the fatty acids from the oil 
of Cassia alata consist of hnoleic (37 81%), oleic (37 53%), palmitic 
(9 9°%) an d lignocenc (14 96%) acids No linolenic or stearic acid has 
been found Thus the fatty acid composition of the oil of Cassia alata 
resembles that of the oil of Cassia tora and differs from that of Cassia absui or 
Cassia occidentalss Further a comparison of the physical and chemical cons¬ 
tants of the oils from allied species as given in table 1 shows that the cons¬ 
tants of the oil of Cassia alata resemble those of Cassia tora and differ consi¬ 
derably from those of Cassia absus Thus for example the iodine value of 
the oil from Cassia alata is 91 28, that of Cassia tora is 90 7, but that of 
Cassia absus is 130 5 Looked at from this point of view the oils of Cassia 
alata and Cassia tora will be classed as non-drying oils, whereas the oil of 
Cassia absus will be classed as a semi-drying oil almost approaching to a 
drying oil The above mentioned chemical composition of the fatty acids 
shows that the oil of Cassia alata resembles other leguminosae seed fats in 
conforming to the simple “hnoleic-oleic-palmitiv” type, the chief compo¬ 
nents hnoleic and oleic acids form about 75% of the total component acids 
A reference should, however, be made to lignocenc acid which is present to 
the extent of about ij%, as the melting point of the isolated acid is lower 
than that of w-tctracosanic acid (84°Q Previously it was thought that 
the plant acid may be a branched chain acid with lower melting point. From 
later work, especially on the evidence of X-ray spectra 12 it seems likely 
that the natural lignocenc acid is a normal chain one and the lower melting 
point observed may in some cases be influenced by the presence of small 
amounts of some other acid contaminating the mam acid Ours is not an 
isolated observation as other workers 18 have found in seed oils lignocenc 
acid with lower melting point ranging from 7j°C to 78°C 

Another interesting feature regarding these oils is the high percentage 



Chemical Examination of Cassia Alata Ltnn Part I in 

of the unsaponifiable matter which in the case of the oil of Cassia alata has 
been found to consist mostly of a phytosterol, sitosterol, MP 133-34^ 
and a small amount of the colouring matter 

Experimental 

Two kilogrammes of the powdered seeds were extracted with petro¬ 
leum ether (4o-6o°C) in a five litre extraction flask On distilling off the 
solvent about 100 gms of an yellow brown oil, having a characteristic odour, 
were obtained As more petroleum ether was not available, another lot of 
three kilogrammes was extracted with carbon tetrachloride in two instal¬ 
ments On distilling off the solvent and leaving the oil overnight, an 
orange coloured solid separated which was filtered off No solid, how¬ 
ever, separated from the oil extracted with petroleum ether The two 
samples of the oil were then purified with animal characoal and Fuller’s 
earth whereby clear golden yellow coloured oils were obtained The 
saponification and iodine values of the two oils were found to be in fair 
agreement within experimental error (S V 165 4, 1 V 91 28 in petroleum 
ether and S V 163 4 and IV 89 99 in carbon tetrachloride). The two 
samples of oils were, therefore, mixed and examined It was found to be 
a non-drying oil having the following physical and chemical constants 
(Table I) The constants of the oils from the seeds of allied species are also 


given for comparison. 

Table i 

Cassia alata 

Cassia tora* 

Cassia absus 8 

Specific gravity 

at 30 °C 0 8898 

at 23 °C 0 8969 

o 9272 

Refractive index 

at aj°C 1 4681 

at 25 °C 1 4669 

1 4840 

Acid value 

9 >5 

10 8 

* 5 ' 

Saponification value 

165 4 

M 4 * 

190 4 

Acetyl value 

13 65 

96 

12 0 

Hehner value 

83 86 

7 » 5 


R M value 

0 08 

0 15 


Unsaponifiable matter 

4 41 % 

5 4 % 

8 4 % 

Iodine value (Hanus) 

91 28 

90 7 

130 5 

Thiocyanogen value (24 hours) 

63 82 




Two hundred and twenty-five grammes of the oil were then saponified 
with an alcoholic solution of sodium hydroxide, the unsaponifiable matter 
removed with ether and the soap solution decomposed with dilute sulphu- 
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nc acid when fatty acids (175 gms.) having the following characteristics 
were obtained (Table z) 

Table 2 

Consistency liquid (solidified on keeping) 

Neutralisation value 198 3 

Saponification equivalent 283 o 

Iodine value (Hanus) ioj 1 

Thiocyanogcn value (24 hours) 701 

The fatty acids were then separated into solid and liquid acids by 
Twitchell’s Lead Salt-Alcohol process 7 The percentage, the iodine and 
thiocyanogen values, the neutralisation values and the saponification equi¬ 
valents of the solid and liquid acids are recorded below (Table 3) — 


Table 3 


Acids 

' % 

Iodine 

value 

Thiocyanogen 

value 

Neutralisation 

value 

Saponification 

equivalent 

Solid 

24 85 

1 83 

— 

192 9 

290 9 

Liquid 

75 M 

1 34 90 

89 48 

201 1 

279 0 


Examination of the Liquid Acids 

The liquid acids were oxidised with a dilute solution of alkaline potas¬ 
sium permanganate according to the method of Lapworth and Mottram 8 
when a dihydroxy stearic acid M P i33°C and a tetrahydroxy stearic acid 
M P i70°C were obtained showing the presence of oleic and hnoleic acids 
only. 

The two acids were quantitatively determined by brommatmg the 
liquid acids m ether solution at -io°C according to the method of Eibner 
and Muggentholar® modified by Jamieson and Boughmann 10 The results 
of brommation and analysis are given below (Table 4) •— 

Table 4 

Weight of liquid adds 
Weight of linoleic tetrabromide 
Melting point of lincdac tetrabromide 
Weight of the residue (tetra-+di-bromide) 

Bromine contents of the residue (Pina and SchifPs method) 


-7 8736 gms. 
-6 5446 gms. 
-113 )°C 
-7 9815 gms 
-40 24% 



Cbtmtcal Examination of Cassta Alata Ltttn Part I 


n 5 


Weight of linoicic tetrabromidc in the residue 
Weight of oleic di-bromide in the residue 
Total 'weight of linoleic tetrabromide 
Weight of linoicic acid 
Weight of oleic acid 


-i 8905 gms 

— 6 0910 gms 
-8 4351 gms 

— 3 9372 gms 

— 3 8866 gms 


From the above results the percentages of linoleic and oleic acids in 
liquid acids, in mixed acids and in the oil have been calculated and are 
given below (Table j) .— 


Table 5 

Acids Percentage in Percentage in Percentage in 

liquid acids mixed acids oil 

Linoleic 50 31(30 14) 37 81 31 71 

Oleic 4968(4900) 3733 3130 


The figures in brackets are those calculated from the Thiocyanogen 
value of the liquid acids (vide Table 3) 

The calculated iodine value of a mixture of 30 32% linoleic and 
49.68% oleic acid is 135 79 which is in good agreement with the iodine 
value of liquid acids (Table 3) The percentages of these two acids in 
mixed ac'ds were also calculated from the thiocyanogen and iodine values 
of mixed acids. These results are given below (Table 6) for compari¬ 
son with those obtained by bromination of liquid acids 


Table 6 

Acids Percentage by bromine addition Percentage by calculation from 

method thiocyanogen and iodine values 

Linoleic . 37 81 385.64 

Oleic 37 33 39 03 

Examination of Solid Acids 

The solid acids were first rubbed over a porous plate to free them 
from any hquid acids and they Vere then found to melt at jj°C , They 
were then converted into methyl esters which were distilled under reduced 
pressure (Table 7). 
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Table 7 


Weight of esters distilled 33 96 gms 


Fraction No 

Pressure 

Temperature range 

Weight in grammes 

1 

10 mm 

upto 165 °C 
i65-I70°C 

7 87 

z 

10 mm 

6 99 

3 

10 mm 

i70-i 7 j 0 C 

5 63 

4 

10 mm 

i7J-i8j°C 

4 94 

5 ‘ 

10 mm 

i8j-I9o 0 C 

5 32 

6 (Residue) 



2 80 


The saponification value, the saponification equivalent and the lodme 
values of all the tractions were determined and the amounts of various 
acids in difterent fractions were calculated according to the method of 
Jamieson and Boughmann 11 (Table 8) — 


Table 8 





Sapo- 

Sapo- 

Palmitic 

Lignocenc 

Unsaturatcd 



Io- 

nifica- 

nifica- 

acid 

acid 

acids 

Fraction No 

dine 

tion 

tion 









value 

value 

equi¬ 

valent 

% 

gms 

% 

gms 

% 

gms. 

1. 


1 02 

186 3 

301 1 

67 92 

J 346 

*6 54 

2 088 

0 76 

0 060 

2 


1 3 J 

177 0 

316 9 

54 19 

3 787 

40 2 J 

2 814 

x 00 

0 070 

3 


1 49 

165 0 

340 0 

34 47 

1 941 

60 19 

3 388 

1 11 

0 063 

4 


1 63 

154 1 

363 8 

14 22 

0 703 

80 63 

3 983 

1 21 

0 060 

5 

' 

1 89 

149 6 

37J 0 

4 58 

0 243 

90 24 

4 800 

1 40 

0 075 


r Unpolymeris- 

ed(i.i7gms) 










6.< 

| Residue 

Polymerised 
[(1 26 gms) 

2 JO 

128 3 

457 3 



94 43 

I 10 J 

1 8j 

0 022 



1 ’ 1 

12 020 


18 178 


0 3J0 

Total 


Traction 1. The acids obtained after saponification of the fraction 
melted at j6°C. On repeatedly crystallising the acids from acetone, palmi¬ 
tic acid M.P 6i°C was obtained, the identity of which was established by 
the determination of mixed melting point with an authentic sample of pal¬ 
mitic acid when no depression was observed. The filtrate gave an acid of 
lower melting point 5 8-59 °C which rose on the addition of pure palmitic 
acid but was depressed with steanc acid and myristic acid. 
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Tractions 2, 3 and4. The liberated acids from these fractions on repeated 
crystallisation from dilute acetone gave acids with M P 64-65 °C which were 
depressed with pure palmitic and stearic acids, showing that they are not 
stearic acid. From the mother liquor, however, palmitic acid M.P 6i°C 
could be isolated and this was not depressed with an authentic sample of 
palmitic acid. 

Traction 5. The acid MP, 59 °C was repeatedly crystallised from 
acetone but the melting point did not rise above 64°C In order to effect 
the separation of the high molecular weight acid, magnesium salts were 
prepared and from the least soluble portion an acid was obtained which 
on repeated crystallisation melted at 74-75 °C The melting point was 
depressed by the addition of pure palmitic and arachidic acids showing 
that the acid is not arachidic This acid was again converted into magne¬ 
sium salt andfrom the least soluble part an acid M.P jy-f6 a C was obtained 
which was also depressed with arachidic acid. 

From the most soluble magnesium salts, palmitic acid M P 6t°C was 
isolated which gave no depression with pure palmitic acid. 

Fraction 6. The residue was deep coloured; it was saponified and 
the liberated acids extracted with petroleum ether when an acid M P , 67°C 
was obtained On repeated crystallisation from acetone the melting point 
rose to 76°C when further crystallisation was not possible This melting 
point was depressed by the addition of arachidic acid The molecular 
weight of the acid obtained from the residue was 364 8 which agrees with 
the molecular weight of Ugnocenc acid. 

It is thus dear that only palmitic acid could be isolated. No stearic 
acid or arachidic acid was obtained from any of the fractions The other 
add besides palmitic that appears to be present is an acid M P. -j6°C and 
molecular weight 364 8. The molecular weight agrees with that of ligno- 
ccric acid, hut the melting point is lower than that of Hgnoceric acid (M P. 
84°C) and agrees with that of arachidic acid. But on addition of pure 
arachidic acid the melting point is depressed showing that the acid is not 
arachidic. The acid must, therefore, be hgnoceric. As regards the lower 
melting point, it may be said that several workers 18 who have isolated 
lignocenc add from fatty oils haveticecorded its melting point ranging from 
75*78°C. The saturated acids present m the oil are, therefore, palmitic 
and lignocenc. It may be also noted that the saturated acids present in the 
7 
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oil of Cassta tora ate palmitic and lignoceric, and that lignoceric acid is 
generally a constituent of the oils of seeds belonging to legummosae 

famil y. 

The percentages of various solid acids in mixed solid acids, in mixed 
acids and m the oil are given below (table 9): 

Table 9 

Aad Percentage in Percentage in Percentage in 

solid acids mixed aads oil 

Palmitic J9 81 9 90 8 30 

Lignoceric 60 19 14 96 12 35 

Examination of the Unsaponifiable Matter 

The unsaponifiable matter obtained by extracting the soap with ether 
was an yellow brown mass having a characteristic odour which was also 
present in the oil This gave all the colour reactions of phytosterol 

On crystallising it with alcohol, a white substance M P i}3-}4°C was 
obtained. The mother liquor was orange red in colour and on concen¬ 
tration it gave some more of the above solid. The mother liquor from this 
consisted mostly of the colouring matter. 

This solid gave all the colour reactions of a phytosterol and was identi¬ 
fied to be a sitosterol found in most vegetable oils. The acetyl derivative 
melted at i2i°C The unsaponifiable matter of the oil of Cassta data, 
therefore, consists of a sitosterol and some colouring matter. 
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CHEMICAL EXAMINATION OF PINUS GERARDIANA WALL, 
THE COMPONENT FATTY ACIDS AND THE PROBABLE 
GLYCERIDE STRUCTURE OF THE FATTY OIL 
FROM THE SEEDS. 

By Bawa Kartar Singh and Ram Das Tiwari 
[From the Dtpartmtnt of Cbtmstry, Allahabad Umvtrsity, Allahabad], Rtcttwd on 6-9-4) 

The fatty oil from the seeds of Pmus gerardiana Wall has been examined and 
found to have sp gr o 9198 (jo°Q, refractive index 1 4699 (ij 6 C), acid value 1 15, 
sap. value 191 9, acetyl value j 7, Hehner value 95 J4, unsaponifiable matter o 64%, 
R. M o 21 j, R P o. Iodine value (Hanus) no 3 and Thioycyanogen value (14 
hours) 83 o The component fatty acids of the oil are hnoleic 42 80%, oleic 52 33%, 
palmitic 3 67% and stearic 1 20% The unsaponifiable matter consists of a phytosterol, 
M P i33°C The glyceride structure of the oil has been determined by brominating the 
oil in petroleum ether at — j°C The component glycerides of tjic oil are palmitodilinolein 
2 41%, stearodilmolein 0 78%, palmitooleolinolcin 9 86%, stearoolcolinolem 3 22%, 
trilinolcin o 38%, oleodilinolcin 32 48%, dioleolinolein 47 43% and triolein 3 42% 

Pinus gerardiana Wall is a moderately sized evergreen tree belong¬ 
ing to the natural order Comferae. The chief product of the tree is the 
nut sold in the market under the name “ChUgoza” The seeds have 
been described to be highly medicinal 1 * 2 . They are appetiser, expecto¬ 
rant, stimulant and carminative. The oil from the seeds is highly esti¬ 
mated for its stimulating and healing power when applied as a dressing 
to wounds and ulcers It is applied as an external application in diseases of 
head. 

An analysis of the kernels has been reported by Church 8 and also recently 
by Hardikar 4 . Gnmme 5 has determined the constants of the fatty oil and 
later Hardikar 4 has examined the oil in detail. He, however, did not examine 
the solid acids and the unsaponifiable matter The results obtained by 
these workers are given along with ours for comparison. 

The present investigations were undertaken in order to study the 
component solid acids, the nature of the unsaponifiable matter and the 
glyceride structure of the fatty oil. 
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Gbmual Examination of Ptnus gtrardiana Wall 

A detailed examination of the oil has shown that the component 
fatty acids of the oil are linoleic 42*80%, oleic 52.3}%, palmitic 3 67% 
and stcanc 1.20%. The unsapomfiable matter of the oil consists of a 
phytosterol M P. i33°C The results obtained for liquid acids are in 
fair agreement with those of Hardikar (loc at ) It will be thus seen that 
the fatty acid composition of the seed oil of Pinus gerardiana is very simi¬ 
lar to that of the other coniferous seeds: the major component acids being 
oleic (j 2%) and linoleic (43%). hnolemc acid is absent, whereas some 
coniferous seed oils contain a fairly large amount of this acid The saturated 
acids form less than j% of the total acids palmitic acid (75% of solid acids) 
is in very considerable excess over stearic acid (25% of solid acids) as is gene¬ 
rally the case with seed fats and oils of coniferous and other large trees. 

The component glycerides of the oil were determined by brommat- 
ing 7 , 8 , *, 10 the neutral oil in petroleum $ther solution at — j°C, resolving 
the btominated product into a number of fractions and determining the 
fatty acid composition of each fraction. As a result of examination the com¬ 
ponent glycerides of the oil have been found to be palmitodilinolein 2.42%, 
stearodilinolein 0.78%, palmitooleolinolein 9 86%, stearooleolinolein 
3.22%, trihnolein 0.38%, oleodilinolein 32 48%, dioleolinolein 47 45% 
and triolein 3.42% These investigations have shown the actual number 
of glycerides to be 8, whereas the maximum number of individual glycerides 
which may be obtained by any combination of four different acids with the 
glycerol radical — H,C — CH — CH* — is 40. 

Experimental 

The material employed for the investigation consisted of the authen¬ 
tic seeds of Pinus gerardiana obtained from the local market and identified 
botamcally. 

The following results were obtained on a preliminary examination 
of the seeds:— 


Average weight of a seed . o jo8j gms. 

Percentage of husk . jo 2 

Percentage of kernel . v . 69 8 

Ash content of kernels . 3.0% 

Moisture content of kernels ' 8.2% 

Percentage of oil in kernels , .. .. jo.6 
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A small amount of the crushed kernels was extracted with boil¬ 
ing water. The extract gave no colour with ferric chloride nor did it reduce 
Fehling’s solution, showing the absence of tannins and reducing sugars 
It gave blue colour with a dilute solution of iodine, showing the presence of 
starch The extract reduced Fehling’s solution after hydrolysis with mineral 
acids, which may be due to the presence of starch or some other polysacchar¬ 
ide The cold water extract gave no colour with iodine, but reduced 
Fehling’s solution after hydrolysis showing that some other di-or poly-sac- 
chande, besides starch, is also present. 

A portion of the crushed kernels was digested with i% hydrochloric 
acid for three days The extract gave no tests for alkaloids. 

The ash of the kernels on examination was found to contain the follow¬ 
ing acidic and basic radicals:— 

Water soluble—j6%—Chloride, aluminium, sodium and potassium 

Water insoluble, (acid soluble)—44%—phosphate, aluminium and 
calcium 

In order to have an approximate idea regarding the solubility of the 
constituents, 200 gms of the crushed kernels were extracted with a num¬ 
ber of solvents in succession with the following results.— 

1 Petroleum ether (B P. 40°—6o°C)—The extract was yellow in colour 
which on distilling off the solvent gave a clear yellow fatty oil Yield 
50 6% 

2 Absolute ether—Both the extract and residue were similar as in the 
case of petroleum ether Yield i.ij% 

3. Chloroform —A light yellow coloured extract which left a very small 
residue was obtained Yield ~b 2%. 

4. Ethyl acetate —An yellow coloured extract was obtained. Yield 
0.35% 

j. Absolute alcohol— The alcoholic extract was yellow m colour. 
The residue gave no test for glucosides or sugars Yield 1.25%. 

6. Alcohol 70%—The yellow extract left a residue which gave test 
for di-or poly-sacchandes. Yield 1.4%. 

For the purpose of complete examination about five kilograms of the 
kernels were crushed and the oil was extracted from them by pressing. The 
yield of the oil of kernels on pressing was about 32%. It was a transparent 
clear oil having a pale yellow colour. 
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Chemical Examination of Pinas gerardiana Wall 
Examination of the Patty Oil 

The fatty oil obtained as described above was purified with animal 
charcoal and Fuller’s earth whereby a clear yellow transparent oil was 
obtained. The physical and chemical constants of this oil were determined 
The oil obtained on extracting the kernels with petroleum ether was also 
purified and its constants determined. 

Table I 



Author’s results j 

Gri mine’s 

Hardikar’s 

Constants 

Solvent— 
extracted 

Pressed 

results* 

results* 

Specific gravity 

0 9198 (jo°C) 

0.9169 (30°C) 

0 9307 

0 9144 

Refractive Index 

Angle of rotation for 

1 4699 (* 5 °C) 
a D =o-i° 

1 4729 (25°C) 


1.4709 

2 dcm at jo°C 

*° 




Acid value 

i.ij 

5 *9 

1 6 

3 87 

Sap value 

191 9 

192 4 

191 3 

192 4 

Acetyl value 

3 7 

3*5 


4 07 

Hchner value 

95 34 

94 82 


95 01 

Unsapomfiable Matter 

R M Value 

0.64 

0 42 


0.5 

0 215 

0 222 


0 33 

R. P Value 

0 0 

0 0 


Iodine value (Hanus) 
Thiocyanogen, value 

120 3 

119 7 

118 3 

121 3 

(24 (hours) 

8}.o 

8j.z 




These results are given in table i. The results obtained by other workers 
axe also given for comparison. 

Eight hundred gramms of the oil was saponified with alcoholic sodium 
hydroxide, the unsapomfiable matter removed with ether and the fatty acids 
liberated. The constants of these acids were determined and are given 
in table a. The results obtained by other workers are also given for compari¬ 
son. 

Table II 


Constants 

Authors' 

results 

Gnmme's* 

results 

Hardikar’s 4 

results 

Neutralisation value 

Saponification equivalent 

Iodine value 

Thiocyanogen value (24 hours) 

100.4 

280.6 

124.2 (Hanus) 
Sj.9 

196.77 

283 2 

I2J.O 

200.2 

280.2 
» 7.7 
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The mixed fatty acids were then separated into solid and liquid acids 
by Hilditch’s modification 11 of TwitchelTs 12 lead salt-alchohol process 
TTie neutralisation value, the saponification equivalent, the iodine value and 
the thiocyanogen value of the solid and liquid components were determined 
and are given below in table }. 


Table m 


Constants 

Solid acids 

Liquid acids 

Percentage 

4 85 

95 M 

Neutralisation value 

208 3 

199 6 

Saponification equivalent 

269 j 

281.$ 

Iodine value (Hanus) 

4 0 

130 9 

Thiocyanogen value (24 hours) 

3 0 

90 1 


Examination of the Liqtttd Acids 

The liquid acids were first oxidised with a dilute solution of alkaline 
potassium permanganate according to the method of Lapworth and Mot- 
tram 18 when a dihydroxy steanc acid M P. i32°C and a tetrahydroxy stearic 
acid M. P i70°C were obtained, showing the presence of oleic and linolcsc 
acids only in the liquid acids. 

A known weight of the liquid acids was brominated 14,16 in ether at 
— io°C., the results of brommation. and analysis are given below in table 4. 

Table IV 


Wt. of aads brominated . ... 

3 - 79*5 gmfc. 

Wt. of Unoleic tctrabiooude 

j.oojogms. 

Melting point of tetrabromide 

nj°C 

Wt. of the residue (di+tetrabromide) 

3 9*33 gms- 

Bromine content of the residue (Pina and SchifTt. Method) 

38 43 % 

Wt. of imefeic tetrabromide i* the residue 

0 6705 gms. 

Wt. of oleic dibromide in the residue 

J. 2 JJO gmsf 

Total wt. of the tetrabromide . 

J.67JJ gms 

Wt. of lnrakte add 

i.7T)t> gms 

Wt. of oleic acid ... 

2.0730 gnu. 

Total weight (Unoleic+oleic acids) 

3.7900 gnu. 

Lon . ... 

0.0023 gms. 

ftreentage of tinokrc add in liquid adds v . 

4 L*J 

Percentage of oleic add in liquid adds 





I2J 


Chemical Examination of Pirns gerardiana Wall 

The liquid acids were then converted into methyl esters and a known 
weight of these esters was distilled under reduced pressure The saponi¬ 
fication equivalent and the iodine value of all the fractions were determined. 
The acids obtained from each fraction after saponification were oxidised 
with dilute alkaline potassium permanganate when a dihydroxy stearic acid 
and a tetrahydroxy steanc acid were obtained from each fraction A small 
amount of residue in fraction L x was left unoxidised which was due to some 
solid acids that had passed into liquid acids The amounts of individual 
acids in each fraction were then calculated as shown in table 5. 

Table V 


Weight of esters distilled 41.10 gflu Pressure 12 m.m 









Methyl 

Fract 

Temp 

£Wt.in 

Sap 

Iodine 

Methyl 

Methyl 

esters of 

No 

Range 

" gnu. 

cquiv 

value 

oleate 

linoleate 

solid 

acids 

h 

upto i8j*C 

J 57 

294 0 

112 8 

2 29 

1 19 

0 08 

L. 

i8j-i88°C 

J *7 

295 0 

99 9 

4 J* 

0 8} 


' u 

i88-i9J 0 C 

8 58 

295 1 

120 9 

5 10 

5 48 


L4 

i95-ioo°C 

7 *J 

294 6 

114 7 

4 82 

2 41 


L, 

200-20 j°C 

8 78 

*95 * 

136 8 

3 61 

5 17 


L. 

20J-208°C 

5 81 

*95 1 

140 7 

2 12 

3 69 


L, 

Residue 

2 12 

*95 4 

138 1 

0 J 5 

1 77 


Total 


41 25 



22 6l 

18 j6 

0 08 


Los* m distilling o 25 

Hence the composition of liquid acids is—Oleic aad $4 66% 

Linoleic acid 43 16% 

Solid acids 0 20% 

The percentages of oleic, linoleic and solid acids in mi^ed acids were 
calculated from the thiocyanogen value and iodine value of mixed acids. 
The exact composition of solid and liquid acids was also calculated from the 
thiocyanogen and iodine values of the two acids and from these the 
corrected percentages of oleic, linoleic and solid acids m mixed acids were 
calculated The results so obtained are given below (table 6) for comparison 
with those obtained by other methods and also with those obtained by 
Hatdikar {he. tit.). 
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Table VI 


Methods 

Oleic 

acid 

Linoleic 

acid 

Solid 

acids 

i Calculated from SCN value of mixed 
acids 

52 93 

42 2} 

4 79 

2 Calculated from SCN value of Uquid 
and solid acids 

52 28 

42 90 

4 82 

} By brommauon of liquid acids 

52 10 

43 °5 

4 «5 

4 By methyl ester distillation 

51 99 

42 97 

5 04 

5 By Bertram’s oxidation method 

Average of 1 to 4 

Hardikar’s results 

5 2 a 

42 80 

4 92 

4 88 

54 39 

40 69 

4 92 


A comparison of results obtained by different methods shows that there 
is a good agreement For the purpose of calculations the mean of all the 
results has been taken Also the results are in fair agreement with those of 
Hardikar (Joe at.) 

Examination of solid acids 

The solid acids were converted into methyl esters. 29 85 gms of 
esters were distilled fractionally under reduced pressure, and the results 
of distillation and calculation 16 are given in tables 7 and 8 


Table VII 


Fract. No Pressure 

^ 11 mm 

S t 11 m.m, 

S g 11 m.m. 

S 4 11 mm 

S ( 11 m.m 

Sg (Residue) 

Total 

Loss, during distillation 


Temperature range 

Wt. in gms 

170-17JX 

6 10 

I75-I78°C 

9 84 

I78 -i 8 o°C. 

j 80 

i 8 o-i 85°C 

5 28 

iSj-ijo’C 

2 77 


1 77 

29 

0.29 


Fractions S v S& and J3—By repeated fractional crystallisation from 
dilute acetone, palmitic acid melting point 62°C. was isolated from each 
of these fractions. This melting point was not depressed by the addition 
of an authentic sample of palmitic acid. 

Fractions S 4 and S s —Palmitic acid M. P. 6a°C. and stearic acid M. P, 
68°C were isolated from both S A and by repeated fractional crystallisations 





Cbtmcal Examination of Pinas gerardiana Wall 127 

from dilute acetone These melting points were not depressed by the 
addition of authentic samples of palmitic and stearic acids 

Fraction S 9 (Residue)—The acids liberated from this fraction after 
saponification were dirty brown in colour On extracting this mass with 
petroleum ether (4o-6o°C) an acid was obtained which after crystallisation 
from dilute acetone melted at 68°C (not depressed by the addition of pure 
stearic acid) The molecular weight was found to be 282 2 (stearic acid= 
284). 

Table VIII 



Iodine 

Sap 

Sap 

Palmitic Acid 

Stearic Acid Unsaturated acids 

Fract No 

value 

value 

equtv 

% 

gms. 

% 

gms 

% 

gms 

Si 

0 7 

207 4 

270 6 

92 92 

5 667 

1 37 

0 083 

0 54 

0 033 

s. 

1 1 

204 1 

*74 9 

77 5* 

7 628 

16 54 

1 628 

0 84 

0.083 

s. 

2 I 

203 5 

*75 7 

74 69 

1 839 

18 75 

0 713 

1 60 

0 061 

c* 

3 1 

i99 5 

281 1 

57 7i 

3 °47 

34 8* 

1 839 

* 37 

0 123 

s » 

4 3 

196 3 

285 8 

40 8} 

1 132 

50 93 

1 411 

3 *9 

0 091 

S. 

4 7 

186 1 

301 j 



96 41 

0 961 

3 59 

0 036 

Total 





20 31 ! 


6 633 


0 4*9 


Residue—polymerised o 733 gms 
unpolymenscd 0 997 gms 

Hence composition of solid acids is—palmitic 75 38% and stearic 24 62% 
and in mixed acids palmitic acid 3 67% and stearic acid 1 20% 

The fatty acids of the oil of the seeds of Pinus gerardiana therefore 
consist of oleic, Unoleic, palmitic and stearic acids, the percentages of 
which ate given in table 9. 


Table IX 


Oleic aad 
Llnokic acid 
Palmitic acid 
Steanc acid . 


% 

3 * 33 
42 80 
3 67 
1 20 


Examination of tbt unsapomfiabU matter 

The unsapomfiable matter qjptained by extracting the soap solution 
with ether was a semi-solid mass having a light yellow colour. This wag 
crystallised from alcohol whereby a compound melting at ijj°C was 
obtained.- This gave all the colour reactions of a phytostetol. It also gave 
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an acetyl derivative M. P. iz3°C. Hence it was a phytosterol, sitosterol, 
found in most vegetable oils 

The Component Glycertdes 

The oil was made neutral by treating it with sodium carbonate and puri¬ 
fied with animal charcoal and Fuller’s earth 

Fifty grams of the neutral oil were then dissolved in six times its weight 
of dry acetone and kept in a fngidaire at o°C for about a week. Nothing 
separated showing that the oil does not contain any fully saturated or 
disaturated glycerides. 

Another lot of fifty gms of the neutral oil was dissolved m ten 
times its weight of dry acetone and oxidised with four times its weight of 
powdered potassium permanganate according to the method of Hilditch 
and Lea 17 . The process was repeated two times when in the end no neutral 
substance was left. This further confirms the absence of fully saturated 
glycerides. 

One hundred grams of the neutral oil were then dissolved m ten times 
its weight of dry petroleum ether (B. P. 4o-6o°C), cooled to — j°Cand 
bromine added till it was in slight excess which was indicated by the colour 
of the solution turning to permanently brown. This was kept overnight in a 
fngidaire when some semi-solid mass precipitated. Tlus was filtered 
off and washed with chilled petroleum ether The product left on the filter 
paper was crystallised from absolute alcohol when two fractions and F& 
one alcohol insoluble and the other soluble were obtained. The petroleum 
ether filtrate and washings were m i x ed and treated with a solution of sodium 
thiosulphate to remove excess of bromine, washed with water, dehydrated 
and the solvent distilled off, when a dark viscous liquid was obtained. This 
was extracted with absolute alcohol and the alcohol-soluble portion was 
designated as F, The alcohol-insoluble portion was extracted with a mix¬ 
ture of absolute alcohol and acetone (i: i) and the soluble portion gave F 4 . 
The insoluble portion was then extracted with methyl alcohol and acetone 
(i: i) and from the soluble portion F s was obtained. The insoluble por¬ 
tion was completely soluble in acetone which gave F e . The scheme of 
separation is shown below;-— 
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Neutral oil (100 gms.) Brominated in Petroleum ether 

_ | _ 


Soluble 


Insoluble, crystallised from 
absolute alcohol 
_!_ 


Wash with Sodium thiosulphate ,and remove 
solvent, extract with absolute alcohol 


Insoluble 

Ft 

o 48 gms. 
(Crystalline 
substance 
M. P 77-78*0) 


Soluble 

F. 



solid mass) 


Insoluble, extracted with alcohol 
and acetone (1 • 1) 


Soluble 

F, 

10 75 gms- , 
(dark viscous liquid) 


Insoluble, extracted with methyl 
alcohol and acetone (1 • 1) 

Soluble 

, F ‘ 

69 j 2 gms. 

(viscous liquid) 

Soluble 

Insoluble, extracted with acetone 

F, 

1 

49 83 gms. 

All soluble 

(dark dirty mass) 

F« 

19 69 gms. 

(dirty brown viscous mass) 


The fractions F t , F # , F 4 , F 6 , and F t were debrominated. The 
debtominated products were saponified, the unsapomfiable matter removed 
with ether and the fatty acids liberated. The saponification equivalent, the 
iodine value and the tinocyanogen value of the liberated aci^s were then 
determined and from these the quantities of individual acids in each fraction 
were calculated. The amounts of saturated acids being too small they were 
considered as one add. The adds were then oxidised with an alkaline solo* 
non of potassium permanganate according to the method of Lapworth and 
Mottram (Joe. cit.), the unoxidisqd portion extracted with petroleum ether 
when it was found that only F p r $t and F t gave saturated acids. This u 
also evident as a result of calculation from the thiocyanogen value. The 
saponification equivalent of saturated acids so obtained were determined. 
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As F 1 was too small in amount to be subjected to the above operations, 
it was crystallised from absolute alcohol when a product M P rj-i% a C was 
obtained Its bromine content was determined by Pina and SchifPs me¬ 
thod The compound was found to be an impure sample of a triglyceride 
of tetrabromolinoleic acid. Found Br— 51 3 *%» ^57 H 98 O e Br l% requires 
Br= 52 26% The melting point is, however, lower than that observed 
by the authors previously 18 but agrees with that observed by Vidyarthi and 
Mallya 6 . 

The results of bromination and analysis are given in tables 10,11, and 12. 

The results obtained above are in fair agreement with those obtained 
for the component fatty acids of the oil which are also given (Mol. per cent) 
in table 12 in brackets for comparison. 


Table X 



Fi 

Ft 

F, 

Ft 

F. 

F. 

Wt of brominated product in 
gins 

! 

0 48 

5 Ji 

20 78 

69.52 

49 83 

29 69 

Wt of debrominated products in 
gms. (glycende+unsaponifiable 
matter) 

0 23 

3 16 

11 67 

37 63 

29 96 

*7 37 

Wt of unsapomfiable matter 


0 02 

0 06 

0 19 

0 ij 

0 10 

Wt of glycerides (free of un- 
sapomfiable matter) 

0 23 

3 16 

11 67 

37 63 

29 9j 

17 36 

Mol % of mixed acids 

0 23 

3 19 

" 73 

37 57 

29 98 

17 30 

Sap equiv of liberated acids 


276 6 

279 2 

280 9 

280 2 

281 4 

Iodine value (Hanus) of libera¬ 
ted acids 


123 1 

129 3 

140 6 

109 9 

"7 7 

Thiocyanogen value (24 hours) 


61 7 

79 7 

90 4 

81 8 

90 1 

Sap equivalent of saturated acids 


260 5 

1 

272 3 


265 I 



Table XI 

Mol. percentage of odds in tod fraction 
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Table XII 

Mol percentage of acids on total acids 



Fi 

F. 

F, 

F* 

F b 

F, 

Total 

Lmoleic 

0 23 

2 14 

6 43 

20 93 

9 32 

5 3 ° 

44 35 (41 * 9 ) 

Oleic , 



3 86 

16 64 

17 74 

12 00 

50 24(52 04) 

Saturated 


1 03 

1 44 


2 92 


5 41 (5 07) 


Table XIII 

Probable component glycerides (Mol percent) 


Glycerides in 

F t 

0 23 

F, 

3 19 

F, 

” 73 

F 4 

37 57 

F# 

29 98 

F a 

17 30 

Total 
100 00 

1 Fully saturated glycerides 

nil 

nil 

nil 

ml 

nil 

ml 


2 Disaturated glycerides 

ml 

nil 

nil 

nil 

nil 

ml 


3. Monosaturated glycerides 








(a) Saturated dilinolein 


3 >9 





3 19 

(b) Saturated oleolino- 








lem . 



4 3 * 


8 76 


13 08 

4 Tnunsaturated glycerides 








(a) Tnlinolem 

0 23 


0 15 




0 38 

(b\ Oleodilmolein 



7 26 

2) 22 



32 48 

(fj Dioleolinolein 




1 * 35 

19 20 

15 90 

47 4 J 

(a) Triolein 





2 02 

I 40 

3 4 * 


From the above figures the probable component glycerides of the oil 
of the seeds of Prnus gerardiana have been calculated as shown in table 1 j. 

In these calculations all the saturated acids have been considered as one 
acid, Also as all the saturated acids are combined as monosaturated 
diunsaturated glycerides, it can be assumed that they are proportionally dis¬ 
tributed m monosaturated dilinolein and monosaturated oleolinolein From 
these considerations the component glycerides of the oil of Pmus gerardiana 
seeds may be given as follows’-^Palmitodilinolein 1 41% stearodihnolein 
0.78%, palmitooleohnolein 9.86%, staerooleonlmolein 3 zz%, tnlinolem 
0.38%, oleodilmolein 32.48%, dioleolinolein 47.45% and triolein 3.42%. 
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MOTION IN INCOMPRESSIBLE FLUID OF VARIABLE DENSITY H 
By Santi Ram Mukher/ee 
Mathematics Depabtmewt, Allahabad IlNivEEsrry 
Communicated by Prof A 0 Banerji—Eeceived on 8th October, 1949 

This paper is in continuation with other papers already published by the 
author in the Proceedings of the National Academy of Sciences Here two 
cases of density variation have been considered, the laws of density being 
<i) P=Po + kc and (u) p = p 0 /(l + Lr), where p 6 is the value of p at the origin and 
1 is a constant, which is not necessarily small. We shall suppose that p is a 
constant for negative values of * and the coefficient of Viscosity a constant 
throughout the motion. We shall further assume that u, v and w are small and 
small quantities of the second order will be neglected 

In the absence of extraneous forces, our equations of motion, in the case 
of an incompressible fluid, are 




with 


S + li + ^“ 0 

189 
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If we neglect small quantities of tho second order, the equations of motion 
riluce to 

3 w dp , 

f Tt -=" 5 * + !> v, «' 

du .Sv ,dto n 

3J + 3J + sJ =0 - 


with 
Case I 


P = P 0 +X* 

The equations of motion accordingly become 
(po + fcr) “J—|J 
(Po+X*)|=-|j4|iV»«, 

(p^ + kc) «■- +1*^7 V 

.. 3«. 3» , 3w 

w “ h K + 5J + V # 

If «,* r and to all vary as e aal , where a 0 is a constant, the equations of motion 
take the form. 



(p # +X»)aoU=s~ +nV*«, 

. • . a) 


(Po+XasW*- +pV*V, . 

cy 

... (2) 


(p#+la:)ao*o® — + pV*tt>, . 

... (3) 

with 

3« , 3t> 8 m? n 

8® 3y + 8i"° * 1 ’ 

... (4) 


Differentiating both sides* of (1), ( 2 ) and (3) with respect to ce, y and % 
Respectively and using (4), we get 

Xao «*»—V*p.(5) 
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Now we multiply both sides of (1) by \ a 0 and get 
a# (p 0 + he) X a, «= -X o 0 + nta 0 V*» 

or • -a 0 <Po + te) V*p= s -la 0 ^-pV*(V , p),by (5) 

or |i V* (V'p^dd (Po+M V'p + l 

We put Po+hc^hci, so that ix=bx x , . (6) 

Thus we get V* (V’p)-^, V*p+p-|^0, . . (7) 

where P*= —, and V* — fr~y + -J~r + -v f 

r H cx i oy ex’ 

Now (7) is the equation which will determine the pressure in this case. 

Let us first solve (7). 

Put p=PiPt where p 2 is a function of y and * only, and that of x or 
*l only. 

Thus 

or ? 4^ + 3 ^ V ’’ p,+ J^ V '’ , ’ ,+ j, ‘'' V (V ‘’ p,) 

»rp.0+2^ , .V.V.+r 1 V 1 ’(V l ’p.)-P*.(£'ll>.+PiV.V,) 

+fe) .^=0 

This equatiou can be satisfied if we wnte 

V,**,+Jtp.»0, . . . . (8) 

andp 4i^“ 2Ap 4^ + ** P,P, ” Pir ‘ ( p, fef‘" / ‘ p ' P, ) + Pp, d^ Cs0 

« (P*i+‘) Pi-0.(» 
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Let D stand for the operator 

"sr, +i(p * i+ *) 

so that Dpi=0. 

For the solution of (9), we construct an expression 

V=2 0,3:!“+" =CoX! a +C 1 Xi a + 1 + C,!Ci 0 + 9 +.+ ftXi“+* +. 

n=0 

so that DV’s'Sco [a (a-1) (a-2) (a- 3) Xi®“ 4 -Pa (a—1) xi®" 1 

-2Aa (a-1) * 1 “ -8 + pa* l ® _1 + *§* l ° +l + lfc , * 1 ® ] 
= c 0 la (a-1) (a—2) (a-8) Xi®“ 4 -2Aa (a-l)xi®“ a —Pa (a—2) Xi®” 1 

" + k 1 x l a + ifcpx 1 ®+ 1 ] 

4 Ci [(a+1) a (a-1) (a-2) r l a ~*-2k (a+1) a®!®" 1 

* - P (a+1) (a-1) xi“ +it , x 1 a + 1 + ^Pxi®+ a ] 
+ Cj [(a+2) (a+1) a (a-1) Xi®" 8 —2 k (a+2) (a+1) x,“ 

-p (a + 2)ax 1 “+ 1 + fc , xi“ +a + ^x 1 “ +8 ] 
+ c 8 [(a + 3) (a + 2) (a+1) ax j® - 1 - 2ifc (a+ 3) (a+2) x, “+ 1 

-p (a+3) (a+2) a l “+ a + jfc , x 1 “+ 8 +ftPxi®+ 4 ] 
+ c 4 [(a+l)(a + 3)(a + 2)(a+l)xi® — 2A (a + 4) (a + i) Xi®+ a 

-P (a+4' (a+2) x l “ +8 + AV H4 +APx 1 ®‘ ,8 J 
+ c 5 l(a+5)(a+4)(a + 3) (a + 2)Xi®+ 1 —2A. (af 5) (a+4) x t “ + 8 

-P (a+5) (a + 31 x l ®+ 4 + fe , x 1 ®+ 6 + Apx x ® +fl J 

+ .... + . + .. 

+ . + .. 

+ c ,-4 [(a+n-4) (a+n-5) (a+»-6) (a+«-7) Xi®+*' 8 

-2A,(a+n-4) (a+n-5) Xi®+** 6 -p (a + n-4) (a+n-6) xi® + " 8 

+ **x l ®+"- 4 +itpx 1 ® 4 "- 8 ] 

+c»-s [(a+n-3) (a+n—4) (a+n-5) (a + n—6) xi® + *" T 

-2k (a + n-3) (a+n-4) «,“+*• 6 -p (a+n-8) (a+n-5) x^"* 4 

+*V+"-*+ftp*»*+"- a ] 
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+g*-» [(a+n—2) (a+n-3) (a + n-4) (a+n-5)a; l ®+*‘ 6 

-21 (a+n-2) (a+n-8) iC 1 0 +»~ 4 -^ (a+n-2) (a + n-4) x^*- 8 


+k'x 1 a +'’*+l$x l a +'- 1 ] 

+c,-i [(a+n—1) (a+n-2) (a+n-3) (a+n-4) Xi fl+ "" 8 

-21 (a + n—1) (a + n-2) a^+^-p (a+»-l) (a+n-3) X!® 4 *- 8 

+l*x, a +" ^J^x,®**] 

+ c, [a+n) (a+n-l) (a+n-2) (a+n-3) ;Kl “+» - * 

-21 (a + n) (a + n-1) X| a+ " _8 -p (a+n) (a + n-2) Xi®*”' 1 +1^*+" 

+ APxi®+*+ 1 ) 

+ ^+i Ra+w + 1) (a+n) (a+n-1) (a+n—2)x^®'*'’ , ' 8 

—21 (a+n+1) (a + n) jri «+»- 1 -p (a + n + 1) (a + n-1) r 1 a +*+l , * 1 a+ * +l 

+ ipx l ®+»+ 8 J 


+ . . + . . 
bo that DV=c 0 a (a-1) (a-2) (a-3) xi®*” 4 . 
provided c 1 =»0 

Cj (a+2) (a+1) a (a-l)-21a (a-1) c 0 =0 
or (a+2) (a+1) Cj=21co> 

-c 0 pa(a-2) + Cj (a+3)(a+2) (a+1) a=0 


. ( 10 ) 
• (ID 

. ( 12 ) 


or (a+3)(a+2)(a+l)c 8 = P(a-2)g„ . . (13) 

l‘co-21 (a+2) (a+1) g,+(a+4) (a+3) (a+2) (a+1) c t =0 

or (a+4) (a+3) (a + 2) (a+1) c 1 = s 21 (a + 2) (a + 1) Cj-1* Coj • (14) 
(a+5) (a+4) (a+3) (a + 2)c,*21 (a + 3) (a+2) g 8 + P (a+2) ag 8 -lpg 0 , • (15) 
cw+i(a+n+l) (a+n) (a+n-1) (a+n-2)-21 (a+n-1) (x+n-2)c,- x -p 

(a+n-2) (a+n-4) fti-i+1* o,-«+13 c«-*«0 for n?4, . . (16) 

nr c j±l m 21 c.-i P(a+n-4) c»-t 

01 e«-t (a+n + 1) (a+n) c«- 8 (a+n + 1) (a + n) (a+n-l) c,-* 


k* _g-, k& _ 

(a+n+l) (a+n) (a+n-1) (a+n-*) c,-* ”(a+n+l) (a+nj (a+n-l) (a+n-2) 



8. «. XUKHBBJBE 


*» /+e* md = i + e 4 , where the e’«-»0, 
C»-| ini 

08 n - 

Thus c ”** »5*i> _ A - A-i , r »-i ggj 

C *-4 Oi C«-i fti-1 C»-j Cw-4 

■IZ + «i) (Z+e,) (Z + e 3 ) (Z + e 4 ) (Z+e,), etc. 
Substituting the values we get 


(Z+e») (Z+e») (Z+e,) (Z+e 4 ) (Z he,) = 


oTffl) 


(Z + e,) (Z + e 4 ) (Z+e,) 


+ oTta?) (i + (l - tt,) ~ oTV) u * t,) ~ A 

Taking limits as n •* <», we see that Z o. 

The series thus obtained will be absolutely and uniformly Convergent for 
all values of X\, Now our indical equation is 

a (a—1) (a-2) (a-9) =0, 

so that the roots are 8, 2,1 and zero. 

Thus the four solutions will be given by, (1) 

p ‘ ,= [ v ]..» ’ p >' ■[!?]... ,,,d y, " = 

As regards (8), we have (,) 

Pt = Am J„ (Pi to) J mi>, if A: = p 4 * 1 

or B. *» ^ ,a>) sm} j, 

where oo =* v'V + ** and tan 
Thus^ is determined. 

Now we have to flpd u, v and w. Substituting />«+ta=Xaj t in (1), ( 
and (4), we have 


(17) 


(18) 


ta*xit4 w - 

.-fj+nW ■ . 


a*D 


Xa»xiv 


. ( 21 ) 
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XaoXlW = “g“ + vft*w, 

is+|»+|».«, . . . 

cv 3* 

Again from (5) 

Xa 0 u=-VV=-*P» ), 

Xaov = 

and Xaot^ = “^Wo 

where vt and w 0 are functions of Xi only 
It is quite evident that u 0 —w^. 

Now Xao£Ci» = -^+nV , t>. 

or -x, ^ |j» Pi-£ «.) 


or P£|*«"Pj»i 
Hence v 0 is given by 

d\ o 


i A*v* 

r dxi‘ 


-kv 0 


dxi 


,-(P*t + i) v t = -Ppi, 


Now we have to find the solution of 

Xa 0 *iMi=*nW 

Xao*iPi=nV , vi 

XaoflJiWi^iiV'wi 

-* 

it., (V*-A 0 a?i>« 4 *=0 

(V , t?*«*i>t’j ss O 
(^7 , —A;,;b i )«>*s*0 


(31) 
(4 1) 


• (19) 


( 20 ) 
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From these it is evident that Ui = 0, so that we have to find Vx and u?i from 
(V'-Jfeoxx) vx *0 

(V'-ko xi) tvx=0 


with 


9t>i . \wj. 
dt ~ 


We can write 


provided 


Vi*S+A,8*0 


-(ki + faxi) R«0 or DxR=0, where D t S ^i-Ui + fco ®i) 
For the solution of the last equation, we construct an expression 


V 0 = S fiw; a+ * 

»-0 

so that DiVo=ao[fii(«-l)xi a " a -Ai*i # -*oXi a+1 ] 

+ai[(o+l)a. Xi tt_1 -A:iXi a + l ~AoXi tt+8 ] 

+ a,[(a + 2)(a + lhcx*-i l x, a+a -A 0 xx a+8 ] 


+ a«-t[(a+»—2)(a+«-8)xi a+ " - *—^oXx“‘*'"' l ] 

+a*-i[(a+n—lKa+w—2)xx a ^*' 8 -AxXx a '^*” 1 ”^«*i*^"l 

+ ( a(«+»)(a+»*lk 1 ( + ,, - J -i lIl ,+, -M l a +'+ 1 ] 

+ cu+t [(a+ n + l)(o+»^t a+ " " 1 - jfcxXi B+ * +1 - Jfc#*x a+ " +9 ] 


Thus DxVo s a<>a(a“l)xi* -a . 
provided (*) a t =0 

(it) -k t a»+aa(a+2)(a+i)^0, (tit) -i 0 So+«i(o+8)(«+2)aO and 
(to) a ,+j (a+n+lKa+n)=A # o.-i + ijO»-i, for «fe8. 

From (to) it is evident that the series under consideration will be abso¬ 
lutely and uniformly convergent for all values of Xi and the two solutions will 
be given by 

®i *[Voli«i and Et**[Vo]«»|. 
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Hence a complete solution is given by 


1_ Zp* „ 


cx A.a 0 9y 

-bP-‘ ®f„ 

Xa 0 3* 

Differentiating both sides of the first, second and third of (10) with Tu y nud * 
respectively and adding and then using (4 1), we find that Vo should be given by 




. ( 21 ) 


So in order that our supposition may be justified, wo have to show that the 
ro’a, given by (20) and (21) are the same 


Fiom (21), 




■ k d p 

dr x 


i <h>o » d *J?t _ i <11pi 

h dri dx i 4 dxj * 


= (Pn + i)^’ -p^-^parj + Z.) p„ f i om(9) 
Again “(Pri + O^i -l(p.ri + Dj~| — 

*“(P*i + W uoj = —p Pi> which is the same as (20) 

Hence, the justification. 

Ttu. 




e a n <l 9 Pi 

‘Jiao 3y' 


=» - — w#f where is given by (21). 

mIq v$ 


F,3 
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The case, when the left*hand sides of our original equations of hu tion 
vanish, has been already solved. (,) Thus a complete solution is given by 

—{.(&»£ 


nr'*' 9 . 

Cb+1j(2» + 1)(2» + 3J 2x7'* 


i } + «', 


f*ot dpt ,11 r' dju ,_ iv >I " M _ 

V ~~Xao'2y rQ p~ I2*(2n + 1) 3 y + (» + l)(2« + l)(2«f3)' 




and 


ff a « / dp, , l. / i' cp, 

° la. fjt ,# p" | 2(2« +1) 9* (w-i 


(m + 1)(2><+l)(2u+ 3) 9* 


yfei } + «>'• 

Case II. 

P=Po/(l+te)- 

The equations of motion become 

Pofjr B -(l+k)jj+pdW« 


*>o^‘ 3 ~(l+Xa , )|j- +p(H-b-)7*v 
P° ^“-(l + Xar^+pd + l^V'w 


with 


2u.dv.2tp 
dxdy dx 


=0 


Put l+Xaj*Xtrj, so that 5aj=8x 4 . 

andrlet n, v and w, all vary as exp at, so that our’equations of motion are modified to 
aw» “‘Mi ^ +l»pr 1 7 , «'| 
a v*-XoEi + Ijps’iV'iJ > . . . . (1) 

pte- + X 0 pxiV*w J 
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with 

whore 

From (1) we get 


dn 


dv . dir 
dy + dx 


= 0 , 


8 1 . d‘ . 0 * .. 

v =ai,* 4 v + 8j"* r,d, - : 


( 2 ) 


or 

or 


. / 3 v 3 «A_ , . rjl (* v j. a . % v ’\ 

(jS + si* e«) = -^‘ v »-*• S7 + ^ r ‘ v fe + + 


+ Xfl{iV»« 


Q^-UxiV'p-h^ + W", by (2) 

[ LV'u=x l V i p+ & . . (3) 

From the first equation of (1) 

att=X 0 *i(nV J u-j^} SB . . (4) 


Now wc substitute the value of « from (4) to (3), so that 


id-oVVa^VV) _ a(*iV , p=^’J 

or * V'fri’V’f)-a 0 (*iV*p + $g ^)~®» where 

or V V*(V j p) + 4x, d j t V 1 j»+(2-a, ! ri)V , |>-«o | P ~ =0 


This equation will determine "p”. 

Put p—P\ p%> where p» is a function of a*i alone and p a that of y and * 
only, so that 

x^ '{ Pi ^x** + 2 teS' 7xtp, + P ‘ V ‘* (V|,,,<) } + ^ 1 eU& P, + PlVl * P *) 

+ (2-a»*,) (^p,P,+PiVt*P.)-aoPt ;^r =0. where V t J = -gpr + ’fir 


Now this equation can bo satisfied if we write 

ViVi + *P«=0>.(5) 
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’ S? + *«■ g! + gl - <* + 4.„) £ 


-A. (2-aoXi-Ax,*) j>,=0 . 


Let D = x, * “- 4 + 4a:, 4 (2-o 0 x,-2A,x, *) ~i - (a 0 + 4/ t 2,) ^ 


-A,(2-a 0 x,-Ax i*) 


We construct an expression 


v = r (,3- 1 a +* 

*«0 

60 that 

DV — i to(a^a-l)(a -2)fa-3^, a " 2 + 4a(a-l) a—2)x, a-a + (2-aoX, —2Avr,*) 
a (a-1) x,® a - (a 0 + 4/. x,)a a',®' ‘—A (2-cto x,-A x, ! ) x, a ] 

~1<o [a (a-1) {(a-2) (a-3) +4 (a-2) + 2} x,“' a —a a 0 (a-1 + 1) x,®‘ 1 
4 x, a {-2Aa (a—l)-4Aa—2A} + Aa<> x, 0- ^^A* x, a + a ] 

= ( 0 [<t* fa-l) J Xi“" a -o * a 0 x,® -1 —2A. {a (a f 1)+]} x,*+Aao 

+ A’x,®+ 2 ] 

+ c, [ (o+l)* a* Xi ®* 1 —(a + 1)* a 0 x,® —2k {(a + 1) (a+2) + l} x l a + 1 

+ k a e z , 0+3 + A,*xi a+8 J 

+ fj [ (a+2) 1 (a+ 1)’ x,® — (a + 2)* a 0 x, a+1 — 2k {(a+2) (a43)4 l]x, a+2 
+ Aa„ x,“+ 8 + A* x,®+ 4 ) 

+ [ (a + 8)* (a+2)* x,“ +1 - (a+3)* a, x,®+ a -2A {(a+3) (a+4)+l} 

a,®+ 8 + Aa 0 x, ® +4 +A* x,®+ 6 ] 

, + [(a+4)* (a+8)* x,"+ 2 -(a + 4)*a 0 x, tt+8 -2A {(a + 4)(a+5) + l} 

*, tt+4 + Aa 0 x,“ +6 +A* x, a+fl ] 


+ 

f 
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4 c,-, [ (a+«-3) J (a+M-4) , ar 1 a+ ’ , - 6 -(a+n-3)’ a 0 x^ n ~ i 
-2k{(a±fi-Z)la+n-2)+)}x l ' l + H -*+l. a 0 *, a ^-*+jfc* xt**"- 1 ] 
4c,-, [ (a + n-2) 1 (a4n-3)* S c l a+ *- 4 -(a + «-2)* a 0 x^'* 8 
-2A{(a+«-2)(a+«-l) + l}xi a +*- a + /.o 0 x 1 ^ n ' i + L 1 *x* + 1 
4c,-i [ (a+M—1)* (a +n- 2>» xi af - 8 -(u4n-l)* ao x *+„-3 
-2A{{a4n-l)(a4n)41}x 1 a +' , " 1 + / k a 0 
4 c, [ (a+»)* (a4«—1)* Xl °+» -2 —( a 4»i)* a 0 xi 0 *" 1 

-2d{(a4w)(o4«41)41}x 1 “+’ , 4io(, xi a + # + l 4A* x 1 a+s+a ] 
4t,+i [ (o4h 41)* (ofn)* a 1 a + ,, ' 1 -(a4n41) , a 0 Xi a+ *-2 k {(a4»41) 
(a4n42)41} x 1 * + *+^*a 0 x 1 a+ "+ a 4/7x 1 tt +* +8 ] 

+ • . . + . + 

+ 4 4 

Thus DV= a 2 (a-l) J c*. 


provided (i) (a41)* -Op a* a 0 =0 or ^”°jj» c o 


(n) —2k {a (a41)41} c 0 —c t (a+l)’ cto4c, («42) 2 (a41)*=0 


. „ _2Lo _ . 2 k {« (a + 1)4 1} 

' 1 ~ (a42)* Cl+ (0417*10 42)* C ° 


(iii) (a+3)* (a42)* c, = (a42) 1 a 0 c»+2k {(a41) (o42)41} Ci-k ao t 0 

(iv) (o+n41)* (a4n)* c,+i=(a4n)* a 0 c,42A; {(a4n-l) (a4«)|l}c,. l —/.a 0 c, , 

—h'cn- 9 , for ra&3 

This dearly shows that tho senos under consideration will be absolutely 
and uniformly convergent for all values of xj. 

Our indical equation is 

a* (a-0)* =0, so that the roots are 


1, 1, 0 apd 0 
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Thus the four solutions will be given by, 


-ISL 

For the solution of (5), wo look to the solution of (8) in Case (i) 
Now o«=X 0 x 1 , Vi , p ff ^ol>**i , (^“i”*P 1 ] 


Suppose 


*Pi „ 


aiv=A 0 |\<>o 


where v 0 and tc<> arc functions of x x only. Evidently i> 0 =w« 
Since 


3m , 3« , 3m» 


We have 


p*|y (^“^ri) +2a:i (d ^ i “ Api )]“ Mp,,,#=0 

_/.*,» *&- 
dx l * hXl dxi 


so that Kvq^Xi* j-^\+2xi —4ar 4 * ^—2Li x tf\ 


Again 


a*v«-aXo*i Pi + nAoriV’ (av), from (1) 




“A# Vo Pi +X»Moa: 1 V* 
or a 

or ** -o 4 ariPi = a 0 Vo 

or asi ^?-(a»+Xa-i) Vo e Oo®ipi. 

t Thus in order that our supposition may be valid we must show that the 
given by (9) and (10) are not different 




h>t \ 
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Now, from (9), 


-2AtiPi 


or l +4* 1 ^l4(8-fcr,- -U*, **'■-Up, 

f/X! rfjV </X| rfli 

= (a 0 *,+/a:j*) j^i + ao -i (oori + Zarj*)?!!, by (ft) 
a ^«* 1 + kxi *> Ji) *H 2 ao+M*i) ^i-Mo#ari + i *) “ 1 '«*o+ 2*jrj)j» t 


eo that />Xijr^i ss iri i (ao + l,Xi) l \ P J + 2xi(«o+/a , i) —/.JTi *(«o + ^arj) 


•<te, 


jd'p, 




d, **-L r .'ia 




\ d ll 
; fix, 


-~lzi(ao + 2hr i )p l 


A(ao + ^ l )i»o=xx*^o + ix 1 )|^ + 2x l (a 0 + lxi) ^i-ixi*(a 0 + Axi) 


-2l>Xi(a 0 + ixi)pi 


^[®i ~i-( a ° + Axi)i'° j=*ktia 0 Pi 

This is our (10), 

Heuce the validity. 

Now we have to find the solution of 


subject to 


subject to 


awj =XoHXjV*Mi *1 

avi =X ! >hxjV , ti > 

aiPi=Xo|w , iV , irx J 

3ui , 3vi . £?£j_n 

3xi r 3y 3* ' 

(xiV*-ao) [u t , vi, Wi )=0 

where a 0 a 


?*• + ?£i + 9 -??J „« 

3*i 3v 9* 




put t>| and «>j have been already found.'* 1 



ISO 
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Thus a complete solution is given by 

+S.*i 


B, V = l’j 4 — ~ 1 o 

a oy 


e af ii=iti + 


Xq 3p* 


I am grateful to Prof A C Ilancrji for his kind help and encouiat.en ei t 
in bunging out this paper 


Hefei eiices 

] Forsyth Thtorj tf Differential Equation Part III Vd JV 1002 § 38, p 33 

2 Free Nat Act Set Vol 12 part 2 page 127 

3 Free Nat Aca Set, Vo! 12 Part 8 page 16& 
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In a previous paper* we have shown that two motions in which the vortex 
lines of one coincide with the stream lines of the other can be superimposed upon 
one another so that the resulting velocity is the sum of the two velocities. The 
present paperf aims at discussing such motions. 

An extension of Bernoulli’s theorem has been obtained for a class of these 
motions and they have been shown to exist by choosing a particular case of 
umplanar motions. 

1 If 5i. tli» ti i «i» v\> Wi be the vorticity and velocity components of 
one motion and i», T)», ; «», Vj, If* the corresponding quantities of the other, 

the fact that the vortex lines of either Bystem coincide with the stieam lines of the 
other is symbolically represented by 

?t=Ml 5l=*|M| 

t|»=Xi »i and • I 

= Sl^XjtO, 

where A, and A f are functions of r, y, x and t 

Now, 


Mj 


_r _8r, _ d ( Cj\ 8 i 

iy £x dy\ A J 8* I 


h > 


i J- l A / f /Afi l 

l Xi v"5x ~ £y J I cx 1 X l e* “"a* ) I 


_1_3 /8t>, 1 _3_/ 

dy[dx~ dyl A, e*U*”9*J 


i fax, 

TrUr‘- 


*Bnperpo*able Fluid Motion* . ^Prx Btntru Hath Sx, VoL II, New Scries 11840), 
IS W» squ. (48). 

+Jly thanks an due to Professor J A Strang for Us interest and suggestions in this inves¬ 
tigation. 
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and using the continuity condition of (u t , v t , we get 
(V* + Xil|)«i = Vi w i 5^ 

Q_l._l„ /«-»* . 1 -1 \ . _cL _ fXl 


(V* + M,) 0, =10,-^-Ml 


(V’+KxlJUi = 

(V * + M») i>i = w, -£* \- «j ^ ' . TH 

(V’+X^w, 

To these we add 

• • • •« 

»nd Bl ^l+„,|k + Kt ^. = (| . . . .(B) 

deduced from I with the help of the continuity conditions of tho two motions. 

(l) states that the surfaces Inconstant contain the stieam lines of the 
motion (ttj v\, ?<’i) and consequently the vortex lines of the motion («*, v t , w t ) 
and (n) states that the surfaces X, = constant contain the stream lines of the 
motion («j Vi, ic s) and the vortex lines of the motion (uj, Vi, W\) 

If l l =X J =X, the stream lines of the motion Mi + M*, V| + 0|, + 

obtained as a result of superposition coincide with its vortex lines and X has the 
properties deduced in two previous papers * One of the types of resulting motion 
m this particular case decays exponentially with time and satisfies Bernoulli’s 
theorem 

2 If the two motions are umplanar, we may by taking the planes of motion 
parallel to x =oonstant have u >j - = 0. The last equations of II and III then give 


*Self-iuperposable Motion* of the type etc, . . Prtt Betutrtt Mali Sx , VoL II, 
New Series (1910), pp. 86-89 

On Superpoeability . . Jnr Mom Math Stt , Vol VI, March (19431, pp. 33- 40 
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and equations ( 1 ) and (li) reduce to 

31 


, 31, _ A 

dx *' 3y ~ 


81| , 

u t ~+v 


oh 
3 V 


from which it follows that both 1, and 1, are independent of x and y 

That is, for umplanar motions the proportionality factor between the vorti- 
city of one motion and the velocity of the other depends only on time and the 
distance of the plane of motion from some fixed parallel plane 

3 If 1, and 1] are independent of r, y, x, equations II and III reduce to 

(7*-tl,l,)(u„t;„w,)=0 IV 

(7*+l,l,) («!,»„ M1,) = 0 V 


from which we see that if any one of the velocity components of one of the 
motions is harmonic and non-zero, either 1, =0 or 1,=0 

If 1,*=0, 0, t e, (tit, Vt, Wt) is irrotational. 

If 1, = 0, 5,ssq,=ti=0, * e, («,, vt, Wi) is irrotational 
If one motion is irrotational, the velocity components of the other must be 
harmonic. 

4 The equations of motion of a viscous homogeneous incompressible fluid 
are 

3 11 <. . 3X / r-., 

_- v?+ ^ == -_ + ,V « 


-«*+«;*-§“+v7*p 
~-«q + i5=-^ + v7V 


where X'=*-+Jq* + n. 

p 

With 1, and 1, independent of x, y and 

^■+rl,l,Mi+l, —riiP,)® 8 ”’ 

^ +vllljFl + l, (MitCj — tPiM,)® — 
^+nl,l,tp,+l, (Tl«,“«lV,)=- 


x these can be written as 


3Xl' 

. a) 

£x 

3X/ 

. (2) 

dy * ' • 


. (3) 
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~^ + vXiX|ti t + Xi = — 

... (4) 

+ .X l X t i; > + X t («; t « , -u 1 «> l ) = --^- 

. . . (5) 

^■ , + rX l X,Wi + Xi (uitft-vitfiH- 

. . (6) 


for the motions («j, t>i, w x ) and (« f , v t , w t ) respectively 
Multiplying (1) by Xi and (4) by Xt and adding, 

Xi*g^ + Xi t mXjX* (Xi«i +Xj«t)= — 

where 2 = X^i'+XiX/. 

Similarly, fiom (2) and (5), (3) and (6) wo get 

Xi^ +X* ^ ? + i'X 1 X|(X I t>,+X,®i)=-|“ 

and X 1 ^+X,^4vX,X 1 (X, wi + ),«>,)»-|| 

But + mU8t k® a P er ^ eot differential, 

3*2 3* 2 

•.a, w-sr =r^r etc. 

dydx 3*3 y 

Hence, using I, 

^| # a.tt,)+X 1 ^(X,u 1 )+vXi*X, , (t*i+tt»)=0 . . . . (7) 

with two similar equations in v’s and ic’s 
If the two motions are steady then 

(*) y=*0. The fluid is non-visoous. 
or (w) XjXi^O. One of the motions is irrotational. 

or (tit) «j +u„ + t>„ wi + u>t separately vanish. 

If X] and X t are absolute constants, we get from (7) and two allied equations 

ttl + U»=<Pi0~ rX »V 

=qp,f-^iV 

where <P|, <Pi, <P* are functions of *, y and * only. 
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If either X, or A, is zero, t e„ if one of the two motions is irrotational, the 
motion resulting from the superposition of («,, v,, ?/;,) upon (u>, t>,, Wj) must be 
steady. 

5. Multiplying equations (1). (2), (3) by m. w, respectively and 
adding, 




ax,' a*/ 

~V t —■ - M>, 

dy C* 


Multiplying the same equations by u t , v t , Wj respectively and adding. 


U ¥Vt di+ W * + + 

ax/ ax/ ex/ 

= *“«« — V,~x - Wo -r- 


(9) 


Similarly, from (4), (5) and (6) we get 

(i^+pXtA,)(*,’+*>,•+»,•)—1», tt°) 

and 


«1 “ + v t + “57* + vXiXi («!«*+ t>i«* + Wi«>i) 


dWi 


ex/ ax/ ex/ 

=*-«! -a--®i-5T-"i- 


3* 1 ay e* 

Adding (8), (9), (10) and (11) we get after slight re-arrangement 
■^■^{(wi +M|) , + (|>i + V*) , + (w , i + W>j) , }e| 

= -2 jut+u,) (vi + v»)^+(«’i + w,)^ J(x/4X,')E 

where 


( 11 ) 


If Xj and X| are absolute constants, this gives on substituting the values of 
#i+«*> Wi+tc t from the last article. 

( , <’>S + T>^+ , f4) (X *' +V) “ 0 

which states that X/+X/ is constant along the stream lines of the resulting 
motion at any given instant The value of the constant depends on the stream 
lines chosen. But X/+X/ is ths value of V for the combined motion. 
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This therefore can be regarded as an extension of Bernoulli’s theorem 
to a class of unsteady motions of which the stream lines and the vortex lines 
do not coincide.* 

6. Let us now investigate if there can exist motions of the type I. 

For this purpose we assume that Xx and X* are absolute constants and W\ 
and w i are both zero. 

We then have from I and the continuity condition 


and 




Zx 


,ltv t 


Zu\ dvi 9*o 
9 *' dx dy 


& 


9t>i 


=0 


Xi«i = 


d %' Zx dy 


dvj 
3 V 


= 0 


Solving these we get 

«i=Ai sin A + Aj cos A 
Vi^Ag sin A + A« cos A 

and u»= (-j^y {A, sin A-A, cos A} 

v,*= {A x cos A-A, sin A} 

where A=* VXxX* and the A’s are functions of a, y and t satisfying 

9Ai , 0Ajl =Q 3Aj _ 9As 
dx dy ’ dy~~ dx 

M, Mi =0 3 -Al=SA‘ 

dx dy ’ dy dx 
The equations of motion for («x, vj, 0) are 

Zui, . . 3X/ 

'm , .. ax/ 

jt +vXlUvi ty 

X» (t»xM» —ttjVj)*— 

The conditions of integrability of these are 

(T? + vX ‘ X » X » (•i**s-*i*s) 


Ct 9 8 of the paper ’Sojwrpwable Fluid Motion*’. 


be. at. 
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and I, 

From the first of these we get after substituting the values of u’s and o’# 
and rearranging the terms 

(A! cos A~A a sin A) 

= 4 sin 2A (Aj* f Ai* —A^ —A s *) — cos 2 A (AiAj + AjAi)j 

And since A alone contains x, 

(I*+ •*!*») (A.,A,)-0 

~(A,A* + A»A,)=0, ■^•(A J , + A t 1 —Ai*—A»*)— 0 
Similarly, from the second wo get 

(^+wX 1 X,)(A„A t )=0 

^(AsA^AjAtJ^O, ^ (A a , + A4*-A 1 , -A 8 *)=0 

♦ #. = e ’ rX ' x »*, As — 9 e~ *’ x > x,/ , Ai = <p 

where 0 and q> arc harmonic functions of x and y satisfying 

<P* , +<P/*— 0x'~9*=c t 
wheie the c's are absolute constants 

It is easy to sec that with these values of the A s the equations of motion 
of (wj, «i, 0) also become integrable 

The two superposable motions are therefore 

«! =(«, sin A + q>* cosA) e“ ,,x ' x * / 
v i **(9} sin A + <p 7 cosA) e"' X,X,/ 

«>i=0 

and w,!= (t^)* ^ 810 ^ ~ 9y 008 ' ,x,x * / 

{9x cos A -<¥x sin Aje'^'^' 

*o»*0 
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The above belong to that class of uniplanar motions in which the ratio 
between the vortlcity components of one and the velocity components o! the 
other is the same everywhere at all times. The two motions decay exponen¬ 
tially with time, the deoay being rapid for liquids of high kinematio viscosity and 
slow for liquids of low kinematic viscosity They cannot vanish in the same 
plane *— constant. That is, the vorticity and velocity of the Bame motion cannot 
vanish everywhere in a plane * = constant 

The angle which the stream lines of any one motion make with its own 
vortex lines is 

, .,/ Ci cos 2A — i c t sin 2A \ 

1,111 \ /* 

so that the stream lines nrc distinct from the vortex lines except for the planes 

x ~ -r rV 'rr l m it + tan' 1 1, n being an integer or zero, 

2(X 1 X,)' > V c, / 1 

in which the two coincide. If this angle becomes a right angle it can be shown 
that Ox, By, <fx, (p } must all be constants The stream lines and the vortex lines 
then become straight lines lying in planes x = constant. 

The motions are also self-superposable.* 



be tit. 



THE ROTATING CEPHEIl) 

UyH.K Sen 

MATHFVAriCN DFPARrUKNT WlAHABAll PvmRHin 
Communicated b\ Prof A O BAiierji—Received on 2fiih Novembci 104 t 
It has boon shown that a fast rotating stai cannot execute purely radial oscillations 

In a pievious paper 4 we have shown that the superposition of a small 
amount of rotation does not matenally affect the results arrived at for the radial 
oscillations of a spherical, non-iotating stai The rotation was supposed to be 
so small that we could take the suiface of the stai to be a spheroid and that 
we could neglect terms of the ordei of v 1 wheie 


a=©*/(2jiGp), 


( 1 ) 


wheie oo is the angular velocity of rotation and p the mean density of the stai 
In this paper we shall show that for a somewhat greater angulai \elnoity of 
rotation so that wo can letain terms of the order of v l , the oscillations will not 
remain purely radial It will be sufficient for our purpose to consider the 
uniform radial oscillations of a homogeneous spheroid We make the plausible 
assumption, as explained m the paper 5 referred to that the spheroidal surface 
preserves its form (».e., meridional eccentricity) throughout the oscillation 

Taking the axu of rotation as Z-axis, the equation of oscillatory motion foi 
a rotating star is, in polar coordinates . 


~dt T 


av _i_ ap 
9T p W 


+ «*£ 9111 * 0 , 


where V, P and p are respectively the gravitational potential, pressme and 
density at an internal point (|,0, 4>), and co is the angular \ elocity of rotation. 
The term <0*1 ain*0 in (1) is due to the rotation. 

We will, as we have said, retain in our equations terms up to the order of 
v *, where V is defined by (1), thaHa, up to the order of e*, where e is the mlfridi- 
otoal eccentricity of the spheroid. We will also oonsider small oscillations so 
that we will neglect terms of the order of St*, where |i is the amplitude of 
the oscillation. 
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Let P, p and q be the pres9uie, density and giavity at a point distant!; 
from the centre at any instant of time t and let the suffix: zero denote the 
nndistuibed values of these vaimbles Let 

l = l«(l + ?i).P = P«(l+PibP = P»(l + P^ • (3) 

and 1*, =r*t cos (4) 

where the period 

TT=2jc/» (5) 


Following Eddington 1 we will suppose the oscillations to be adiabatic, so 
that we have the following equation 

Pi=YPi> • («) 

wheie y is the effective latio of the specific heats, legarding the matter and 
enclosed radiation as one system 

We know that the angulai velocity a) of lotation is connected with the 
eccentricity e of the spheroid by the relation 8 


a> J 

-’itdPo 




•3-7-1 


— I + X t* + Till! f K , 


17) 


ictainuig terms up to the Older of e 4 

If a be the semi-major axis of the spheroid, the polar equation of the surface 
can be put in the foi m 

o=r|l + l|» , «'+l|i , « 4 (l-i|i , )>, (8) 

wheie p= cos fl (0) 

Tbs potential V of the homogeneous spbeioid of mass M at an external 
point distant» fioin the centie is given bv* 




where P, and P* are Legendre coefficients, vtx , 

P 8 -i (3 p* - 1) and P 4 = « (35p*-30p‘ + 3) 


(101 


. <u> 
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1<>1 

From (10) we have g 0 , the undistmbed value of giavity at the point 
given by 

«/o = 4 g CJpoC^o, ( 18 ) 

where C,«l+-- (d l x , -l)+ j‘ (lJ|» , -4) (13) 

We have the equation of relative equilibrium 

~ ^=-^ + 0 )* lo(l-p J ) ( 14 ) 

From (12) and (14) we have by infestation the undisturbed \ alue P 0 ot the 
pi essurc at given by 


Po= p 0 *C,(r J -i, s ) (l'») 

wheie (16) 

and r= the radius vector to the surface in the ducction (<►,«/>) 

Wo have shown in the paper referred to* that the equation of the tonser 
vation of mass will be 

Po&a'rfSo^pS'rfS (17) 

From (3) we hav c 

ji; = 1+5 ' ll8 » 

It should be noted that is independent of Ej 0 >n consequence of the 
assumption of uniform oscillation/ 

From (8), (17) and (18) we have 

1+P,= f 

- Po 5 “5 


whence 

to the first power of 


Pi = “ 3S, 


(19) 
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Kioni (6) and (l l >) we have 


1*i*-3yIi (20) 

We see that P, and p, aie also independent of since is so 
Kiora (2), (3) and (4) ive have th< equation of oscillatoi } motion 

, * = — ( 7 +co* £ sin*tf+«* 5 0 ?i (21) 

p 05 

In consequent t* ot our assumption of unifoim expansion and contiaclion, 
the spheroid remains homogeneous (though of a different density at each instant) 
throughout the oscillation , in other words, the density at each point is a function 
of the tune but not of its distance fioni the centre 
Hence we have fiom (3), (12) and (l'l) 

9 = P i =(1 + p») (1 + ? 1 ) = (1-3? 1 )(1+? 1 ), 

Vo P 0 §0 

whence we have 

7=00(1-21=,), (22) 

to the first power ot 

From (17) we haie 

P<lt=P* ^d§o=/'o(l-2i,)r/|« . . . (28) 

From (21) and (23) w< lia\e 

to 4 P o ““U-^F + ^oSi+^o (1*V> (1-i,) . (24) 

We have from (3), (22) and (24) 

PO af;(*P° + I > o p »)= —(1 —4i,) 0o + « 3 ioii + w J (l-H 2 )5o(l-5i) (26) 

Equation (25) bieaks up into the equation of lelatne equilibrium (14) and 
the equation of oscillatory motion 

l o 4; (I , oPi)=40o h + n* Soil -ft)’ (1-V) Si . (26) 

By (20) and (14), equation (2b) 1 educes to 

{n , S o + W *(l-p I( )(3Y-I)£o-0*(3y-4)) £, = 0 . . (27) 
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As 5 j 18 evidently not ^eio, wo have from (271 


« » i-° (3 Y ~4)—oi* (1—— 1) 
so 

Hence by (12) we have 

»*= UPoC, (3y-4)-o> J (1-u’) (3Y — 1), (28) 


where (J t is given by (13) 

If the oscillation be puiely jadial, the penod given by (28) must be in¬ 
dependent of in Hence we must have 

y 0 P„ ( 3 Y - 4 )(^ + + ( 2 b) 


Substituting (7) in (2b) we lm\e 

Y“ 


' + ji c 1 
1+ * C* 


14 J 8 i 108 * 
1 *) 175 ” 2 t >25 6 


(30) 


As p* is much less than 1, we see that Y given by (30) is much less than the 
critical value* 4/3 and hence that the oscillations cannot be stable We have 
further, if (29) be satisfied, that the period will be given by 


2 , 55 , “ ,3 '" 4) (I"lk" Hra) -l3l ' -1) (4 e ’' 


4 , 

105 


( 31 ) 


Substituting toi Y fiom (30) in (31) we have 


2kGp< 


--(!■ 


K e*+: 


. (32) 


The penod given by (32) is imaginaiy and hence no radial mode of uniform 
oscillation is possible. 

As the star oscillates uniformly in the fundamental mode, this mode 
cannot be radial, and presumably the same will be the case with the higher 
modes which, exciting non-uuiform oscillations, would disturb the homogeneity 
of the star. Further a heterogeneous spheroid cannot a fortton oscillate 
ladially, if this be not possible for the homogeneous epheioid. A non-radial 
oscillation will however meet with matenal viscosity which will not probably 
allow it to last long, Out analysis bears out the observational fact of the non- 
existence of fast-rotating Ccplieids 
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The author considers it a great privilege to record his sincere thanks to 
Piol A 0 Banerp, undei whose guidance ho has earned out the above investi¬ 
gation 
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1H* ARMS OF V 8PIR\L NTBl L V IN BL8I&LINO MEDIUM II 
By Brij Basi Lai 

Mathematics Department Iitahabad UNivFBBirv 
Communicated 1 y Prof A C Bauerji—Rocei ed on S^th Novrml or 194-* 

It is unlikely on genual giounds apait fiom the dnect astionomical 
evidence that inter stellai sj ace vs entirely void Mattel may (Scape fiom staifc 
by radioactive emission, by ladiatiou pressure 01 by the ordinary loss of hi{_b 
speed molecules lenestnal magnetic storms are usualIv ascribed to some kind 
of corpuscular emission fiom the Sun Moreovei Eddingtons* theoietical 
researches as well as Plaskett 4 and Peaices obsenntional investigations show 
that mtci-Btellar space (within the coniines of the galaxy) is not empty but is 
filled with a very larefied gas of substantially uuifoim density Hence the 
movement of an ejected paitide would be taking place m a lesisting medium 

In the first part * we considered the lesistance varying as ^ and sh wed that the 

path is an appioximate deformed spiral In this paper we consider the resis¬ 
tance veiymg as v alone say it is equal to kv where / is constant and small 
The radial and tiansverse components aie 

—hr and —krO 

Equations of motion now become 



(i) 

i 

(2) 


Equation (2) gives 


tU-ht$ kt 

where A 0 is consta it of integiation whose value is n when t ~0 


: h t e~ 


--A ,-ktdji 
- *•» » 
J65 
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find 


r=V«V“'jgii+IV- 

With the help of these, equation (1) becomes 


<ht* + u 

do* +u 


' h 0 'u* 


ktdu 

do 


“ *o , l A o +A|M,+ *'««*]'** 

Taking e to be very small, we neglect its 2nd and highei poweis 
Hence we have 


dtu _ mue m 

db* ~ 2 


(4) 


where »w is 4- tie small and less than 1, 


• e.m <1 

Equation (8) on integration gives 


J r l db=i‘t — 


ho 

/, 


-it 


wheie c ! is the constant of integi ation 

To the first approximation we can take the value of rf ,y , when the particle 
was free to move 


0 = sin -1 


2u - mu 0 
(2-m)uo 


fy. 


A« - it 




«){«+Mod -/«)}!* 


_ fi » a-it 




1 [— »L_ co 8 t-i / u + up (1 ~tn) /{«k 

I-«)L(!-«)* V u (2-m) V 


;?t]{ tt + ttp (l-wt)t j 


= o t - 


h e 

h e 


-it 



THl ATlMs Ol 


iiiai nF iwrr a in irM^UMi mi-dtit 


_1_I in , \Jn + Ho (1 m) _ ^ (11 — n){n + u (1 —w)} I 

o' (1—L(l —w/)4 “ " ' iiti’-m) a ' 


/ [ in . 4 „ 0 (l-w) + 

//n«oMl~ wJlll-Mi) ‘ ' //(’-«) « 1 


+ W(l-»») 1(1-*)* 


*//<+ //„ (1 m) '/(i( 0 -ir){/i + // 

V »■(> m) u J 


keeping terms up to lc only 

By substituting tho valu< of r**' in (t) wc h i\ 


diii, nm o , ml I m , x Ji>+"o{l »•) 


"J («0 —h){h + Ho 1 1 ~ VI ) f I 


, t . 2711*1 I i \i/ll + U{> {l—lll) + 

|2»/ — »l«0 | 

’ sl " V-m)uo\ 

OT=» { + ""’" “ ’ U T. 

+ V(»„-«) |« + « (l-w)l j +E 

The value of the constant of integration E is detei mined by putting 
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I 1>t\* , \ t '»> 1 I aAmHoU-w) 

+, ,1’“' u .o«* 1 <j " + »• o-"-I- *»'- v(.„;-7,)i,r+ .r„n-«»i 

«o(l m)i it (2 tit) nt) 


=( ?i “m)|m+m 0 1 mi) I 


//oU~w)i \(1 ll)M 0 


s h >v"' +? ;, a T ) 

¥ w(2 —iw) 


(«0~M |lf + Mp (1~ Ml)| 


” A 0 //0 (1"M?) V(Mo _ «) |m + «0 (1—»«)( ) 


r d« ml f\(l-»»)M 0 

* +r= J v(( ((l -«)U4if < >U-M>l~Ml-wl*nl««-«)|M + 


, L, +2)<o.4 


h h n no(i-m)J(u 0 ~ti) fw + Mo U“»»)J 


— M/M0 _ /«*/ _ 

in)} to A 0 MoU- mi) 




j 1 ;m» 0 (2w- w»/ 0 ) _ ) 

V(mV-"m) |m + M« iT- «i)| + (2-w) , m*V(*/.-«) |« + m* (1-/«))' 

+ ? '° (1 2 { Wo *(2^w) ‘° K « -M + fto*(2--w) (l —Ml) 1Og M + M 0 (l-»M)^ 

W/M 0 2 (1~»m) 1 I 1 i _M _ 1 I M \1 

+ 2(J-w)*Mo*«m 0 K «o-h «o(1-w) g M + Mo(l“»«)/J 


"*.11-W)U(2 »»)*»o’ \/(mo-«)|m + «o (1- 


(>«-/«««) cosA IV /m + mo(1-w» + 


12-Ml) Vo Wo 10<t Mo-M Moll-m) ^m + MoII-w)* 

, mk 1 _ 

+ /t 9 it 0 (l-»«) w«(2-w) «»—« 
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l(t‘» 

The sum of the coefficients of the teims which become infinite on pitting 
the initial conditions is zero Hence wo aie left with finite terms only 


{2—m)u 0 


I7\ h 2- m) r m 2 l 

•3 — w ) l« + «o X—w)| l fioito 1 ~m) 


m 2 l milpiZu- nm ) 2mL2{2v — mu 0 ) 

h,n 0 (l — m) (2 mVito* //o(l - w)4 l — mVv 0 


ii cos h 1 \J U + «o(l“ «') 

fl= / s { 2u~mti __ 17 \ 2ml ti(> m) 

\ (2-»<l«„ if it» J h 0 (l~ m) V(h -m)|« i Mo(l-»')| 

In oidu to find the appio\nnate cun e at i sufficiently gi< at distance we c\j ind 

the above t< ini% in poweis of w keepn g only teims ipto " md injecting the 
Vo i 1 

2nd and higliei poweis of U fmthci we take m to b< vciy small Hciui 
«o 

, ni )n is i \uy bmall quantity so wc neglect did and htghci powu- of ^^ 


Hence wc get 



/ 2 , TT\ 2ml 

\.2-m 2 )~ it (2—m) 



•/n + ?< 0 (l-»»)+• o/(iiq —«)(L—*») I , ml 


log (2- 111 ) 


2 _ 2m I If 2 + TT 

5 — m w(L- m * | \2 m 2 


ml 

n(l—vi) 


log ( 2 — m) 


= /, -A, 


wheic 


and 


/ 


2 2ml 

2-in'" ii (l-mV 


| “ + n _ mt 

[2 - III 2 II a-mV 


log (2-w)|. 


Thus the curve given by 8=L t u -k sis a defoimed spual 
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In the end I wish to letoid my lospcctful thanks to Piof A C Hanerji. 
foi his kind interest in my woik 
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BtVAKI-H HlNIM' l NiV I IlsII \ 

Communic ilul l>y l)r (lonkh 1’rnswl— litumd on 14lh I'thrunrj 1942 


1 In ft loccnt papei* I have studied the piopeities ofthe function 


"o _> , '+‘ J >r(v+Y + l) 


I have shown theieni that 


fM= r( v yfd -»Y- [ li(vM) 


The object of this note is to evaluate a fow infinite liitcgials involving this 
function 

To begin with, we have 




=0 G ,”' J ) toi laigt x and R(v)--0 


2 We piocccd to ovaluate the integial 


1= jx^~ l fv (ax) dx, R(a)>0 


which is convergent for R(v)>0, 0<R(v+p)<2 
We have, by (11), 




* A Confluent Hyptr-geometric 1*unction —Proc Nat las Sc, Mia VII, (1941), 177-82 
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* 2>riv) / (1 ~ y ' ,+l " 


2T(v) 

a process easily justifiable Hence 

j 2 f ’ 1 r(ip+ J .v)/ 

r “^7' rw j“ *' 1 "“"I 

0 

2 ^' 1 r(ip+iv> rd - ip-iv)r(v ) 

fl/* r(e) * IU-lp+iv) 

Thus, we yet 

f x f ~ 1 f, (<u) tlx 11(a) - 0, 0 < H(v + p) < 2 

0 

_’jt 


n^sin (p+v) J .r(l-ip+iY) 


( 21 ) 


I'mluniat ca&a 
(*) P = l~v 


/*■ Y ’ , “ r)rfi= -iTr,?j) H(,): “ 0 t22) 

In particular when v=l, i, this toimula assumes the simpler forms 

j fi (ar)-£- = Vn , (2 3) 


f fi (ax) 

o 


tlx _ JI 

Va: \/2rt 


(2.4) 


(u) p = l 


jf, (ax) tlx-^Tii-iv) 0<R(v)<l . . . (2.5) 

0 




sOVJ INFINITE INTEGRATE 
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For v = 4 this formula becomes 


(ml p = v 


{a M/?r=-J-r (0 

o 



(a i) dr— 


1 jt 
a' sin vrc 


For r = i this formula radiums to 2 4) 
{tv) p=v-2 


0 K(e)-1 


I x " ~ S A («*) <h~ \ ~ 1 < R(v) < 2 

J a * sm rn 


Forv=$ this becomes 

j *" 1 

0 

3 The integral 

K= />+/>+1 («*) J„ (!>■*) (h It (a) > 0 , It (//) > 0, It (v + 7?) S — 
o 

is convergent for — 1<R (v) <8 We have, by (11), 

co 1 

v -« H ^l l -. | T ’+\j y (/*.) J (l Wx'u dn 


r(v+p + l) 

_ a>+t+ l 

“ ?" + ^ +1 r (v+p+i)J' 


j x'+'e't a ' ux \l r {bx)dx, 


(2 (») 


. (2 7) 


(28) 


(2 9 ) 


1 
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ft process easily justihable Thus by using Noniiic’s formula’ 1 ' we have 


K- 



y r(j>+v+n l 


‘(l-t/) 1 " 1 ^ e ' -rf- u du 


h \ e ~«t // 

& rip+v+i)*’ " J (i + r/+ 1 f 


On using a foimula given by Whittakeif we get 

Ja -t f, +/+l (in) J, (hr) dr R b/)~"0, R (h) "*0 U(v + p)S-1 -l<R(v)<9 
o 

-(;) v / • i8i; 


Pm lirvlnr raw 

(?) j>= — 1 


7 o _ p _ , /M 

j xf y (ar) J„ (/>r) t/*= ^ ?“ ) 


„ i* 
2 a*" 2 “ a* 


0SR(v)<j, 


on using the formula 

W m+J , *„,(*) 

Foi v = i, 1, formula (B 2) assumes the following simpler forms, 


JvA /j (aa-) 8 


i Ik r dx - */ 2it a r a *, ' 


(3 2) 


(3 3) 


°1 o 

la- A (ar) Ji (br)dr—-^e «* . (3 4) 

o 


*0 N Watson Theoiy of Besset Functions— Oamli (1922) §1J 3 (4) 

tE T Whittaker and<3 N Watson Modim Analysis—4th Edition (1927) §16,12 
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For v=0 (3 2) reduces to the familiar formula 

jxe * a * J» (bx) dx = ~i e ~ ■ 

o 


(«) p=0 


J/V+l (a*) J„ (bx) dx 


—1<R (y) <3 


1 

~b 




(3 5) 


For v— ± i this formula becomes 


|< 80 > 

0 

] A w «■- D-. (! ^2) ( 37 , 

0 


(«*) P- —iv — i 


f f (ax)J (to) rfx 

0 

b* 

v /*! 

" a‘'+l^i" K|, W 


-IvR (w)<i 


. (3 8) 


on using the formula 

K P (*)^^|E Wo., (2*) 

For v* 1 this formula reduces to (3 4) For v=±i, it assumes the simpler 
forms 


(8 9) 


f — - ^ ( b 9 \ 

Jx 1 f % (ax) sin tod* = 2* ^Jba'^e 
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jaj'ty'j (ox)cos bxdx=2* ^baT^e [ 20 ’) 


(3 10) 


(tv) 0=1 


jz~%+t(0z) Ji (te) dx -2S R(p)<0 

0 


la yr(-p) 




. (311) 


on using the formula 


w„i(2*)=r(«+i) kM 

where L(x) denotes Bateman's function of order n 

For p = —l, (3 11) becomes (34) For p = -2 it reduces to the familial 
result 


00 

jx^-ioV J t (bx) dx=~t e ** , 
0 


on using the formula 


A,(x)=2x«r* 


Wv=l 

| /)>+{ (ax) sin bx dx R (p)£-ij 

0 

= t/ftt e~ia‘ D-v-»[^</"2) . (3.12) 

If we put p=» - 3 in this formula, we arrive at the familiar result 
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For p - - i (312) becomes 

J fi(ax) am bx dx= - e D_i ^ */2 j (313) 

0 

If we put p=0, — i in '3 12), we arrive at (3 0) and (3 9) again 
(n) v= --i 


| x ' * f p-\-\ ( nx ) <-os bx dx K(p) ^ —i 

0 

Jf'f) (31*> 

Putting p=0,— j in this formula, we arrive at (3 7) and (3 10) again Putting 
- i we get the familiar result 

f e ~ cos bx dx = —- e * l 

i a 

0 

If we take p=i in (3 14) we get 

( AW -“^pA»'S'D.,(-Jyi') • UH) 

0 

4 . In the same way, we can prove the formula 


/ f, Mf,-1 (bx) dx R(a)>0, R(*)>0, 0<R(0<1 
0 


-S® ) 

In particular, we have 

f f, (^ fy-i( ax ^ dx= ^ZJ^( 2 ''~ i ~ l ) ' ’ ' ' 

0 

//■,Wf-|WW|i-7|) • • • « 3 > 

0 
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Likewise, we have 

/ xf, (ax) f, (bx) dx K (a) > 0, R(i)>0, 0< R(») < 1 

0 

2 

=~r(l-y) (a , +b , ) l ’~ t . (44) 

In paiticular, 

* o y— 

/ rfi lax) /| (bx) dx= -y —~ , . (4 5 ) 

f (rf\(oi)dx=S<ba-t (4 6) 

0 

/ W ... . . (4.7) 

o 

5. It is equally easy to prove the formulae 

/ ft (ax) sin 4 bx 1 dar= ~ tan' 1 ^- R(a)>0, R(6)>0, (6 l) 

0 

f fx («*) COS l bx 1 = log^l+lj j R(a)>0, R(6)>0 (5 2) 

0 

As particular cases, we have 

j ft (ax) siu 4 a*** dx R(a)>0 . . . (58) 

0 

f ft (a*) cos j a V dx = 


log 2 R(u)>0 


(5.6) 



FORMATION OF THE ARMS OF A SPIRAL NEBUL V 
By Bbij Basi Lai, 

Mathfmatics Departmfft, Aijaharad Umvlrbi ry 
(Communicated by Professor A C Bantrji—Received on 12th February, 191J ) 

Several theories have been put forwaid to explain ihe formation of the 
arms of spiral nebulae, but no existing theoiy can satisfactorily explain them 
This paper contains 0111 humble attempts The angular velocities have recently 
been determined by Mayall 3 and Aller. The observations show, when due 
allowance is made for the unceitainties that the angular velocity decreases with 
the distance, although the rate of decrease is very small In the first part of 
this paper we have taken variable angular velocity and we have also taken 
Wyse 4 and Mayall’s thin disc model 

By making use of zonal harmonics we derive the expression for potential 1 
dv = 2npdx [f + P*(0) (f-)“ + P 4 *(0) (^)‘ + + P’,,(0) (f-)*"*'] 

where 

Let us assume that the density p at any point in the disc at a distance x 
from the centre can be leprcscntcd by the expiession 

,=A + B(-§>c(Jj 

where R is the radius of the disc and for the assumed case 
p R =0 • e„ when x = R, we have 
A + B + C=p b = 0 

- 2 ”/I A+B i + c(i)’][j+p;(o) (*)' + ]** 
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To get attraction, f, we have to find the value of 

dv 
dr ‘ 

= 3 "[ A ‘( r )' +A, (r)* 3 I>:(0)+ + • ] 

ere A '=T + 1 + T- 

A *=i + f + -" 


Now the angular velocity 0 decreases as the distance increases 

where B' is constant small, and negative 
Now we have equations of motion 

r-re* = -2n[A 1 (-^)*+A 1 3 P s ’(0) (-£)* + .] 

H • • 


( 1 ) 

( 2 ) 


Taking equation (l) we have 

r-r(ffl+B'^-)’-2»[A,(|-) , +A,.8.p;(0) (-®-)‘ f ] 
r’=r'« 1 , +B ,, -j^r +1-^—+ 4n [a,^- +A, p’(0) i‘- +.. ]+coiut. 
(r' + R’H 1 jg 

-*{&******&&■)] 
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keeping terms only up to P^(0) 

r-* , -BV[l+^,fr- + E1 +l jg r (^51) 


{■5TSF + a = p ’('» 


r*4rR + R> 


/•’(r+R) 


} 1 ‘ 


C 1 _ B' 1 r’ + R 1 _ 2 <oB / /• , + rR +R I 

JtoCr’-R 1 )* 4RV (/•’-R’)* 3,Rw8 fr + R)(t 1 -R»)* 


2nR 


Kr + R)(r*-R») 


4 +a,p!(o) 


r*+rR + R* 


’(r + R) (r*-R>) 


i? }]“* 


= \dt 


From equation (2) wc have 


r*9 = constant 


=k (eay) 

or 6= A J ~,rf< 

i rr_ (h_ _B'* f (r a 4R*) dr a B' f <rN-rR+R*)rf» 

“w LJrV-K^’^iRVj rV-R’) 1 " 1 Ro> Jr*(r 4R)(r , -R’)‘ 


+ 


^JiR I A f _ dr _ 

o’ l ‘W + R)(r’-R J ) 4 + 


A,P’(0) { 


(r4>R+R')rfr H 
r> tr4RH J J -R J ) 4 l| + C ° n< 


HvV- R s B' 1 


rR> 


"4R*^ 5 \ ,OK(,+ ^ rI, ~ R,) + 


J r* —R* I 


2 

' 3 R’co 


=-[■ 

(oL 

fy^R 7 k/7-*\ 2jiR | A f(2r-R)(r , -R , )» , , R 

\~T~ +V rTR/-(i l R I l Al l- iP - +i8lQ r 

. a/r^Rl . * r(2r-R)(r*-R’) 4 . (-2R , + 3Rr-10r 1 ) (r*-R*) 4 

+ V HKRj + A,Pa(0) L 2r* + Or* r 

. ( -6R-+8BV-21Rr‘+40H) fe lr lg + 15 

24r‘ r 8 r r4R_PJ 


To know the approximate motion of the particle at a sufficiently great distance 
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we expand the above in powers of — neglecting 2nd and higher powers of —, 
we have 


a _J_ r* - R* B 

toR 1 L r 4a)" 1 

log(r + //r , -R , )~logR+ ^ ^ | 

2 B'Ur'-R 1 )* */r~-R| 

[ 5»B | IKr-BKr'-R'l* 3 . B 

3 (i) i r r+ Rj 

1 o, s RM Ai 2r* 2 8in r 

_ 3 a A.f(2» 

2 2 r + Rj + 4L 

-RKr 3 -R‘)i (-2R , + 3Rr-l(V 2 )(r , -R , ) i 
2r* «ri r 

. (-GR 3 + 8RV—21Rr* + 40r' 

)(»»-»*)* 15 . t R 15 * ®lll 

- — + 8 sm ; - 8 2 +V ,TKjfJ 

+ - S4r » 

0=ki — —It 


The measurements of V pahlem have established that the arms of normal 
spiral nebula are approximately equiangular spirals over a large part of their 


length. I have shown above that the gravitational force alone cannot form 
equiangular spirals hence we cannot suppose that the motions take place under 
gravitation alone Hence we look for some other data Van Maanen’s* measure¬ 
ments have shown that the velocity increases on passing outwards nebula As 
a consequence the particle descubc9 an oibit of ever-mcreasiug radius with ever- 
increasing velocity. 

We note from Ooits formula 0 for the effect of galactic rotation on radial 
velocities that the radial velocity P due to differential rotation is proportional to r 

P=r A sin 2 (G-G 0 ) cos * g 
when A is Oorts constant 

Hence radial velocity increases with distance which is in. accordance with the 
obseivational fact of Yon Maaneu * 

velocity=\/r * + r * =kr 
where 6»*=co (angular velocity, constant) and fl=ait 
, * + rV= k'r' 
r *=» *(£*—a>*) 
pjf- = (A.*-mV t + const. 
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OI 


l — I* 


- A p" 1JI “ 

which Hives an equmngiilai spunl of anjc unhcn ci = tan 1 —l)* It li is 

been observed that two convolutions n then ibouts bung I mind In each i ebula 
an explanation for the finite length of tin spunl aims law exit is given by 
D N Moghe 11 on the basis of finite nuinbei ifejeetu sol putieles 11k present 
author thinks that is the, space outsidi i m bul i is ue t tot ilh duod of matte l 
the particle will experience soil lesistanee due to w hie h it m iv onh mine i 
linite length 


Sum mat x \nd Conc r i skins 

In the'lust pirt of this papei \anable angular xiloeity is taken into account 
and it is shown that the gravitational fom alone cannot form equiangular 
spnals In the second pait wo ha\e shown that the equiangular spirits vie 
foiniedif the ellcct of the galactic lotation on ndul velocily istvkcninto 
account ic radnl xeloeity due to the difleiential rotation is pioputional to 
the distaiiei 

In the end I think it my gieat pmilege te iceoid my giateful thanks to 
l’rof A C Banciji for his keen interest in pie paiation ol this |iipu 

Jirfnnia s 
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i Jean J II MNBAS \ I 81 p Oj 
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5 Moghc D N on the Tlirorj of s,piml Ntbuln Ptoc National Initi/ite of Saturn, India, 
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MaTIIEMIIKx Dri'VRTMFNT, AllAHAUVO l MH-R«m 
(_< nuuumuitul l>\ 1’iof A ( Hanerp -Keuui-d on JUth March, 1°4A 

Assuming u )>ol\nomml form for llu distribution of dcnsitj insult a Mm it hns boon Hh( vui 
that tl c stellar model is incapable of hrj,c radial OBulIntioim flit annljMs confirms Banerp’b 
Cephail thtorj of the origin of the sol ir ajslem, in winch an oscillating Oplmd is supposed lo 
break up under the gravitational inlluuiu of a paswng star 

Ry laige ladinl oscillations of a st.u wo moan eases in winch w r e ha\ e to take 
into account the squaie of the amplitude m our equations of oscillatory motion 
Most of the workcis, following Eddington/ have considered small oscillations, 
so that the squaie of the amplitude could be neglected A C Banerji has been 
the hist to ictain the square of the amplitude in his differential equations lie 
has considered the following stcllai models • 

(1) The star of uniform densit>, and 

(2) the star with a small, homogeneous core, and the densitj m the annulus 
varying inversely as the pth powei of the distance from the centre, where p is 
any positive integer excluding 1 and 3 

Banerji has shown his models to be unstable for large radial oscillations, 
and on this basis has given Ins entirely novel Cepheid theory of the origin of 
the solai system 

Stei ne 8 has consideicd the small oscillations of the following three stellai 
models 

(1) The etai of uuifoim density, 

(2) the star in which the density vanes inversely as the square of the 
distance fiom the centre, and 

(3) the star in which neai ly all the mass is contained in a particle at the 
centre and in the lest of the star the densitj vnnes inveiselv as the squaie of 
the distance from the c entre 

Instability for large ladtal oscillations of Sterne’s model (1) hns been 
shewn by Banerji, 1 and of Stcilie’s models (2) and (3) by P. L Bhatnngar in 
lus unpublished thesis for the 1) Phil degiee of the Allahabad University As 
illustrative of the method followed m the general case, alteinative proofs have 
184 
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boon given in tins papci of the amiability foi huge i.ulml oscillations of Stoines 
models (2) and (3) 

Any law for which the density vimcs inversely as sotnc power of the 
distance from the centre leads t« snigulantios at the conti c llunoiji 1ms avoided 
it by assuming a coie of iinitoim densit\ at the centre \nothor wii> to avoid 
the siugulanty would be to assume a poljnoinial foiin foi the distnbiition of the 
density inside a stai This has been done in this paper, and the stellar model 
shewn imapable of laigo radial oscillation 1 ' Inasmuch as the sanation of 
densitv m any model can be appionnmted to as closely us desncd by a polyno¬ 
mial, the picsent investigation shows that a stai cannot execute puioly radial 
oscillations of laige amplitude The analysis confii ms Hauerji s Cephoid theory 1 
of the ongin of the solai system, in which an oscillating (Jcpheid is supposed 
to break up under the giavitntioual influence of i passing star 

Let P 0 , p„ and </» be the undistuibcd values of the density piessure and 
gravity nt a point distant initially § 0 Loin the centre, and the penod be 2a/t/' 
Lot y bo the effective latio of the specific heats 4 (regaidmg the matter and 
enclosed ladintion as one system) so that y satisfies the differential equation: 

8P/P 0 =y&p/Po 

Assuming the following form for the amplitude (after Eddington), 5 tiz , 
5 i =mcos» , t—rtjCos°«'t—nr whoic «j and <13 aic of order r/j*, liauciji' has 
obtained the following equations of oscillatory motion 



di/ + as. *1 i’«y 

(li 


i/ J f »2 . 1 v (Jo » r4// ,; P n av 1 . 

?. «. + lr.r " s.'-l 

U) 

and 

il’n 1 ~v<ln av 

(3) 

where 

v = r/ 0 '’o?ft/P» a = 3-4/y 

(4) 

and 

A,-|i (3y — 1) ^ (y-D t # V j]«i 2 +My + i) 

(5) 


Let the undisturbed value of density p 0 at the point be given by 


Po = ~q a™£o". ... (6) 


where p is a positive integer 
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Wo make the usual assumptions that the prossme and the density vanish 
on the surface, initially of radius R ■-o that 

'o 

and that theic is a negative density gradient tin oughout fimn the centio of the 
star right up to its botindaiy 

We have for the \aluc of giavity at £<, 

to 

g n ~ /vfin ~ ( 8 ) 

o 

where 5 o = Rt . ( l t) 

Phe pressure at So is gi\en by 
R 

l*.. -J'/o Po 'ft,, 
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4 a (7 i/ ^ am(ln ]>«+»+»( + \ 

o "«(;/»+ 1) («t + ra + j) \ 1=0 / 

again cancelling the common factor 1 — y 

With the substitution (0), the differential equation (1) becomes 

-siu.-o mi 

f/3 1 j ih \ Y l o 1 I 

On substituting (1J) and (13) in (14), the diflerential equation (1) fmthcr 
reduces to 

[ J S P (ima* «»+»+’( ,'lld’a, 

[ ~0 “o(w + )) (iu + » + 1) l *7 -1 /] dr 1 

+ 1 IV* s' 1 """» T)m+n+s/ s W +*+l / \ , R m+ " + ’ 

(_ “'o *'o(iii+ 1) (/»+» t J) \ "o 3 / «-l w m -0 f/f+ J 

The equation (1>) has regular singularities'’ at and i -1 
\ssuinmg 


n t =x 1 1 n l>\ r v 


(lb) 


as a solution in sotus of (H) and equating the coefficient of r 1 1 we hav e the 
following indicial equation 9 

S P a»n » _ 1}m+n+ ., / _,v, S P rtmnn 

“o ~0l»» + 3)(»» + »f2)“ oq 19 ’ - 0(m+3)(w + »+‘2) 


/ V 7=0, (17) 

which gives < 7=0 oi -3 

We reject the negative value to avoid singulanty at the contie With <7 = 0, 
(16) becomes 

«i = ^ /'Jli' • • • (IS) 
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Substitutin'; (18) in O r >) and equating the coeftment of r x , we have the 
ie< uri price foimuln 

/ n .*R’" + " +4 | ^7V «.-i+ 1)/ i X -/ + *} 

n o (/// -»SHm + ti + 2) 1 /-1 J 

R ’// 2 /» v " / . nmn " R»+”+* | \* >} 

4ji(J y “/ S l^' ,+ a » = t - »=0w+3 K 

=0 (W> 

Equation (10) can be put in the foim 

»’ f “o A ■+*“+»+« R "*"’ (C"**-'*' 11 

'•K i,„ + a)(^r t -2i B ~ fl {CTW-*}] 


. s /> s / rt»u, 

"o ~o(w + 3) (//?+ 2) 


R—I-,,. '*<+<! 


+ -,.l -».o»«*3 B ’"*’ ( I 

+ | < C+». fes E ~ M {C*®-* 

+ < ; ', . .t i ”.V +,(l_,)l, ‘- /+i } 

Hv v ,«■ »-■ i-II 


4jtGy 


( 20 ) 


=0 
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Dividing (20) by V ^x- 2/», a "d pioceeding to tin- limit ns wc lm\ e 

< h "H C + ’ Lt '- *! -« 

We can easily see that equation (21) is satisfied when 
Ltx-*^ f>x //'\-|=l. 
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( 21 ) 


( 22 ) 


foi then v\e ha\ e 


I. 


whoie in and n are any positive integers 

With the substitution (21) the left-hand side of 121) becomes 

N / .P <lm(ln p w+ „ + , | J* dm ]1 W+ * I I P 1 

“o uw+3 1 »« + 3 ) I ~o " 11 J 


(23) 


=0, by (7) 

The equation (22) gives unit radius of convergence for the power senes (18) 
This also follows from the gcneial theory 1 of linear dillerential equations having 
regular singularities, as the power senes (18) about the oiigm is conveigent 
up to the next nearest singulaiity of (15>, which is, ns we ha\ e alieady noted, at 
the boundary of the star, that is, at j = l 

We shall now proceed to test the convergence of (18) foi jr = l, which is 
a regular singularity for the diffeiential equation (l r ») We shall fust suppose 
that the scries solution (18) does not terminate 

From (22) wc have all the terms to be ultimately of the same sign, and we 
can put 


h 

b\-\ 


(24) 


to the fiist order of small quantities, where ( and s are finite positive quantities. 
Fiom (24) wo have 


J*\ _ l>\ l>\ l K m+i _j _ nir 

h\ m t’\-\ I'K-'i b\=m X* 


to the fii st order 
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Dividing (20) by and substituting (2 r >) we have, on equating to zero 
the tcims of the highest order, 


t ‘ ll ”°’ jjw+m-z \ tn 

~U “o(nM 3) h/z+iz+.’l *7* 


(/-2;»-2) T f , +/. = 0 (2b) 


whcie / is a finite quantit) obtained fioni the terms independent of X in (20) 
Fquntion (JO* with the help of (<) simplifies to 


Now from (8) we have the uiidistuibed value of grnvd) on the surface of 
the star 


wlieie M is the mass of the stai 
lienee we have 


Jn* R" +l _ M 
~u tit t 3 -tnR* 


41so we have fiom (0) bj dillerenti ition 




hipiation (27) with the help of (28) and (29) redm es to 

M ( (lP A /,+ /,= o 

8i \ il\o )f 0 *R V~ * + ' u 


We have assumed the evistence of a negative density gradient throughout 
the star Also we have assumed r in (24) not to be zeio, otherwise the senes 
solution (10) would be divergent Hence the coefficient of 1/X'~^ m (30) is not 
zero /, cannot he theiefore equal to zero, and we must have s = 2 in order 
that equation (30) may be satisfied 
Hem e we have from (24) 


( 31 ) 
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to the fii8t order of small quantities where r is a finite positive quantity From 
(31) we have 

Lt?(6 a/6x+i-1)*0 <S2> 

The senes solution (18) is theiefore divergent ‘ for t = 1 
By an extension of Abels theoicm to series diveigont on the circle of 
convergence we have 


u*-*i r* x -x = r hx =oo (33> 

0 0 

Thus the amplitude ot the oscillations increases without limit as we appioach 
the surface of the stai and the model in question is theiefoie unstable for radial 
oscillations provided as we have supposed that the series solution (18) does 
not terminate Hence tor stable oscillations (IS) must leducc to a finite poly¬ 
nomial 

We shall now considei the complemcntaiy function of (2) It can be proved 
by similar leasomng that this must be a finite polynomial in order that « 2 may bt 
finite on the boundary of the star As n x has been assumed to be a finite poly¬ 
nomial the coefficients of the particulai mtegial of (’) must ultimately satisfy 
the same recuncnce formula as those of the complementary function of (2) and 
therefore the paiticular integral ot (2) must form a teiminating senes Hence 
given by (2) must also be a finite polynomial Wc can piovo similaily that 
a<t given by (3) must also be a finite polynomial 

Ihus we have that m ordei that the amplitude | may be finite on the bound¬ 
ary of the stai «i n 2 and a given by (1) (°) and 13) must be simultaneously 
teiminating polynomials This is indeed impossible inasmuch as we have only 
two disposable constants n f (proportional to frequency of oscillation) and a 
given by (4) Further a is restricted to values between 0 and 6 as y can only 
lie r between the values 4/3 and 5/3 The complementary functions of (2) and 
(3) aie, in fact obtained fiom the solution of (1) by changing n into 2m' and 0 
respectively 

The amplitude therefore cannot remain finite on the boundary of the star 
and we arnve at the conclusion that the model in question cannot execute radial 
oscillations of large amplitude 

In conclusion we shall considei particular laws of density to lllustiate 
how the instability arises in the general case considered above 

Particular dermty laus 

(l) Sterne s model (2) vtx the star in which the density vanes inversely 
as the square of the distance from the centre 8 



192 


It can be shewn tbat the differential equations (1), (2) and (3) i educe res¬ 
pectively in this case to 



(l-ar'j 

dx 1 x 

d®j i .a i i _n 

ilx _ - a) i r - 0 ' 

(34) 


( 1 —x l 

. , 2-lx* 

'fir * z 

'jg + =Aj, 

(35) 

and 

(1 — £T S 

d*a, 2-4 t' 
} dx* + a- 

’ da* 2a 

T- Tfl J =Ai, 

(IX x 11 

(36) 


where Aj = ^ (3*y — lip—^ (y—D^j cii'-hi (y+Da: P~ 

+ (37) 

and p= 3n' i l(2^ly p), . (38) 

P being the mean density 

The roots of theindicial equation for (34) are g = i| —li^l + Na] We shall 
take for q only the value if— 1 + <n/i + 8ci| to avoid singularity at the centre 
The recurrence formula for the coefficients is 


k.lx+2 =s h\ 


(2l+g)(2l+g + 3\-§ 

(.’X + q + s)(2\ + q +3)—2a 


(39) 


It can be shewn that the amplitude will be infinite at the boundary of the 
star unless the senes solution for «x terminates We have from (39) that the senes 
solution for a t will terminate provided 

P=(2A+ 9 )(2a + 9 +3) (40) 

We can shew similarly from (36) and (86) that for finite values of a* and a s 
on the boundary of the star, the following conditions must be satisfied 

4P=(.’X+</)(2*+9 + 3) . . (41) 

and (2A+q)(2A+q+3) = 0 . . . (42) 


It is evident that (40), (41) and (42) are simultaneously satisfied when 
Aeg«P=0 In this case we have from (38) that n'=0, or the period of oscilla¬ 
tion is infinite, that is, the star is in neutral equilibrium This also follows from 
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(4), inasmuch as 7 m this caise is equal to 4/3, as a =0 when <y =0 We know" 
that y must exceed 4/3 foi a stable eqmlibnum confirmation to be possible 

The model theiefore cannot execute stable ladial oscillations of large 
amplitude. 

(2) Sterne’s® model (3), viz , the stai m which nearly all the mass is con¬ 
tained in a particle at the centie, and m the rest of the star the density vanes 
inversely as the square ot the distance from the centie 

The differential equations (I), (') and (3) lednee in this case lespcctively to 

U-z'> 1_<S! + V -i«>=«, (43) 

(It i (lx x 

(1 -*’)$> + ~~ J* + (tpx 3 -3a)“ l , =Ai 04) 

and = (45) 


where Ai = |i(3v—1) Par’—~ aly—+ 24 Y +1)(P®* “3°)^ 

+ |i(l-3 Y )-a: , |( r/ ^-) 2 (46) 

and P-% M /(4all Y p ) (47) 

The roots of the lnduml equation r for (-13) are q = ► We take only 

the positive value of q to avoid smgulanty at the centre The recunence 
formula for the coefficients is 


-h s \ 


( 3X + <?) (3X+ y+3)-p 
[Sk+q + 3)*—3a 


(48) 


From this we deduce as in the previous case that <i\ will be finite provided 


3 = (3X+g) (3X+<? + 3) (49) 

We deduce similarly the following conditions in order that n 3 and a 3 may 
be finite 



4p = <3X+q) (3X+9+3) 

(50) 

and 

0 = (3X + ?) (3X + « + 3) 

(51) 
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It is easily seon that (49), (50) and (51) are simultaneously satisfied when 
X=g=p = 9 la that case we have from (47) that ri =0, or the period is infinite, 
which means that the star is in neutral equilibrium This is also evident from 
the fact that when g = 0, then a = 0 and y = 4/3, from (4) We know that for 
stability, y > 4/3 

The model therefore cannot executo stable radial oscillations of largo 
amplitude 

The author considers it a great privilege to record his sincere thanks to 
Professor A C Banerji, under whose guidance he has carried out the above 
investigation 
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ON WARING 8 PROBLEM (mod }>)* 

By Inder Ciiowla 

Commimicaloil bj Prof K S Kushnan FRs —Rc<mcd \o\cmbir 21, 1043 

Section 1 Introduction 

Let p denote a piimc We suppose Ihioughout that A is a positive intcgei 
Let l bo a positive integer and let r(/., ;/) bo the least s such that cvciy residue 
class (mod is representable as Tx*-}" +r,* whei c the as aie mtogeis and 

at least one of them is prime to p Vftci Ilaidy and Littlcwoodl the numbei 
r(A;) is defined by 

T(k) =M ax r(A, p l ) 

P S 2,12:1 

Hat dy and Littlcwoodt have shown that T(A) is, when A - 2 and A^4, the 
least s such that cveiy anthmetical profession contain', an ln'unty ot nuinbcis 
which aie sums of at most s positive Ath poweis, II L^2, they§ piovcd that 


* This paper is the substance of a dissertation which was approiod foi the Ph D Degree of 
Cambridge University (1940) 

t Q H Hardy and J E Littleuood, "Some problems of ‘Partitio Numcrorum’ (IV) The 
singular senes in Waring’s Problem and the value of the number (4 (i)," Math Zetlichrtfi 13 (1933), 
161—188, and "Some problems of Parlitio Numciorum (VIII) The number i(k) in Waring s 
Problem," Proc London Math See, 28 (1928), 618—642 We shall refer to these memoirs as P N 4 
and P N. 8 

t P N 8, Theorem 1 This theorem is not true for 1, 2, 4 since 1 (1) = 2,1 (2) =6, l (4)= 16 

8 P N 8, Theorem 4 
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4 4 is au upper bound foi T(h), while unless 4 belongs to one of the 

following special classes 

(») 4=2*,r> 1, r(/.)=2 l+, =4/ 4 + 1 
(•») 4 = 2' 3 v>l, r(/)=2 l+; = 4 ^>4+1 
(m) 4 = pMp-l),p^2,»i>0, r(/)=r +l ^4+i 
( iv ) 4 = ip , (p—1), p> 2 v 0, r(4) = i(p"+ l -l)>A + l except m the 
paiticulai case 4 = 3=$ 3(3 — 1) when r(A) = /. + 1 
(t>) L=p— 1, p-^2. 4 not belonging to any preceding class , T(4) = 4 + l 
(vi) 4 = 2 (p —1 )> p.^2, 4 not belonging to any piecccling class , r(4) = 4 
We shall chii lly be concerned with the hi net ion 6(4, p) which we define 
as the least s such that every lesiduo class (mwl p) is rcpiosentableas a-*i + + 

?,* wlieie the > s aie integeis We note that 8(4, p) ST(4, p) S b (4, p) +1 
Haidy and Littlewood* piovcd that F(4, p) — (4. /> — 1) if p-1,4, while T(4, p)=p 
if p—1/4, wheio / - p^‘2 If p = 2 it is trivial thatr(4,p) = b (4, p) + l=2, since 

O, 1 are the only 4th power icsidues (mod p) 

Letp<2 We write 

(p-U)=4 x 
P-1 =4, t 
Ic =4 1 4, 

Let 0 be a piinutive loot (mod p) If (« p) = l wo have 
w=p* (mod p), lS4Sp—1 

4 4 X + ; (p—1) A,(4+,f) 

= 0 =17 

for cvoiy intcgoi i Since (/, 4 ,)=1, a suitable choice of r gives 
fj+il =0 (»iod 4 a ) 

Hence 

b (4, p) = 8 ((4, p-1), p ) 

Wo shall theicfoic investigate ' (4, p) whcie p=l (mod 4) Letp=44 + 1 
If 4 = 1 or < = 2 it ip tavial that 3 (4, p) = 4 since 0, 1 oi 0,-1,+laic the only 4th 
powei icsidues (mod p) We shall piove that li p=/4+l, 4>2 then foi every e^’O, 

8 (4,p)=0(4 l_c+t ) wheie C = ^ . This result is equivalent to Theo- 

lem 3 Wc shall piove the following theorems 
Theorem 1 Let p-/4 + l, f>2 Then 

8(4, p)=0(p5) 

* P N 8, rheorun i and Lemma 7 
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Thom eni 1 L<t /> = //+1 ~ / l+,> , / 1 ^ 1 ,-p^ ^ j^et ^ (/,, p) = l , i ' 0 

TllPn /,=" Ar ‘" (J P f x ' s ( 4 p\ d) umtoiinly in p 
Thrnifm i Lotp=// + l t'"! Let 

U,p) = h { 11 

Inn n3 . 103 -3V<>41 . , 

11,011 / =00 „ 0|) iimtoimlv m/i 

Til addition wo o\tond Tlioorcm i to pi n\o 

Throtew 1 Lrt p bo an odd piuno / a positi\o intogoi and let C = 

103 —3 V 041 T . 

-^0— I hen i<>i oi oi j posit n( i- 

(\) r U, ;/) - O ih x ~ c ■* )if Poland Hp-\)'k. 

(TO r (/.) = AlavfM, M, )b AI„M,) 

where 

M, = O (4 1-1 1 *) M,= ma\2 /+ \2 'll />l 
M ( =ma\ p' AI 4 =nm l . Ip 1 — 1) M* = max 1 {‘i 1 — 1) 

* (p')/k, i '/> (p')H V- 1 //. 

3 i<>\ ? i> r ) /SI /^° 

and a maximum is taken is zero if tlie eonditions stated beneath it aie not 
satisfied and i> is Enlei’s function 

Theorem 1 is proved bj elemental v methods AVe use the following result 
due to Davenpoit* on the addition of residue classes (wo// p) 

Lfmm\ 1 Let p be a prime, let a ( . «* be m dilleient residue 
classes (wo// p ) , let (L fin be n diH’eient lesidue classes ( mod p) Lot X j, <> l 
be all those dilleient losidue < lasses which aie iepiesontable as 
+ ( 1 < / < m, 1 ^ J -h). 

Then /S?« + w-1 if w + w —1 Spand otherwise l—p 

The proof of Theoicm 2 is based on dilleient id<ns and invokes more com¬ 
plicated arguments Letp = //i + l /^2 and let t/j, , to denote the t distinct 
ith power lesidues {mod p) which are piime to p We eonsidei the exponential 
sums 

p— l 2via v* ‘iwinu 

V /> V P r 

0 =1+ /. —/ e (l<a<p) 

*=0 1 

* hum of London Math Soc, 10 ( 19 * 16 ) 30—83 
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Let M (p, n, s) denote the numbei of resolutions of # 

A/+ + h* =n (moil p) 0 £h,<p 

We have the identity, 


M (p, n, s) 
^-1 


= 14 p 


inaa 

' S (S„,Ve P 
l^a<p 


If 1 1 ' ^ (S«, p) 1 1 < 1 then M (p, n, s) >0 and 8 (A, p)^s 

| 15a<p I 

Letp=A 1+ ^ We have* 


|S„, I < (A-l)Vp (l<«<p) 

Tlius if p->Ci>l wheie C, is an absolute constant, it is easy to show that 
X (A p) = () (1) 


If the modulus of each of the exponential sums for IS a <p was sufficiently 
small, we could use the classical argument in the proof of Theorem 2, to obtain a 
non-trivial upper bound for X (/.,p) If. on the other hand, foi at least one 
integei « 0 with 1^ a 0 <-p, ,Sa 0 ,p| is sufficiently close to p, we may expect 
some regulanty in the distribution ot the numbeis a<> «|, a 0 to in the inteival 
(O, p). We make use of this idea in developing the main arguments of the pi oof 


Theoi ems 1 and 2 and 
X(*,p)=0(l) (p2Al) 

give Theorem 3 

I wish to recoid my deep giatitiule to Dr Heilbionn for his guidance 
throughout the preparation of this paper 


Sfction 2 Notation 
Thioughout k is a positive integer 

103-3 v/641 


p will denote a prime 

p — 1 

s„,= E* f 

i=0 

where a is an integer with 1 £o<p 


' i^ee Landau, Forletwtgen ubcr Zahlenthttntt, Bd 1, batz 811 
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Let M (p, n s) denote the numbei of solutions of h x k + + h\=n (mml p), 
0 £h,<p 

<t> is Euler’s function 

We use the symbol [*| to denote the gieatest integer not exceeding x 

In sections 3j 4, 5 and 6 

p=//„+l, 2 

We shall use n to denote a Uh powei lesidue (n od jj) which is pnme to p 
and u t , ,»t will denote the t distinct Zth powei lesidues (»»V p) which aie 
prime to p We have 

2t Ttnu r 2 ruin , 

Sa, f, = / =1+/i V r P =1 + / V, P 

or =0 \Sr^t u 

We use the following notation in section 7 

Let / be a positiv< mtegei We shall denote by A U p ' n) the least num¬ 
ber s such that the residue class n (moil p 1 ) is lepiesentable is ±aV ± ±ji k 
where the jr s aie mtegeis and nt least one of tlum is pnme to p Then A (/• p 1 ) 
is defined by 

A (l>, p‘)=Majr A(Z, p 1 n) 

P 

We define T(A p l , n) as the least numbei s such that the residue < lass 
n(mod p ! ) is lepiesentable as r/ + + j,* wheie the x s aie mtegeis and at 

least one of them is pi line to p Hence 

ru. p') =Maar(/., p l n) 

0^w<^p 


SrcTioN 3 Puooi' op Theorem 1 

We have p=th + 1, t^>'2 Since we can find a /.th powei residue 

R £ ±1 (mod p) which is pnme top We eonsidei the h ast positive lesidue 
(mod p) of h R for 1 SZiSfpij Then the numbeis 

O.R, ,rpi]R,p 

define [p^J + 2 different points distributed among the [p^ | +1 mten als 
r p ^|<(? + l)p- (»=0,1, . ,fp-‘]) 

At least one intei val must contain two points, hence we can find t, y 
such that 

RSsp' 1 (mod p) 

Where I Zy<pl | $ I * I <pi 
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We may assume without loss of geneiahty that (x, y) = 1, and that | x | > V 
since otheiwise we can substitute R 1 foi R in the argument Hence 
M=jy 1 lmod p) 

wheie I |.r| •'pi (r, v)=l 

We considoi the following eases 
Case I p '' \ J \ < p- 

It is easily pirn ed that the membeis 

(l) wj + mR n j 

me mutually liicongiiieut {moil p) Foi if any two of these numbers, say, 
»Wi +«! R, j«j + m,R wpip congruent ( mod p), wo should have 
\i=jy l =(mi — w,)(?ij-n l ) ' 
r(// t -ni)-y(wi-mj)=0 

Since | r(»,-»,)-y(w, | <pi p f <p it follows that 

r(w 5 -/ti)=y(wi-w>) 

Sineefa, */) — 1 we ha\e x | ?//1 — m. But | t \ p ■ > I >»i —m t \ 

Hence '«i = /h s , and consequently 

Hence the set (I) consists of + ~ ^ mutually lneongrucnt num¬ 

bers (mod p) wine h are sums of at most p * 4th powei i esidues (mod p) Repeated 
application of Lemma 1 to the set (1) gives 

«(/. (|j*] + l) , + 1 

Case II \t\ 4r p' 

We obseive that | x | >y~ I We can find a positive integer f such that 

P \=pi< | a: | f<pi 
pi 

We have 

R-^ =xfy~f (mod p) 

where (a/,j/) = l, 1^ yf <lztf <p* ,la:l^>p' and R^ is a /.■th power residue 
4= ± 1 (mod p) 



(2) 


Consider the numbeis 
wi+mR-^ 
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If any two of these mimbeis say, vi> + WjR^ were congruent 

(mod p ), we should have 

R f =i f y f = (*»i-«*)(«*-«i) 1 
xf(nt~ «i)—O 


Now | xAmj — Mi)“ 1/A>»i — j«i) | </>’ p ' = p , lienee 
xf(n t -v i )=yf(tiii -m,) 

Since (rA J/^) = l, it follows that :r-fy/Mi —?m* liutja: K - p'-*! ?»i -m } | 
Hence vt t — m a , therefoic «i =n* 

Thus (2) compuscs ([‘’^] +1 ) > ^ mutually incongiuent num- 

beis (mod p) which are Mims of at most p5 Lth powei losidues (mod p) Repeated 
application of Lemma 1 to the set (J) gives 




*0 


= O (pi) 


Case III. p>< | .r I <;>.» 

We considei the numbeis 

(3) M-roR+nR* (OS/, w, «—4j.*) 


If auy two of these mimbeis, say, l\ + wiiR+ i^R*, 1% 4 MjR + mjR’ wcie 
congruent (mod p), we should have 

Ui — /») + (>«! —wJR + («i—M a )R’= O (mod p), 
(li"-lt)+(nh—m 3 )iy 1 + (tii~ n i )x i y' t = Q(modp), 

(/i-/ 2 )y* + (»ii — //ij)arf/+(M|— «i)i’= O(mod p) 


Since l(/i/j)y i + (i«i — m t )xy+(n\-n^x 1 l< 


3.p fpi 


it follows that 


Ui-ltk’+O'ii-M t )xy+(»i - »,)**-() 

Since (t, y)=l, we have r | li~ h But \ l\ — Zj | 

Hence li = h > and since a=H), y (nil — w*)+jr(//i — «i) = 0 

Hfence or/m t —m» since (x, y) = 1 Since | % | ^pi> | m i-mj | it follows 
that wii=*TO», consequently «i=m 2 . 
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Thus (3) consists of ^ +1 j > ^ mutually incoiigruent numbers 

which are sums of at moRt pi /.tli powei residues (mod p) Repeated applica¬ 
tion of Lemma 1 to the set (3) gives 

This completes the prool of Thooicm 1 

Section 4 Lemmas for the Proof or Theorem 2 
Lemma 2 (*) Lel*^ — | ,wheio | Then 

P 

b (/.,;>) l\/2 ,0 k d 

(«) Lett d = ^u, r ,s22, Then 

r=l 

log/ 

Proof of (t) Let , then every mtegei n with is ex¬ 

pressible as 

h 

, n rfl* (OSc Srf-l) 


= ^ *k 2 <-i 

,,= 0 K=0 ' 


—sw-i) £(;;).<r *«/+1' w-i-*„)v(jy-’«/ 

n»0 v = l p~0 g=l 

v=l(2) v=l(2) 


+i*Ec:)«j ,_ v 


n=0 v=0 

v=0(2) 


* In other words, d is congruent (modf) to the difference of two /fth powers, 
t Here d is congruent (modf>) to the sum of / Jth powers 
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We obsi i\ <’ now th it the (iiil Mini is a fixed loulue class (mod yd, <\m 
toj in is postne in the icm lining sums IliPiofoic n is 1 epi csent’ihb is//,' i 

H Um k win i( »/£rf/-l)(.’*' l -n- Vi’-W/K'-/ ivlncU pi ovos 0) 

Pmol of (//) Let// = jJ^^j il I)Sh£/j \\p i lX n i \piess // in tin hum 

h 

"'^V //>' K’S-V-rf-I) 

n-i) 

Soil i // is i slim ol s /,ili |io\\( i icsidiii s (mod />) n is <i sum ol at most 
// 

W-1V, ...In 

|l 0 

unml i>) This ]iio\ ts (//) 

111 m\ia / Let li bo .i positue mtepei , kt «i ,«». be///(hilt mot 11 sidiu 
< lassi s i mod h), Id (It fl.i lie n dillc iout lesulnr ilasses (mod h) \\ liu e oiu 
of the [A is /phi and tin nut in pi mu to U Let ?■ t ' / In ill tliosi 
ilifleiPiit lpsidiu < lasses wlneh .up lepresputnhlc is 

a, f p ; ( | <i^m, | ^jSn) 

Thtn l^ni+ n-\ it m t w —1S// mid otliawisc l—h 

Li.mma 1 L< t H be a positive intej;ci , lot A x , //p boTdiflon nt ipsiiIiip 

classi s (mod H' Then 

(4) ^b, =0(mod II) 

I 

is soluble with 

^opiladoKi 1 ) 

Pi oof Let F(H, T) denote the least » siu li that (4) is soluble , let (! (If, T) 
denote the least & such that (4) is soluble undei'the assumption that all the given 
b 's aie prime to H Then Lemma 3 asserts that 

(5) 0 (H,T):s[|]+l 


* This is a geneinlisation of Lemma 1, with ccitam restnelions on one of tho scqumeoH Sri I 
Phould, “A theorem on the addition of risidue i buses application to the number !'(/) in Wai mg's 
problem,” Quart I cfMath (Oxford), 8(1937), 90—103 »e also, 4E mlridge Tracts w Mathtmatus md 
Mathematical Physics, No M (by F landau), Kapitel 4 
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Let d (i;S*Sf2(H)) iun ovci the divisors of H wheic t it) denotes tin 
uiimbci of divisois of H , let t b( the number of /is foi which (b H) = /7 
We have from (5) 

(f) i or, use, <)s^f u ls/s/ai) 

also 

(7) £t,=T 

lS ? Srf(lI) 

It is a well known result* that o(H)<-Gj H lo„ 1 „ 11 when o(II) is th 
sum of the divisors of H md C, is au absolute constant lien e 

<«) 1, ^ = jJ o(ll) r,Hl,, £ l0 ~ H -e, log lo„ II 


‘ 1 j log Ior II 1 

should have applyu „ (7) and (S) 


foi i \ery 1 with l^t^ 7 (It) 


lSt£d(H) | <,1 <,J (H) 

whu h is impossible lienee thcie exists an * with 


I 7(H) suelf tint il t = 


• win 11 c 4 is an absolute 


constant We have from (t) 


I (H r)<|y S 2 ^ 1 ^ ,0 ” 11 = O f 11 loKH j 


which pio\<s the lemma 


Let 0 < 5 1, let 


for eveiy a with lS«<.p Then 


Pi oof We have 


v-v 3 vtau , 

So f -/I + fi SL+( ? ,-D (l- 3 - 0 "/) "p( 1- 


* See Hard) and Wnpht ‘/fn I trodu tun to tie rhtory o/Sum/en 1 heer m R33 
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since P> c ] 

We luve the iilenhh 




- Is .V 

l<rt< J) v 

Put 


Then \l(p „ s)-ll 

since 

\P~‘ ^ (S, f)‘e 

1 1 £a<p 

T ? | <p’p p‘fi -I JjY) 


-P 





V ^1- 


loii /) \ 
/’- J ) 


/ l - o 

2 5 PI 


Hence the lemma 

LtMMA f> hot n o be an intend M ith \^tr 0 V li tli il 


-1°B/ 

= 1 


I » a 2 ir//J 0 « 
~‘e ~P 

by the equation 


X’- 8 ?’!«" Od-.l 

i H 1 


ni d 1( t \ >0 Ik* (]i lined 


Let cion denote the ic-idim hnotl ]>) of <t 0 >( m the intend (—ip, ']>) 
Then there exists a real nnmbei a Midi that | a n it~p<i I ditleis tioni () oi p by 
less than X foi at least t (l-X) \nines of it 
Pioof A suitable choice of a with — i^ac'* |mih 


"(y-0 v 


= *-' cos . 


. _ 

' 1> 


We have from ( f l) 


t>V 

ti 




‘ilOfrp) 

/,* ' ) 


( 10 ) 

Suppose 

( 11 ) 

then 


1 —cos 


'<1o)> • 


\< | a 0 u—po | ^ p—\, 

(~*p ~ a ) = l~ c ° t ' ^ \ tiau-pa | Si—eos 

l P J V 


cos v|i < 1- 


- (OSipS^ 


2n\: 

V 


since 
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If (ll) holds foi m mines of n, \,e have from (10) \ 
3> »*log p 3 1 log p 

P* U l ’ < 0 ' 


m 

K 


<t,m < il 


t-m > t (1—X) 


which pioves the lemma 

Lemma 7 Let / b< mi Hu ruth laue and let foi at least one integer 
o, (l£a„<p) 



0 - 


3 log j>\ 


o <n< i 


Lot Z = evp 


8_1oj: p I 
log K'W 


Then theie i-> a positive 1 (whoic K i 


defined in Lemma 6 with X =llo; ;>) *) and a po-itive integer ^ Mieh that 


(hero are at least „ , ol the numbeis mi wliuh satisfy Y S | mi I ^2Y 

2 log*/» 

Proof We write v |] log log }>J +1 , i is tahm sufiitiently huge in oidr t 
that2’" +l 5) ^logp By Lemma 0* at least <(1—X) of the numbeis a 0 « are 
contained in the interval (pa - N pa+ X) wheic a is a leal uumbei We divide 
this mtcival which contains at least |( (1—X) 1 >- 1 of the numbeis ao P into \t (L-X)J 

sub-iutormls each of length = Applying the aigumcnt that if there 

aro /4-1 points distubuted among f inteivals, at least one of the/'intorvals 
must contain two points, we can find u,,uj j£t, ♦%) such that 0< ao(v,—itj) 

S [T ^j < Wo define Y.-1X, a l **a t {«,-n J ) 

At least /(l —X) of the numbeis a 0 u,u as # well as of the numbers a^UjU are 
contained in the same intoiml (pa-2Y # , pa + 2Yo), hence theie nre at least 
f(l-2X) of the nuiubois a 0 u (to - u } ) -ctiu contained in (-4Yo, 4Y 0 ) ^ We divide 

the interval (-4Y 0 , O) into sub-intervals of the type [ - ^rY 0 ,-~i Y 0 j and the 
interval ( 0 , 4Y<>) into sub-intei vals of the type^^^j-Ye.^Yo) where-2Swi < logp. 
Now we choose the smallest integer m with-2£m<logp such that if Y 0 


* Lemma 0 asserts thi\t l a 0 u—foi di tiers from O or f by less than X for at least, t (l—Xl 
value* of u. We take the residno [imdf) of 1 a 6 u—f* ) which he* in the interval (*—) f, if) Then 
1 *a*~t* IS* o tf« -XStf lt »S^ir+X for nt least t (1—X) values of», 
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there are at least of numbers a^i which satisfy Y! ^ ) a t u I S 2 Y! ; 

this is possible since theie are at least t(l-2A) ot the numbers a x u and not more 
than 2 log p + 6 intervals It is evident from om choice of Yj that there are not 

more than (lojjp+ 2 )of the numbcisa t u which satisfy 2 Yj5 ( a x u I 54Y 0 . 

There aie at least f(L — 2X) of the numbcis <i, u m (-4Y 0 , 4V 0 ) and thexefore 

there are at least f(L—2 a)-* 1* (log $> + 2)2:f(l— 2 ’X) of the numbers a^t in 

log p 

(—2Yj, 2Y,). 

If Y 1 & 8 Y 0 Z we have a t ^ < 8 | # ^ Y J Z - Y t S 2 Y 0 =X , and 

since theie are at least > 01 * r- of the numbeis n^u which satisfy 

log’p 21 og*p 

YjS | a^u I £2Yj,the lemma would follow with Y=Yi, a =aj 

Let Yi<8Y 0 Z' 1 . For the 1 est of the proof we depend on induction. If 
Yr-i<8Yr-jZ' 1 for an ? with 2and if theie are at least f(l — 2 ,r " , X) of the 
numbers Or-j« in the interval (—2Yr-j,2Yr t )> we define cir and Y, as follows We 
define ctr=a,- l (ui-u ; ) whoie ih, Uj (1 £>%, i^j) are chosen in such a way that 

0 <(j/£ Rn< ^ thi® 18 P 088l ble since there are at least /(l— 2 ,r ‘ , X) 

of the numbers ar-iu contained 111 an interval of length £4Yr 1 

At least f(I—2 ,f “’X) of the numbers o, x tun as well as of the numbers 
cir-iUj u are contained in (—2Yr-i, 2 Y,-!), hence theie aie at least f(l-2*' ! X) 
of the numbeis Or \(v t — n,)n =aM in (— 4Y,.,, 4Yr 1) Yr is now defined in 

the following manner. We write Yr= wheie m is the smallest m- 

— 2 ,r ->X' 

teger with —log p such that theie are at least—- of the num¬ 

bers ctrU which satisfy Y & | n>u | S2Y r It is not difficult to see that there are 
at least /(L- 2 Jr ’X) (logp+2)Sf(l -2* r X) of the numbers arU con¬ 

tained 111 the intei val (— 2 Yr, 2Y r ). 

If for some r, Y»S8Y,.jZ 1 the lemma is provod with Y=Y r * a=a r . For 
/(l—2 ,r ' l X) * t 

we have at least — 7 - > rA ~r~ of the numbers a r u which satisfy Y»S 

log* p 2 log’ p 

jo*IS2Y, where OrS Y ' 52Y "‘ <2 * 2 

*^-HY,= 2 ,r - l \ Z-fr-'\X5X. 
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Otherwise we extend the induction to the case r—n and obtain a contradic¬ 
tion. For we have Y„<8Y« j*' 1 where Y» is such that there are at least /(l-2*'x) of 

the numbers om m (-2Y*, 2Y«) In other woids, we have at least /(l—2 * b a)S-| 

of the numbers a*u contained in an mteival of longth S4Y«<4 2 s "x "Y 0 =2 3 ’^‘ 1 
X. But that is impossible because 

~ >2 t ’+ l z-'X 

since 

14s t+s l+s 

x'>p'>k 2 log* p >2 8 “+*. A 2 log p. > 2 #B+ * k 2 . V 

p—L 


— 8 

n t 

The assumption that we cannot find an r with 1 SrSn such that 
Y,2:8Y ,-1 a' 1 leads to a contradiction. Hence the lemma 


Section 5. Proof ok Theorem 2 


We wnte, 


h (/„p)=/ , -^0<p<l 

pz=th + l=k^ ,> />2,pS] 

We put, 

o) = |V log A | 

Defining X (of Lemma 0) with Tj=(i, X = (log p) 1 , we have 
_i-0 

X=0(p L 2 logp) 

Mm 

If ^ jSt^1—j for every a with lfia<p then a contradic¬ 


tion would follow from Lemma 5 with p = 6 

We assume therefore that there exists at least one integer a t (lSn 0 <p) 
such that 

ar/SpO 
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Hence by Lemma 6 (with i]=(J, l=(log p)' 1 ) and Lemma 7 (with ri»0) 

8_ 

v log log/ 

WO can find a positive YSX and a positive intogci * such that there 

are at least „ , *r of the numbeis au which satisfy YS | an | S2Y 
i log p 

Without loss of generality it may be assumed that theie aie at least 


of the numbers an in the interval (Y, 2Y) Let be the number of 
ft a, *- 


4 log’p 
(w’b in (Y, 2Y) Then 


( 12 ) 


'4 log* p 

Suppose we have a residue class (mod a) which contains r+ | + | 

numbers a«i. . af/r+i satisfying 

Y5aMt<aM,< . <aur+i £2Y 

We consider the positne integeis 

O.VH-™, _ l »]“ +1 ‘“(Ui _1)w+1 

a a 

is each of 

of them, say d, therefore satisfies 


Then number 


them & a) and their sum 5 The smallest 


Now d is a difl'oience of two Uli power residues (mod pi , hence by 
Lemma 2(t). 

log/ log 2 


(18) 


8 (k, p)S2d2 l0 ** £2'Y U ( ar )~ 1 p Vo ^ a 


=0(Xw(ar)' l lfc^ , )=0(L * +i °8 w (ar) <o p, log p) 

Wo consider two cases : 

I. dz Tl 

Then by (12), 


-u*+ 


4(u+l) log’p 
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Hence we can find a lesidue class (mod a) which contains at least ^ ^w+1 
o£ the numbers an, ar 

,5 ^ -12EJ*’ 
a it 

Applying (12) and (13) 

_ 1- 0 + log 8 

#(Jt,p)=0(H 8 , ° K ‘‘’ A a) log l p), 

t-fi l+0 + log8 

= 0 (L * ,og " (o log® p), 



or 

(W > a ‘ + ‘Hi^,)*°(E!!) +#( » 

^ n ^4 (ti>+l)log*p 

We fiist suppose that one residue class (mod a) contains at least to + 1 of 
the numbers cut Then d Ihe difference between the smallest and the largest of 
them, dn ided by a, satisfies 

“« 4 ; 

Since d is a difference of two A.th power residues (mod p), we have applying 
Lemma 2(») • 

oV ,0 6i log * _ 1 r* 

8U,p)S_ 2 fo «"=0(n ‘p Iop " p k 3 log p) 

a 

=0U 8 0,r v t « log® p) 

l+/S + «OKj 

k if> =0(h 3 l,,g “ co log 1 p ) 

or, 

«» » a,+o (i^) +o (!:'j) + «' 

Secondly, we assume that no residue class (mod a) contains more than © of 
the numbers au. Hence there are at least different residue classes (mod a) 
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which contain a number nv Vppbing Lemma 4, we can find a number N of 
the form, 


which is a sum of s Uh power residues (mod p) and satisfies 


Applying Lemma 2 (n) with d=N we have 

loRJ^ Jog_^ 

(16) 8 (k, p) £ 4Y a '° g = O (X , l0t ' ' “ Y V ) 




We have ' mY S&. Hence 

t 

8 

(17) s = O (w. a t’ 1 log* 2 ?) =0 (w. x/° glog/> r* log’p) 

_1 -_fi 8 l+£ , 24 

= o (o>. P . k 2 .p'°k lo «r * log 4 p)= o l * lo « w log* p) 


— a Y - S: t p~ l0B,og ^ £ // 
a a 

From (16), (17) and (18) it follows that 

«W-.) (^)+o(fe")+°<" , 

K (k, p) ss O (L . k .w. log 

l-pa 1 +P + (i+fyi+J)_( 1+p| +o(j-£”)+0U>, 

f( 2+ s-) ai+ '-i +o te) +0(1) - 
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(19) 


P&Ip + s 


5 (!S?) +o < i > 


loi ^ •-.pSa we have 0<Jp+3- g + <1 This and the inequali 


ties (14) (15) and (19) give 

Mm (‘ STS^FI))' 

Hence Theorem 2 


Section 6 Proof of Theorfm S 


<> 0 ) 


( 21 ) 


b M j) =i l ft (K|K1 
P =tl + l=l l+p t >3 

Let0<p5 ^^44 ^ Theorem 1 mvcs 


2* (|-2p) 


•J til 6 
P 44 

V341-5 

44 


^P S tj Theorem 2 gives 
lira a ^103-3 ^541 

^OoP ^ 900- 


1 = 


Since 


M,n (* i|,+J " 8 Wi)) = (*' +,- r(^i 


10 +D 


108—3 V" 641 
* 220 


Letp>l We ha\e 

_2» i > 

^- 2 -^.l+J. •SW.J'. '* 
lSa<l> 
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8ince* 

| S.,,| 5 (4-1) <J P 
it follows that 

- 2*i a n i / 

j?J (S f j <p~‘ pi' p -p 3 L J 
1Sa<p 

= jl+p'- ^ (P~il 


M (p, n, s)>O if 

Hence if p>l, 


> 2p-f-2_„, 4 

~ p-l“ p-L 


r 


X(h,p)£< 


l 3+ U-i] ■ 


For instance, if SpJ we get 


6 (A, j.) £ 18 

Tins and (20) and (21) gi\e Theorem 3 

Section 1 Lfmmab for the proof or Theorem 4 
Lemmx 8 f Let h = p v k 0 , p£2, v^O, p/A 0 
and lot 




t> + 2 if p~2. 
»+l if p>2. 


Then if 

r(A,7>')=IU f ) 

Proof Every residue class (mod p l ) which is prime to p and a Ath power 
residue (mod p v ) is also a Ath power lesidue (mod p 1 ) 


Lemma 9. Let L t =p v p ^~, p&5, rfcl, f/p-1, f>2. 
Then there exists an integer hp* with p/h ISa^v such that 
A(fc, ,p v+ ',hp*)z2 [p*] 


•landau, ForUumgen Alter Zahlentkeortt, Bd 1, Satz Sll 

tThia lemma follow* from Lemma 5 in P \ 4 Or aee I andan, Vnlttimgn abler ZabltH/ktone, 
Bd, 1, Sot* 391 
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Proof. We shall first show that 
(28) R=7y ‘(wiorf p* 4-1 ) 

is soluble with lfij/, <p, pl< I a I £p v , (r, y) = =1, | a | >p where R is a suit¬ 
ably chosen /. t th power jesidue $ ±1 (mod p* 1 *) and prime to p. 

Since t> 2, we can findaAith powei residue Ri afe _hl (modp v+1 ) and 

prime to p We considci the least positive lesidue (mod ji v+1 ) of m R x for 
-1. Then the numbers 

0,Ri.2Ri, ,.,(p-DRi.p^l 
define 7)+1 points disti ibuted among the p mtei vals 

r(p* + l)<5< (r + 1) (p v +1) (Os£»iSp-l) 

At least one intei val must contain two points; hence we can find x\> ij\ 
such that 

y,R=i t ( modp v+1 ) 

where l£f/i£p-l, | x, | £p v . 

We may assume without loss of generality that | | >y t since otherwise 

we can substitute R^ 1 for Ri in the aignment Since ISz/jSjj—1, p/y t , we 
may assume therefore that (*1,1/4)= 1. 

If | *1 1 >p* , then R«=R t , a=Ti, y-y\ satisfy thp required conditions 
If I a*i | <p* > we can find a positue integer f such that 
^ = P* < I a-i I f , 

and bi nee %j\ f< 1 *1 I •/£/>, (r/i, Pi^) = l it follows that (23) is soluble with 

R=R/, x.-x x f, y=y^ 

Now we consider the numbeis 
(24) u + Rw’ (0St>, ws[p J ) 

where R is defined by (28). 

If any two of these numbers, say, t>i + R«>i, t»j + R?r, weie congruent 
(mod p v+l ), we should have 

RSirp " 1 =(t>i - v t )(ir t —«?i)'', 
or, x(w% *“Wi)““ y(v 1 — vj) = 0 

since \ x{ii t -v l )-y(v x —v i )\ <p v p' + (p-1) P* cp* 41 

It follows that xjvi-vt since (r, y ) = 1 But [ x | >p* > I -v* I . Hence 
th a *«» t consequently «»!=«•* 
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I'hus (24) dcflues( [p*] + l )*2p+l 

mutually incongruent numbers (mod p ** ‘) Hence we tan find two numbeis, sa}, 
»i and n, fiom (24', such that 

«i -w*=0 (mod p), 

«i“«i * 0 (mod p' +t ), 

We write Mi-«»=V* Then p/h and 

A (i hP v+t , hp a H2 (pi ] 

Heuce the lemma 

Lemma 10 Lot L { -p v *, »S0, t/p- 1, t> 2. 

Then foi every positive E and 8 > 1, 

AU».p* fl i-0(p w '(^ 1 ) , " C+L ) 
provided p^5 and p satisfies the inequality 
l+2[p*]£p 4 

Proof. The pi oof is by induction on v Lett> = 0; since t > 2 , the lemma 
follows from Theorem 3 and 

A(*,,p)Sr(A„p)SHa,,p)+l. 

Let t>2tl and suppose that the lemma is truo for v'<v. Then we write, 

(25) Lip P« +l ) S B V iv ( p -J- l ) l ~ C+K 

wheie B=B(e) depends on e only 

By Lemma 9 we can find an integer hp a with p/h, ISoSv such that 
m UkuP'+ l .hp*)&2[pil 

Since plh, we can find an integer t> such that for any integer n, 

(27) np° S hp a ‘ ( mod p^ 1 ) 

We have for | i»pSp, pise, 

(28) ^=^“‘ (mod p* ) 

Hence (25) and (28) give 

j AU„ p‘ )=A(|»' )SBp'-‘>*( £ f 1 )‘' 0+E 
[ t A(fc„ p* +1 ' # ) ■ A<p p "*^-',p p '*‘ l '“ 
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Applying (26), (27) and (29) it follows that foi every integer n, 

A (L ltp 9 +\ np a ) £2Bf p* ]p (r “ a>a ( E ^-) 1 ° +E 
This and (29) give 

A{L t ,p v+i ^B(p)< a -*> , (^ l ) l " C+E +2B[p* (^-J 1 C+E 

of1, ( p «"-*>« + 2 [p* Ip 1 *'" 08 ) 

= Bp-(^y C+E (p- + 2fp*]p -8 ) 

^«rjy“ 0+B 

if p 8 £l + 2fp* j 

This proves the lemma. 

Lkmma 11. Let k L =p v P^y-, p£7, w^O, //p-1, f>2. 


Then for evei y positive E, 

m„ p^’i^oob, 1 ° +E ) 


Proof We have, 

1-C«= UI+l^MK 192^51 1 9-294 

220 220 22 

We have 


87 B+‘ 002 =g + 


BOO" 


7’ * (5+2)’ >5’ +14 5® +84.5® > B.5 7 =6®. 
Letp = 7. Then 

pl-C^l-0 >7 i >6»i + 2t7*) = l + 2(p*J. 


Let *2:11. 


Hence 


We have, 

8 s .ll* =(3*11)*.3*>(2 7*)® 7=2® 7’ >7 8 

pi-C-t > u » >J=»2+j>2+ V- 
P* 


p l " c >l + 2p* >l + 2[p* Ji£pS7 
It now follows from Lemtua 10 with 3 =* l-e that 

A(*n y^ 1 )=0(& i l ’- c+B >if pS7,^0. 


( 80 ) 
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Let fir be a primitive root Imod p t ’ +l ) Then 

-]=p“+p* 4l + . + p( f 'V l Imodp'* 1 ) 

Hence 

(30 IX4„p*«)£(<-l)A(li, p~+») 

If tr»0, the lemma follows from Theorem 3 and 

IVm/ p)^ 8 (/■!,;>) + ] 

Let »&1. We consider the following mses 
I. t>=l, t<pi> 

In the proof of Lemma 9 it is shown that if tr-I, wc can find a i^th powei 
residue R $ J_I {moil p t+> ) and pnmc to p such thnt 
R=r?/ l (mod p v+i ) 

wheie 1 <y<p,y< | a: | <^p v > (r,y)-1 

Put o = l Then the following sub-cases aie (onsidered 
(i) | < | x | <p* > (n) p i < | r | <p i , (m) jr < | i | S p 
Now wo apply a similar argument as in the pi oof of Theorem 1 to show that 
ru„p’)=o(p*) 

In sub-cases (i) and (in) wc have at least ^-’mutually incongruent numbers 
(mod p*) which are sums of at most p r A^ th powei residues (mod p % ) At least 
^~—p of these numbers arc prune to p. In sub-case (u) we have at least ^~P 
mutually lucongruent numbers (mod p*), which are all prime to p and sums of 
at most kith power residues (mod p*) In each sub-case, repented application 
of Lemma 3 gives 

n*i,r’)= 0 (i<* )• 

We have > U )4 Hence 

r(*i, p*) = 0(j>* )=0(pi+* i) = 0(p* (^)*) = OW, l c + E ) 

H. v£2, t<p* • We have 

lotr + 4 <iP<(I“C)ti if 

It follows from (31) and Lemma 10 with & = 1J that 

r(*i, ;. p,I )=0(pi» p+ *( i, '-) 1 - c+E )«0(Ai l C+E ) 

if pSCj where C* is an absolute constant 
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If 75p< Ci we have t£p—\<c i Hence by (80) and(31) 
r(*i f^)<c t &(k t C+E > 

III t;2l f>p* 

lhen p> It i« easily seen fiom (22) and (28) that — l(»»iedp) 

is repicsentable as *j* l + +a> <l where all the a-s aiepnmetop and *=0(1) Or 

(32) -1=*!**+ + X* l +fp S~0(\) 

Now if in (32) p v /f then 

r( a, P v+l —d=o(i) 

and our lesult would follow from (30) 

Otherwise we can write “-fp~hp* in (32) Then plh 15a5t> and 

(33) r(*r p V+1 hp*)= O(L). 

Now we apply the same argument as in Lemma 10 but with (33) instead of 
(26) and put 8 = 1 -c Then it is easily seen that 

r ( Jfc , p '* 1 )^*, 1 C + E ) 

if p2c 4 whore c* is an absolute constant 

If 75p<c* we have f5p-l<c 4 The required result now follows from 
(30) and (31) 

This completes the proof of the lemma 
Leuma 12 Let 2 /k Then 

T (k 5 ; )=0 (A 1 ) (lH 1) 

Proof We write 

k=b v k 0 5/fc 2 Ik vnO 
By Lemma 8 it is sufficient to prove that 

r^e^ 1 ) =0 (**) 

If y-0 we have 

r a 5)s s 

Let Let g be a primitive root (mod S'* 1 ) We write 
R **g k 

Then R is a fcth power residue $ ± 1 (mod S'* 1 ), 

5/R and 

R’e-1 (mod S'* 1 ) 

We consider the numbers 

*»+l 

T 

t?+wR ^05r, w< ,, 
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If any two of these numbers, say, v { + w x R, », + ?/;, R were congruent (mod 
ft** 1 ), we Bhould have 

(Wi — Vi) R, 

+ (w,— m»,)*sO 

Since 


(®i-tJj) s + (w’i - w’i)*=0 ' 


Hence v x =Vt> ?/’i *•«’, 

Hence there aie ^ [ * 2 _ ] ** ) > 4 


mutually incongruent nnmbeis 


v+i 


(mod 6*' +1 ) which are sums of at most I 


4th power lesidues (mod h 1 * 1 ) \t 


5*4-1 5« 

least ^-5 V « of these numbers aie prime to 5 Repeated application of 

Lemma 3 gives 

r (lc, 8 ( [^-^] + l) =0(5 a ) = 0 ( 4 : 2 ) 

which proves the lemma. 

Section 8. Proof of Theorem 4. 

As before c= , e denotes an arbitrarily small positive number. 

Jtetkmp v d 0 ,p^2,v^O,plk 0 . We write 


r*+2ifi,=2 

ln + 1 if p>2. 


Let p >2 and let g be a primitive loot (mod p v+l ). We wnto 

Gu Of* 1 ) M*. 

p V (p-l) m k t t. 

k *s k\ kf = p v kf. 

If 0»,p)-l, 

nsg 1 (mod p "+ 1 ), is b S p v (p-1 ), 

W *1 _ gM+rfl />-l> kld+rt) 

for every integer r. Since ( t, k t )=l we can choose r so that 
b+rt £ Ofaod k,). 
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»"sOM p"* 1 ) 

since Sp^S t> + 1 for p>2, t>a0. Henco 

(84) r (k, p** 1 )« r(fc„ p^ 1 ) =iv , p^ 1 ). 

\pplying Lemma 8 it follows that 

ru,pO=r(A,p v+l )=r(p v p** 1 ) if /a«>f-i 

Tins and Lemmas 11 and 12 give 

r(/ p')=o (u f 'Mr v+ '))) 1 i[y =o(/> ( ") 

ifpS5, i (p- l)/lc, /SI which is Theorem 4\ 

Proof of Theorem 411 

Let p>2 Applying (34) it is easy to see that* 

( p^ 1 if pS3 v20 f = l 
p-l „ +1 , j i(p'' +l -l)ifp£5,*20,f = 2 


(35) r(i,p^‘)-r(p v 


I ifp^'-Dif p=3,»£:l, * = 2. 
U if p=8,r=0, f = 2. 


r 2 if v=o. 

{k,2 v+t )= { 

l 2*+* if v>0 


By Lemma 8, we have 
(37) 


m=Max T(k, p') 

pa 2 

Theorem 4B is an immediate consequence of Theorem 4A and (85), (86), (87). 


Bee P N 8, Learnt 7 for the remits listed $5) and (8$ 



ON FORMULAE IN PARTITIONS AND DIVISORS 
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Communicated by Dr Ram Bebari 
(Received ou March 38, 1943) 


1 In the paper on ‘ Recurrence formulas for Bernoulli’s numbers' the 
author has used symmetric functions and determinants to investigate recurrence 
foimulffi for the Bernoullian numbers. 

Following the methods and notation explained in thatpapei,* formula) in 
partitions and divisors of an integer can be easily established, as is shown in this 
paper. • 

2. Let f (x) = (1—*) (l—»*) (I—a;*) . . . ... 

2 (_ !)«[* i* (8»-l) +a .i«(8#+D] 

*=1—*—a; a +** + *’—as 11 — ^ + ;E ,a + * a, ... 

Comparing it with 

f(jr) »1— (tiX+atzi—asX* + .... + (~l) r art? + . . . whole 0,'s are 

the elementary symmetric functions, we have i e?i»1, o» = —1, 03=114 = 0, 

— 1, etc. 

Or**0 it r is not of the form in (3 n ± 1) 
and r "* if r is of the foim jn (3« ± 1). 


(l~e) (!-«*) 


= lp{n)af 


Where p («) denotes the number of partitions of the integer n, and also 
JL-va 


where hr denotes the aleph symmetric functions , we get by compai isou 
h, - p (n). 


*U. ZUad Diu, Mm/1 SnJnt, VoL 3, (t - II). 
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3 Consider the well-known determinant 
a t 1 0 0 0 

2a* ai 1 0 0 

9a* ai rtj 1 0 


where 8« is the sum of the «'* poweis of the loots of (l-r) (1 -**) (1— a’) .... 
Substituting the numeiical values of «j, a t ,«», as given in Art. 2, we obtain 
from the above determinant 

S,=sum of the squares of tho roots =3= sum of divisors of 2=o (2). 

S 8 = sum of the cubes of the roots =4=sum of divisors of 8»o (3). 

8*“sum of the fourth powers of the roots=7=gum of divisors of 4=0 (t), 
and so on. 

Thus we have numerically 

8,50 (fi) 

4. Expand the determinant in Art. 8, pi terms of the elements of the first 
column, and following the notation of my paper cited m Art 1, we obtain 

S«*rti{l*’ l }“2o l {r : *}+8a*{l" r *l-4a*{I" r, l+- 

=a 1 (n-l) -2a* («—2) +3a» («-3) -4a* (n-4) + • . . . 

Sinoe 8,:e0 (n) j h, =» (n) => p(n) and the numerical values of cu are 
known, therefore we obtain the’formula, 

<Kn)wp(n—l) + 2p(n—2)—5p(n-*5)—7p(w—7)+- 

The senes will cease when any (n-e) is negative as p(-i) is to be taken 
0 and p(l)«l. 

[This formula is due to Catalan (Dickson, History, Vol. I, p. 290), but 
Alacmahon refers it to Euler in Combinatory Analysis II, p. 57]. 

Applying the general principle indicated above, other formulw can similarly 
be derived from the above determinant, from its various expansions, e.g„ if the 
first column is replaced by the second oolumn, the expansion gives 0»p(n"'l) 
-p(*-2)-p{*»-!>)+, («-r—1)4-.. . ' 

From this we deduce 

p(*}- p(«-l) -pin -2)+p(fi-5)+ ,,.,..*0, 
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which is Euler's formula 1 Euler's formula also follows immediately from 
Wronski's relation 

h»—aihn-i +OjA«-2-ajA« 3 + + (-l) r a r A»-r+.. =0. 

5. Following the above theory, some well-known formulae in sjmraetric 
functions atid determinants at once yield results ni paititions and divisors 

From Newton’s formula 

S,-S«-iai + S« ja|—S*. 8 aj+ +(-l)"Mff»=0, 

we obtain Euler’s formula* 

a (w) — o («-l)-o (n-2) + o (n-5)+ =0 

or (— l) r " 1 n j according as n is not or is of the form i r (3r±l) 
o (0) is taken as zero. 

From the well-known dcternnnantal relation, 

Si -10 0 0 

S f 8, -2 0 0 

S 3 H, 8, -8 0 

n ! hn= 

s„, - - s, 

-10 0 0 

1 -2 0 . . 0 
3 1-3 0 


o («) — — — 1 



From Bnosohi’s relation 

S.+AiS,-i + A|S„-*+ .. . + hn !§! =« hn 

we derive 

o (n)+ a (n-l)+p (2) a (n-2) + p (3) a (»-3) 
+ . v p («-l) = n p In) 
which connects the divisors and partitions. 


Dtekwo, II, p. 106. 

Gltubuv Pm Cmi PkilSoc, Vol. 5, Part It (1884), p. 108. 
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A referee remarks that the final formula may be obtained direotly as 
follows — 


Logarithmic differentiation of 




2 p{*) of ; I x | Z.1 


gives Sj'n)®"® 2 n pin ) of J 1 pin) x • 

Cross-multiplication and equating co-effioients of x", on both sides, gives the 
desired result. 



OPERATIONAL CALCULUS AND INFINITE INTEGRALS 
By H C Gupta M 8c 
Christ Church Cot ikor Cawnporf 
Communicated by Dr R S Vorma 
(Received on 20 8 48) 

1 The object of this paper is to investigate a few new infinite mtegials by 
applying Goldstein Parseval theoicm in Operational Calculus to operational 
relations recently given by various authors 

The form in which Goldstein* has restated Parseval t. thooiem is that if| 
fi (p) = <f> i (t) and ft (p) — </ 2 (or) 
then provided that the integi als converge 

j/Ylr) , j f » ^\ Jr 

0 0 

2 Result 1 It is easy to see on term-by-term intei pretation with the 
help of the relation J 

r(« + l)p " = ** R (»)>~1 

that for p>k 

. = F _ a- 9 * x 

(p»+py* P 3 '- x ‘M**’ p'J r*(2p-x+i) 

iF, (p, p+l-iX,-J&v) (21) 

R(2p-X+1)>0 

By the principle of analytic continuation the relation (21) hold# for 

p> 0 

Applying Paraeval-Goldstein theorem to the above relation and the follow¬ 
ing due to Howell§ 

My beat thanks are due to Dr R, 8 Varraa D Sc for suggesting the problom 
•a Ooldstein Proc Load Math Soc (2) 84(1082) pp 108 12ft 
flWs symbol implies that 

A(p) - /j (*) ix p>0 

0 

}P Humbert, Caleul Symboiique (Pens 1084), henceforth referred to as C 8 
jW T Howell Phil Mag. (7) 24 (108ft) p 107 
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r (v+J)pD.,.j (pe ir >) D_,. J (pe~ *") = VreJ*(ia5 a ), R (v)> -i (2 V) 
we Imvo 


I,= 


_ Tjv+J) 

y/nV (i’n 


J^+T) f ^'"D. f .|0')D. r . i («-hx 


n+^/.n+l-^, ~~~')dx=- j 3 x -‘ .T,(k‘) (r*+*')-'* dx. 
0 

Evaluating the latter integral by a known formula,* we have 

r IXU+y)r 
1| "T(i+^)rt)2’' +i 


,f 3 


iXf iX+J(v +1), , 

w + 1, U + 4 (w-n + 1), l + iX+i(v- l .),~ 1 ^ r 


r Ux+iv-jn)2 x ~ a ^~ a „ / i|t,4(|i+i); _ , 

r (1 + Jv-Hp-iX) * ‘ Vi, 1 + i(|A—v)—4X, l+i(n+v) -JX, lf “' 

_ xyrUx-t- jfy-ti-i)} n \-iix-i 

” rti(y + 3 +|i)-m 

/ if^+l),i|i+l, , A 

•'•U i(8+i»-y)-ix, i(3+n+w)-ix, l • • 

where R (2n_x + l) >0 andR(v)>-i 

Since as iFj (a; ft, c, —kx*) ~0 [x a "^” f+i cos(a;+B) + C*' f< ] and 


(2-3) 


l D,(s) | ^0[x y e-i*'] 

the left-hand aide integral I, is convergent if 

R(2ji-X + 1) >0, R {X+2v)>0 and R (n—2*-) <2. 

Hence by the theory of analytio continuation (2 3) holds if 

R (|i+i) > R (iX) > R (-v) and 2 > R (|i-v) < R (X). 

Interesting special cases of (2’3) 

(i) Two of the hypergeometric functions in (2'3) vanish and the other two 
reduce to single terms for p=0, and we then obtain the integral 


*0. N. Wstoon Bets**! Function* (Otmb Untr Prett, 19B). p. 498 ' This tfMtWe will 
henceforth be referred t<? m B, F, 
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N D „ _$ D _„_4 (re"^') dr 

0 


- rtt-x)r( n+*»w«,a-« 
" r u>+ iniv+i-ix'r 


1>R (X)>-2R (v) 


(n) The nght side ot (2 3) is also expiessible in terns of Bessel functions 
under the circumstances p = t and )- v + 2 We then Vm t 


| x 1m D m -\ (arc'’') I) w _i (are '”) il » (1, 1 + wi i + w, da 

o 

r (l + 2m) s/n IT (2m) T (lj- m) 


r (l 


obi (1 ~m — 1 * 0 A. 4 ) 


+ 


r (-jy ) 


0 T\ 


r(- J -»»)_/• 
lb/ v«2 4 " + * 


,F, (1 


3 + t»,-iV 


*>] 


= i s/xT (»»+>) r( 2 m+l) / *"{H l 1 /’)-Y.(U*)} l>R(m)>-l 

where fcU(x) denotes Sti ive's runction and Y*(t) Bessel tunction of the 
second kind 

Revtlt 3 Ypplying the theoiem to the opeiational ielation (2 1) and* 

pJ,(s/2/i)R,(v'2p)= 2 1 ^( l ) . .(31) 

we are led to the intogial 


Ja^- X J,W>x)K,U2r) ,F, (n,H+ 1 J X |HT-iX,-J/V) «te 


=ir 




= r(p+MrM-»+mr(2p) 1 

rM-x+prw 
rU(»+x+i) 2 x+l /* 


,(p+iv,v + l Hp + 3-X),^s 

ib,(n, J(v+x+ 1 ) X <x+i-,) A) 


on putting 2p—X+l= = 2p and using a known foimulaf to evaluate the latter 
integral The lesult is \alid foi 0<R (2p-> + l) >R ( —v») and R (X) "* -i 


( Ultra Bulletin Oalcutla Math s oc 28 1938 pp 81-98 
t B F p 484 
F 0 
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The hypergeometric function in the integrand reduces to a Bessel function 
if X = 1 or X=2 , and we then obtain the integials 


{ xf 1 ' * J„( V2a) K,( V 2®) J„. j (Lx) dx 


(M-^ r r (n+ir) r F / n+iv; jj 

8 </nv L -T (w) (2/,)- 1 * ll + Jv, 1+*, UV 


+ r ^‘ F -(. + lU-!,,4p)] 

"Valid when R (v) < 2R (|i) <0 and 

jx M ~ ^ J„( "J2x) K„(V2a:) ^ (/c®) rf® 

0 

2»p i r(p-i+i») r(j -jv) F /p-l+iw, i_\ 

“ Vn L 4r(v + l) W' + * 1 ’ V+ I, Jv+i , «v 

, _ rjji) / 3+v 3-v 1 Y| 

+ (v*-l) (2*)" +1 2' 2 '4PjJ 

valid when 0>R(l-2p) < RV) The former was given by Mitra* for the 
case p=i 

Result 3 Taking the operational ielations| 

l - exp(-^]l,(-^) = 2pK ( ,(V2p)B(V2p),''R(w)>-l. (41) 

andf 

«P (4) w„.( D - M±n,-k>0 

an application of the theorem furnwhes us with the integral 

I t = Jl, W2x) K„ WTx) K,„ (2VaT dx 
0 

=ir(i+w~A:)r(i-«»-it)|^' 1 w*„ (|-)«p (~)*t 

0 

= w„. fa) exp (-lx) ,K, (,+1, lx') dx 


• S. G Mltra 161 J 

+ OS. Meijer Proc Royal Acad, Amsterdam, 37 (1984), p. 805 See result (8), 
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on changing the variable and expi casing I„ (j*) m terras of the hypergeometric 
function oFi 

On using the equivalent infinite series for the function 0 h\ nnd integrating 
teim-by-tei in by the help of the foimula* 

ja/ x e *W(r) /!*■= ,R < / + W+ ^^0 

0 


we have finally J” T>. (#)kj/ (t)K > m ** d't 

0 

= VJv r l + m + \) V{v-l~m -])r(i + m-l )V( \-m -/.) x 
r(v-2/. + l)r(r+l)2' ,,fc< 5 

„ / i(r-/i + wi + i)> i(v A-+w + s), \{v-k-m+ l, 1 \ , 0 v 

‘ P, l w+1, iv-A. e i. iv-A + 1. ) (42) 

provided that R(e -/+«») ~ -1 < R( - /. i m) 

The teim-by-term mtegiation effected in (4 2) is justified since 0 Fi when 
expanded, is an infinite scries ol positive and continuous tei ms and being an 
integral function is unifornilj convergent in the arbitrary interval (0 a), whoie 
a may be taken as large as we please, and fmthei r” * 1 W* m(r)c“ 5 ' v is 
bounded and mtegrable m (0, a) and the integral in (42) converges undei the 
conditions stated 

Result i Take again the relation 14 1) and the following! 

W-K im(l) exp (|)?» i(l ' 8w) = r(w ; , + i) *" K - (V:r) 

On proceeding exactly as in the pieceding case it is found that 


|afK«(v'*)I.(V*)K^vac) U^2x) dr 


r(»i+i)r(r+2w+i) r(v+wijHi x 
r(v+i)r(n+2w+^) 2 ,+% 


,, /m + i(v +1>, ir +1+ m, J(v+ m +1), 1 + i(r + «i),l 
4 * l r + 1, wj+iv+4 1 , m+Jr + 4 , 

provided that R (wi + v + l)>0> R(w)> — I % 


* 8 Goldstein Prop Load Math Soo IS), 34 (1982), P1 > 108-125 
f A Krdelji Math Zeit 42 (1986), p 131 Fhifl result can be deduced from the result (21) 
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The termwise integration required in the procedure also is easily justified 
as above 

Result 5. Take now the telation (8 I) and thp following* 


(l+/.p)^ +1 “ r<2wi + 2) 


•>/ 


(j).R(-»>’ 


Applying the theoiem we have 


I' - J j r(v/2a:) K„(v/2ir) r m exp (-<>*) 1 [V) dx 

0 

_ r( 2 n_-v 4 2/») 7 , /I \ 

21"-^ J(l+/ l!r ) l +3p M* ) d *' 


On putting rssl/t in the latter mtegial and using a known formulaf to evaluate 
it, we find that 


T - r (gp 4 ? i»-p) I r(>+?n> r(i—2 p) 
7 ~ 2 K+1 //-* L ro+v)r(i+->) 


& - 1 ,F, 


v+p, i'+p+i, ' 

V+l,f», P+i, ' , 


, r(P-i) 2 a ‘- a 
+ T(v-P+i) * 

(2p+l)r(p-l) 98 ,-j 

r(w-p+2) L - 


„ / ^+p,i+p? I /1 

Fa U,J-p,2+p-p, u , 
F / 1+M+n; 

* ,Fa 13, v+2—p, 2 -p,- 


U* 


)] 


provided that 0 < R(p+ p) > J R(v)< R(p) - f 

The ,F S functions combine to give Bessel functions for p=0 and p=k + J ; 
and we then have 


j J ,.-W2x) K »(^2*)® i(, ’ _1) exp |[) 

0 

=*l3isec vnlfy + l) aR'+BIH., (/t)—Y_„ (&)}, —j <R(v)<3 


* A Erdelyi Prop Komnklijke Nederlandtcke Akad van Wotenahappen, 41, 5, (1888). 
Sec his relation (14) 
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Result 6. By term-by-term interpretation it is easy to see that 

1 V ™ /M + i, U+1, _ 2\ 

\2ap) 5 1 \ 2v + l, np) 

= (l + 2/ap)~ * (V 1+ kap — V iap)‘ 2v > a >0 
Applying the theorem to this relation and (31), we arc furnished with the 
integral 

f J ’(> 


= v tt \ J *' ( v **) K - ( v'a*) (I) e *p (~ l ) dx 
o 

- D-y-S (v'rte*'") I) -i'-i(v'fle" i"), R(v)> -i, «>0 

where I have used tor the latter equality a result obtained by me elsewhere 
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THE PARTIAL PRESSURES OF ATOMS AND MOLECULES 
IN THE SATURATED VAPOURS OF THE 
ALKALI ELEMENTS 

By \ 8 Bhatvagar, M Sc 
Physics Dfi'artwfnt, Ai r aiiadad Fniursitv 
(Communicated by Ur B N Srivantava—Received February 4, 104H) 

In determining experimentally the vapour pressures of the alkali tnclala it is generally assumed 
that the vapours consist entirely of monatomic molecules This assnmption renders the calculation 
of the vapour pressures from the observational data particularly simple, and the result* obtained 
are sufficiently accurate for most purposes But occasionally one needs the values" for the partial 
pressures of the monatomie and diatomic molecules separately, in the saturated vapour Though 
the observational data available are sufficient to enable us to calculate from them these partial 
pressures, the calculation involved is laborious Further, the details of the calculation differ accord 
ing to tho method used in obtaining the original experimental data, because when we take into 
account the presence of the diatomic molecules also in thr vapour, it is found that tho data obtainod 
by the different methods do not refer to the same physical quantity For example, the static method 
given the sum of the partial pressure* of tho monatomic and the diatomic vapours, whereas the 
effitston and the gas flow methods do not gtve directly either the total or the partial pressures To 
the order of approximation aimed here the presence of the different isotopes also have <n lie taken 
utto aoeount, particularly in tho case of light atoms like lithium 

In tho present paper are deduced formUIts for calculating the partial vapour pressures of the 
monatomic and diatomic component* of the vapour, from the data obtained by different experimental 
methods Values are given for the partial pressures for lithium, sodium and potassium for a wide 
range of temperatures Sufficient data are not available to enable os to make similm inlcnlalions 
toy the other alkali metals, rubidium jnd caesium 

1 iNTROnfJOTION 

Tmdenburg and Tluelo (192fl) were the first Jo take into account the presonce 
of diatomic molecnles in the vapmir* ot the alkali elements and they gave formalin 
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for obtaining the partial pressures of monatomic and diatomic molecules from 
the values of the vapour pressure determined in the usual manner by the effusion 
mctfcbcfl ai)d by tie gas flolv method. Their formula in tho case of the effusion 
method, however, appears to be incorrect 

L. C. Lewis (1931) measured e, the ratio of the partial pressures of the 
diatomic and monatomic molecules in the vapour, by determining the relative 
intensities of the split and the unsplit beams when a beam of the vapour is passed 
through an inhomogeneous magnetic Held. From this he calculated the equili¬ 
brium constant for the reaction 2A—A», and the heats of dissociation in the case 
of sodium, potassium and lithium Later Thielo (1932), using Lewis’s values 
for the heat of dissociation, calculated the partial pressures of the monatomic and 
diatomic molecules from his own observations obtained by the gas flow method 
He also calculated the partial pressures from the observations of Edmondson 
and Egerton (1927) made by the effusion method In the latter calculations 
Thiele used tbe same formula as given earlier by Ladenburg and Thiele 

Bogros (1932) considered the presence of isotopes in lithium vapour, but he 
did not take into aocouut the presence of diatomic molecules 

In the present paper general formula have been worked out to obtain the 
partial pressures of the monatomic vapours of the different isotopes, and of the 
diatomic vapour, from the experimental data obtained by different methods 
Using these formula calculations have been made of tbe partial pressures of the 
monatomic and the diatomic molecules m the saturated vapours of sodium, 
potassium and lithium at different temperatures. Similar calculations could not 
bo made for the other two alkali elements, rubidium and caesium, since their 
rdtational and vibrational constants are not known, without which e cannot be 
calculated. Graphs have been plotted from which partial pressures at any 
temperature can be fouud out. 

2. Formulas fob the Calculation of the Partial Pressures 
Ditchburn and Gilmour (1941) have given a survey of the various expen- 
mental methods for the determinatiou of the vapour pressures of metals. Most 
of the low pressure data have, however, been obtained by the effusion method, 
tbe gas flow method and the statical method and so we oonfine ourselves to these 
methods. 

The effusion method —In this method the vapour effusing out through a hole 
of kuoVn area in a certain time is condensed, and its amount estimated, usually 
by titration. If n is the number per c. e., of particles of mass m, in the vapour, 
then the number effusing ont per sec. through unit area of the hole is 
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But p = nLT, 

There foie p = y^/UmkT 


Now, if all the particles aic not of the same mass, * e , if there are isotopes 
and diatomic molecules in the vapour, their rates of effusion will be different. 
Let ni, be the numbers of molecules of the isotopes (« t being more abundant) 
and tii i the number of diatomic moleoules, all per c. c., and mi, m% and mi \ 
respectively theu masses Then the numbers of each effusing in unit time through 
unit area of the hole will be given by 




- "Vs 

= 


r 4T 
2mm 

= A 

jn i 

r LT 

- A 

^ f«j 

' JT 

2nw, i 

= A 

jo. u_ 

Vm,i 


(The number of molecules in which the less abundant isotope occurs is taken to 
be negligible ) Therefore the number of atoms contained m the effused matter, 
as obtained by titration, is 


v 


V, + VS+2V,! 


A 


tV^»l ^ W2| ' i / 


( 1 ) 


Let n * “ a and W11 = e 

«, «i 

Hcncc wc have from (1) 
v = A. 


Then »=ni + nt + «n = njl + a + e) 


■(& 


■•71 


L+ « + 

V Wl ‘J 


. ( 2 ) 


and p c n/tT = v._ 1 + a+s _^2nAT . • (3) 

Vm t Vwij ^ win 

This is the geueral formula for the total pressure of a vapour in the case of 
effusion method. From this the partial pressures pi,p* and Pn can be calcu¬ 
lated since 


Pi = 


. .-2- p, = a pi, and Pm epi • • • • <SA) 

i + a+t 
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Edmondson and Egerton s calculations assume that both a and e are zero. 
Hence the values of pressure os given by them aie 

Pus-*Vw,V2*H? . ... (4) 

We can calculate the correct pressure from the values of the pressure given 
by Edmondson and Egerton by a combination of (8> and (4) Hence 


7W 1+a+e 

V'm, L+ a +- ~ e 

'/lilt •Svt i fj W j | 
Bogros considers e *=0 Hence 


( r >) 


/’B*r t 1 + a a y.Vc'l' . . . (5 A) 

m, a/ ni t 

By a combination of (3) and (5A) we get the coricct pressure hom the values of 
pressure given by Bogros. Hence 



. ( 6 ) 


Knowing the total pressure p, the partial pressures p it p* and Pi i can be calcu¬ 
lated by the help of (3A). 

In making these calculations a is assumed to be constant and its value is 
taken from the tables of relative abundance of isotopes is calculated 

for different temperatures from Gibson and Heitler’s equation when the rotational 
and vibrational constants of the molecule are known. 


log K = log 1 


4-578T 


r + -s- log 


mlcT . 8«*I. , /. 

h* ~ l0K A* _+ 1 ° K ( 1 *' C 
+ log 2 + 2 log gum . 


kT 


(7) 


Gas flow viethod.—'ihe experimental substance is contained m a chamber 
whose temperature can be adjusted A stream of inert gas strikes the surface 
of the substance, beoomes saturated with its vapour, and passes out The vapour 
thus carried by the gas is condensed in a oool tube, and its amouut estimated by 
titration Let v s be the numbei of gas molecules passing out in a certain 
time, and * the number of the molecules of vapour that pass out with the gas 
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The numbers of molecules per tc of the gas and of the vapoui in the chambci 
must be pioportional to the numbers and v lespectnely that pass out Hence 
we have 

p = C vkT 
P * C. (r + r,HT, 

where p is the partial piessure of the vapour in the chamber, and P is the total 
pressure, and C is a constant. Thcrefoie, 


P 


v 

V+r, 


P 


( 8 ) 


The number v of the vapoui molecules is estimated by titiatiou, v t is found by 
the help of a gasometer, and P the total piesstue is measuicd by a manometer. 
Thus p can be calculated Tf, howeiei, isotopes and diatomic molecules are 
present wo have, working as befoie, 

p = vi(l + a+e)C/tT, 

where t>i is the nuiubei of the monatomic molecules (tnoic abundant) m the 
outgoing va|K)ur of the metal , and hence 


v\ (1 + q+e) p 
v ~ r t (1+ o+e)+Vjf r 


CO 


Tn most of these experiments the quantity i> occurring m (8) is measured by 
titration and, theiofoie, its value as determined in these experiments on the 
assumption of monatomicity is (l+a + 2e) Hence from (8) the pressure p„ as 
recorded by those experimenters is given by 


- vi (l+a+2e) 
v, (l + a+2e)+r* 


P 


Fioin («•) and (]U) the correct pressure p is given by the lelation 


. ( 10 ) 


p V °vx (l + a+e)+v f * 


v t (l + a+2e) +v t 
l + a+2e 


1 + g+e 

~~ p> l+a+2e 


approx. 


( 11 ) 


In these expenments the piessuro of the inert gas is about an atmosphere 
and the pressure of the vapour is about 2 to 3 mm Consequently vie<v r 
We have thcieforo 


Pl ~ 1-to+e*" l + a+2e 


(12) 


and from this p t and Pt i can.be calculated. 
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II a=0, i.o, i£ the rarer isotopes are negligible, 


which is the same formula as that givou by Ladenburg and Thiele for the partial 
pressure of the monatomic molecules in the case of gas flow method, 

Statical method— In this method the pressure of the vapour is measured 
directly and the observed pressure is, therefore the sum of the partial pressures. 
Hence, if p it p t and Pn denote the partial pi essures of the two isotopes and 
the diatomic molecules respectively, as before, we have 

P=Pi+Pi + Pn 


and tberefoie 


=Pi (L + d+«), 


( 13 ) 


3. Vapouh PKE'jbUBh Values 

Sodium —The most accurate measurements on the vapour pressures of 
sodium are those of Rodebush and de Vries (1925) and Edmondson and Egertou 
(1927) both made by Knudsen's effusion method, and those of Thiele (1932) made 
by the gas flow method Thiele’s values are for a higher range of temperature, 
and from these values he has calculated the partial pressure of the monatomic 
moleoules of sodium m the vapour 



The vapour pressure values at different temperatures given by these workers 
for sodium were all plotted on a single graph in which log j)T represents the 
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ordinate and ;jr tho abscissa (Fig 1) It was found that all of them plotted 

well on a straight line, passing through the known boiling point of sodium at 
atnaospherio pressure, and having a slope which agreed well with the known 
latent heat of evaporation X 0 =26 2 K cal, thus verifying the inter-consistency of 
these values. 

Adopting these values, the partial pressures of the monatomic and diatomic 
molecules m the saturated vapour of sodium at different temperatures were 
calculated with the help of relations (5) or (12) as the case might be, and (3A) 
In this calculation a was taken to be zero , / e , isotopes of sodium other than 
Najs were taken to be negligibly small 

The values of e at different tempeiatures required in these calculations were 
obtained from equation (7) using the known values of D, o> 0 and I, and the appro¬ 
ximate value for pi The values adopted foi the other constants were D = 168 
K cal; B*=(M54 cm' 1 , (o 0 =158 5 cm 1 


The calculated values of the partial pressures pj and p,, aie plotted in 
Fig 2 Following Thiele we have plotted log Vi T and log p,, lespcetively 
against l/T Both give smooth straight lines 

The partial pressures Pi, and pn at any desired tempeintme can be read 


off from these graphs. 
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Potassium —Comparatively little work has been done on the vapour pressure 
of potassium. The results of Hackspill (1913) are approximate only. In onr 
calculation the following values have been adopted as being the most 
accurate Those of Kroner (1918), who employed a modified statical 
method, and measured with the aid of a Rayleigh differential manometer 
the volume change, at constant pressure of nitrogen, that occurred when the metal 
was vaporized His \allies extend over the range 250*~400*C. (2) Those of 
Edmondson and Egeiton (1927) who employed Knudsen's method and have 
obtained the vapour pressuie m the lange 100*— 200‘C, The values of Kroner 
and those of Edmondson and Egortou when plotted, are found to lie on a single 
line, as in the case of sodium, and these values have been adopted for our 
calculations. 

The calculated values of the partial pressures pj and are plotted m 
Eig. 3 The values adopted for the constants were D = 145 K cal, 11=0 056 
cm l , <Oo=92 64 cm' 1 p t can be obtained from p t from the known value of a, 
namely, 0*07 



Lithium —The earliest work on tho vapour pressure of lithium is that of 
Hartmann and Schneider (1929). When a line is drawn through their high 
pressure points it passes tolerably well through the low pressure points of Bogros 
(1982) and Maucherat (1989) also In the following calculations Maucherat’s 
values have beeu adopted, as the straight line drawn through his observations 
yields for the boiling point the value 1400*C, which is in agreement with that 
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given by Ruff and Johnasen (1005) and foi \ 0 a value well in agreement with 
the value 36410 cals given by Fischoi «nd Kelley (1935) Since the points of 
Mauchciat are widely soatteied the values adopted in our calculations aie 
those diiectly obtained From the giaph From these values the partial pressures 
are calculated with the help ol illations (6) and (3\) The lesults aie plotted 
in Fig 4 



hg 4 


[twill be seen fiom the giaplis that the latmof (he diatomic to the mon¬ 
atomic molecules is veiy small at low teiupeiatuies but giadually mnutse* with 
use of temperatuie This increase with temperature may appeal at first sight some¬ 
what stiaugi, but it can be seen to be the dnect consequence of the law of mass 
action and the laige increase in the atomic vapour piessures with nsn of tem¬ 
peratuie 

My sincere thanks aie due to I)i R N Hnvastavi nndei whose guidance 
this work hns been i ai i ied out 
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mm HKUM \L ioniz \tion of sodium and potassium atoms 


ID A S lillA I’NAGAK 
Pm Mis l/MlOKAlOltY, \ 1 I \llAll\n I'nivilsiiv 
iCuiimilmunkd b) 1’infuwoi l\ S KiihIiubm Fills—Hixuvcd Itbiiuuv 4, 1(41) 

\n ju ounl is given of1ni iMiieiuciiltf oil llic tliuiiiiil lonuilion of Njdtum and poUbsiuui atoms 
Ibi v.ijiouin of Ikse bubstamcs outer uvacuum graphite furnace where they buflei diurnal toni/n 
(ion 'Iho products ol (be lom/ilion, a unify, (he ionized atom-, tuul electrons, ctlusc out thiougk s 
eiuiovv openin';, md are sipiiiHtcly collated and measured From these muwurcmui(n their 
Kspulivc conti nti ilious inside the furmitt an (alculatut and tlience the lOm/Atloii i onbtant and the 
( ncigy of loni/iition Thi energy of loin/alioii w found lo he 118 6 K cal for (lie hodiiim atom and 
00 0 K < il for the ]k)I issmm itom 


1 rN I flODIJl 1 lOA 

The theimul ionization oI atoms has been sludnd t vpcnmcntally by seveial 
woikcis The ingenious method de\eloped by Latigmuu and ICintjdon (1025) 
and used by them foi the study of the theimal ionization of caesium \apoui has 
beta adopted by many workeis, < (j by Killian (1920) for lubidium, by Meyer 
(1080) foi potassium, and by Moigulis (1934) foi sodium This method, however, 
involves uncei Utilities due to the adsoiption of the atoms a id ions on the suifaco 
of the filament The thickness ol this adsoihed layei is found to vaiy with the 
teinperatuic of the filament and with the ptessute of the vapour, and is not 
uni foi m all over the filament suiface 

The adsoibed layei alters the theinuomc woik function and thereby con¬ 
siderably changes the intensity ol elections emission Hence the unceitaintics 
icferredto On the other hand the method developed by Srivantuva (1940a) is 
direct and simple It is based on the measurement of tho i,ito of effusion of the 
products of thermal ionization fiom inside a heated chamber containing the 
vapoui through a tiny hole in the side of the chamber Using this method, and 
using a vacuum furnace foi the pioduotiou of the required high temperatures, 
Snvastava investigated experimentally the thermal ionization of barium and 
strontium up to about 1600°C The results obtained were found to be in good 
agreement with the theory 

Tn the ptesent papei the same method has been employed to study the 
thermal ionizations of sodium and potassium atoms The temperatures used are 
243 



lnghei than those used by bnvastava foi bauum and stioiitiuin, and extend up to 
1700°C l he high leactivity of sodium and potassium requires caie in working 
Th<* loni/ation potential oE potassium being low the ionic currents involved are 
ninth largej thau inbiiiiumoistionlium,oievciiinsodui]n.andonocantheic- 
lore woik with smaller angular aputuics foi the collecting Faiaday cylinder 
—which is an advantage 


J Al'l'AUAIIIS 

V Lull desuiptiuu ot the .ippaialus has bu 11 given by hnvuslnia m his 
papet on baiuiui 



liiidl) the main liunace consists oL a giaplute tubi F (Fig, l) bound to 
electrodes inside a vacuum ch.iuibu The tube is heated by the passage of a 
heuij cuirent through it from a low tension tianshumei Since foi soduiiu 
and potassium much lower tempeiatuies ate ie<|uued to develop the neecssaiy 
vapour pressure, the auxiliaiy liunace A, containing the metal, was screwed on 
to the end of the main giaplute furnace and was made of non The auxiliary 
furnace is heated by conduction fiom the mam furnace and the length of tho 
tube connecting tho two was adjusted so as to pi ovule the lcqmsitc teuiperatuic 
in the auxiliaiy furnace, which was lead bj the theiinocouple T 

3 TutojiY ov tui Mfmud 

Fiorn a consideration of the gcomctiy ol the aiiangement of the giaplute 
furnace, namely, with the effusion hole at its cud and the limiting diaphragm 
of the Farnday cylinder placed at moiup distance, Snvestava (L93S) has shown 
that tho ionic cunent is given by 
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where p, is the partial piessure of the ions inside the ftunaoe m, the mass of caoYi 
ion, 8 the area of the effusion hole e the chaise on an ion, r the ladius of the 
limiting diaphragm and d is the distance of the limiting diaphragm from the 
cllusion hole fSimilai ly, for the electronic ciment 


= P' 8_ _i _ 

h Vs^TIt z’+rf* ’ 


when* p denote^ the pallia! piessuio ol the dictions in the main luinacc and 
iih the mass of an election 

Kiom (l) and (2) we luiu* 


1C - 


V‘ 1>< 
l<> 


Jjt/.T - >‘4 d-y 

rh‘ l ,’l 


l>> 


V m, nu 


(3) 


when )>„ denotis the pi ovum. of the mnom/,ed atoms m the mam furnace 

If i is the senmtiMty oL the galwiuometei and d + and d aie the deflections 
couchpondnig Lo tg* and wt havi —id* and i R —id and substituting tn 
(d) we obtain 


JitAT (> 2 4,/V f .rf+rf- s/m.m, 
e* b 1 V r 2 ) pa (loldxld h )‘ 


(4) 


whcie the pi ennui es aic expressed in atmospheres 

\ccoiding to Daxwm and Kowlci s modihcation ol the lom/ation foimula 
we ha\ c 

In p, » = - + g In T + In <J ‘ - In b (T) 4 In b' (T) . (5) 

wliei a /i is the uiergy icquircd to ionize the unexcited atom and g e the weight 
factoi of the olectron whu h is equal to 2 Now 

h CD = <7, + p, r~ ( x ‘ ~ 4 . 4 g n e~ <Xl “ , (6) 

5(T)= p (ll + ( 7 o, e -(xn-XH»)/*r + Vgi<i c-<x..i-x'. ■)/*f+ (7) 

and gi, < denote the weight lactoiH and /,, and v„ * the eiidgios inquired to 
lorn/,(* the nOi nial atom and the excited atom in the ttth quantum Btalc lespcc- 
tively Kqn. (5) may be written 

!ogK = - 4 5 ^+ g Dg T-b47 l >4log 24log //(T)-log b (T) (8) 

where U is the energy of lom/atiou of a giam-atom of the metal in calorics, and 
NeV, 

is equal to 3 Qqj’ wheie Vi is tho ionization potential of the metal The pres¬ 
sures nio all e\picased in ntmospheies Vi foi sodium is equal to 5 12 volts 
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and for potassium 4 32 volts. />(T) and b (T) have been calculated fiom the 
energy states given by Bachei and Goudsmidt (1932) For both sodium and 
potassium 6(T) comes out to be 2 0002 and //(T) 1 0000 at the temperature of the 
expoiiment Eq (8)ieducesto 

log K=— ^ ^ log T—h 47‘i (0) 

Substituting tla c\peiim<utally detcimiucd value ol K liom (1) in (9) E can bo 
calculated 


1 lVXl‘ERlMhN'1 \I 

The giaphite tube furnace was llioioughly outgas’-ed by sending i large 
intermittent heating cuucnt tluough the giaphitc tube till the ohaigc collected m 
the Faiaday oyliudci in a blank (xpciunent became negligible.* The metal was 
then liitioduced in the aimhaiy fin mice The heating cuucnt was vaned to 
change the tempo atm c of the main furnace Ooucsponding to anyone tem- 
poiatuic of the iuinace, the leiupciatme of thcauuliaiy furnace was ineasmed , 
the negative and positive cuiitnl defections ol the galvanouictei, foi a given 
positive oi negative potential applied to the Farnday cylindci were also obseived. 
The cunents aie oxtiemely sensitive to tempeiature fluctuations in the mam 
furnace caused by slight vanntions in the supply voltage Readings aie taken 
only when the tempeiature is steady 

One of the quantities to be deteimined in eq (3) is p„ This is the partial 
pressure of the atoms in the mam furnace This can be appioximntoly calculated 
from the i elation 


a + ?>« V‘*) V^' (10) 

as has been shown by iSnvastava (1940) Here /)* and pu lefer to the paitial pies- 
snres of the monatomic and the diatomic molecules respectively in the auxiliary 
furnace in which the metal is contained T' and T are the temperatures of the 
main and the auxiliary fmnaces uspcctively The values of p* and pn in the 
saturated vapour of sodium and potassium at difteient temperatuies have already 
been calculated by the authoi elsewhere (Bhatnagai, 1943) aud the results 


‘Though the vapour pressure of the electrons inside the graphite chamber due to the evapo 
ration of elc< trons from the surface of graphite is negligible in comparison \\ ith the \apour pressure 
of electrons due to the ionization of the sodium or the potassium atoms led into the chamber, th< 
former pressure (namely of electrons ui equilibrium with the graphite surfai e) can be measured 
And tho nork fun.tion of graphite lalculntcd therefrom This is dealt vith in a separate pap< i 
which will be published sbo> in this Journal 
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depicted in the foim of gi.iphs fiom wlm h tin values lrquncfl ut different 
temperatmes in tins p\poiimeiit have boon road 

i. K I SI ] Ts 

Sodium —Moigulis (l‘tJ4) studied the tlieitmil lom/ation of sodmpi vapenn 
on a glowing tungsten sm f ft e e Latoi m tho same yeni Doba/ow (1M?4) investi¬ 
gated tho ionization of sodium \apoui on tungsten and molybdenum ‘•m'fmcs, and 
that of potassium on tungsten coated with thoimm Mteiminu Keibeaitd 
Tlompe (1034) ha\ o studied the lom/ation of sodium and caesium vaimurs on 
glowing tungste n and rhenium sui (aces The cxpenim ntal method billowed in 
nil the above deteiminations was til it of Laugmuu and Kingdom With sodium 
on tungsten sin fae < Moigulis lound little imii/.ition it low t< mpeintiiies 
but at high tempn itmes the sodium layei evnpontis iPMiltiii;' m an me lease ot 
ionization Foi i singli tempeiatme howevei he Imds dilleicut degieesol 
ionization foi diifeient pi essm es wlm h s cms to be due to t In* vaiymg 
adsorption ol the atoms on the filament suifacc The expeiimpute can, 
theieforc be oonsideicd liaidly satislactoiy 

The obsei\ntions on the theimal lom/ation of sodium, made by the pieseut 
metliod, are given in Tabic 1 As will be seen Emm the Table die result' 
obtained aie within 1 b% of the value of U as detei mined spectmscopieallj 

/Veissmw—The ionization of potassium on tungsten surface has been 
studied by M J Copley and T h Phipps (JL03"») and on glowing platinum and 
tungsten sulfates by H Meyei (l‘*37) These detei munitions also aie subject to 
the same imceitainticfl as those of sodium 

The\alue of pi foi potassium lias been detei mined m the same way as foi 
sodium 

Table II gives the obseii.ittous on the thermal lom/ation ol potassium and 
the calculated value of I! It will be obsoivcel that the evpoiimentn) value of l’ 
agues with the \ nine of ( detei mined speetiosc opienllv to within l H % 
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6 Discussion ot niK Results 

It will be obseivcd that a small pciceutagc enoi m the measuieinent of tin 
temperatuic of the mam furnace produces an erroi of the same older in C ?so\\ 
1 % error in the mean tempeiatuic used in the calculation is veiy likely The 
temperature distnbution along the graphite furnace deponds on the thickness 
of the tube Tt is maximum over a small region in the middle and falls off at 
the ends. To get the mean temperatuie, the tempeiatuie o\ ei the whole length 
of the tube at short distances fiom the centic is measuied up to the effusion hole 
and the mean obtained This proceduie, though not the best, is the only one 
available. This limits the degree of accuracy with which the temperatuic of 
the furnace can be determined though the pyrometer can measuie tcmpeiatnics 
correct to about 2‘C. Hence the observed deviations in the value of U in our 
experiments with sodium and potassium aie well within the limit*, of l e\penmental 
error The value of log K is very much affected by any enoi m the measurement 
of the radius of the effusion hole as this quantity occurs in the fomth powei 
in the equation The hole is extremely small and is made as pei fectly circulai 
ns possible. The diameter is then taken as the mean of twenty diameters 

In conclusion, I take this opportunity of expressing ray sincere thanks to 
Dr B. N. Snvastava, D Sc , under whose guidance this work has been done, and 
to Dr A. N. Tandou foi allowing me to use some observations made by him on 
•odium and potassium, and to the University of Allahabad for meeting the 
expenses of publication of this paper 
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bTHOCTUBK OF LtQLlD PCI* 
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Tho triangular bt pyramid model and the Bqunre pyramid model for tbe molecule of liquid PCI* 
hava been cxaminod, and a normal co-ordinate treatment has boon made to find tbo force-constants 
mid frequencies in ullm ease The force-constants are obtained from the l>olaristd Raman froquqn 
i ios of the liquid spectrum It is found that for the triangular bi pyramid model the P-Ol force* 
(onstuiit in P(’l, liaH a gieater value than that in PC’l, although tbe P Cl distance in PCI, is greater 
than that in PCI, The Cl Cl foice-constant is negative although it m positnc in other compounds. 
These considerations and those of dipole moments enable us to discard the triangular la-pyramid 
model 

A fairly good agreement between the observed and calculated frequencies for the square pyramid 
model is obtained by assuming tho P-Cl force-constant as 1.5 x 10* dynes, Cl-Cl force-constant as 8 a 10* 
dynes, ® 01 x 10* dynes, where d is the force-constant of Cl P-Cl angular deformation. 

The calculated value of P-Cl force constant ts in good agreement with the value U> bo expected on 
the basis of the dissociation oncigy of the compound and the P-Cl distance. 

1 Introduction 

Mom eu, Magat and Wetroff (1938) have made a spectioscopic study of the 
stiucturc of liquid PCI*, and have come to the conclusion that m the liquid and 
vapoai states the substance crista iu the form of a triangular bi-pyramid. These 
authors have studied the Raman spectra of PCI* in the solid, liquid and vapour 
states, and have also studied the polarisation characters of Raman lines. Then 
lean Its aie as follows 


Tabus 1 


Liquid 

100 (10) 

100 (7d) 

271 (b 

8s) 

302 (b 5s) 

440 (-2d) 495 ( 2d) 

p 

6/7 

b/7 


P 

b/7 b/7 

Solid 



224 

356 

400 

450 

Vapour 

f K) 


226 


400 


Solution 

06 

180 


351 

396 


in PCI,- 

P 

6/7 


P 

P 



The selection rules for the triangular bi-pyramid model (Wilson 1934) give 
siy Raman lines of which two should be polarised and four depolarised As this 
251 
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nuiubci is observed foi the liquid, these authors conclude in favour of bi- 
pyramidal model foi the molecule of liquid PCI 5 It appears quite justifiable 
to assume that fiequencies 449 ( 2d) and 493 ( .V) aie not independent 
chaiactenstic ii oquencies but aie duo to a Fenm splitting ot a charactoiistic 
frequency at 461, because 190 + 271=461 The observed number is thus even less 
than that required foi the triangulai bi-pyranud model We find that the 
spectioscopic results arc not in favoui of the triangulai bi-pyiamid model , on 
the contimy, they surest a squaie pyiaimd modf 1 foi the liquid molecule 

It is possible to calculate the P-Cl and Cl-Cl ioice constants in the molecule 
by assuming the two totally symnutiic vibiations ol the tiiaugulai bi-pyiamid 
model to be 100 and 302 The values of the P-Cl and Cl-Cl force constants will 
depend’on the P-Cl and Cl-Cl distances. According to Magat« Mourcu and 
Wetrott' (1*430), the P-Cl distance is 2 09 A U and the Cl-Cl distances aie 2 96 
and 3‘62 A It Rouault (1938) finds fiom the election diffraction studies in 
PCla vapour that the nnuitnum Cl-Cl distance is 3 08 A V, and takes the P-Cl 
distances as 2 1 and 2 25A U According to Uiockway and Beach (1938), P-Cl 
distance in PC1 S , POOl* aud other phosphorus compounds is 2 02 A U, while 
the Cl-Cl distance is 3 08 A l 1 in PCI s and 322 A 1J in POClj One may, 
therefore, reasonably expect the P-Cl force constant m PCI 6 to bo loss than 
that m PCIi, whcie its value, uccoidiug to the calculations of Howard and 
Wilson (1931) is 2 1 x 10 8 dynes. 


2 Calculation on Forob Conhtanih for tub Tkianoular 

BI-PYRAM1P MODBL 

Assuming the triangulai bi-pyrandd model for the molecule, the three 
chlorine atoms (l), ( 2 ), ( 8 ) lie in one plane at the corner of an equilatcial triangle 
with the phosphorus atom ( 6 ) in the centre The two remaining chlorine atoms 
(4) and (9) form two pyramids on cithei side of the tnangle so as to keep the 
plane of symmetry in the triangle The system belongs to the point group I) 8 b 
and the two polansed Raman lines aie the two totally symmctiic vibrations (i e , 
those that preserve all the elements of symmetry) of this point group. These 
an (a) one in which the thicc chlorine atoms (1), ( 2 ), (3) move along the P-Cl 
valente bonds, all towaidtror away fiom the phosphorus atom ( 6 ), and (b) the 
othei in which the cliloime atoms (4) and (5) move towards oi away from the 
phosphoius atom ( 6 ). 

Foi finding the force constants we consider two different cases (x) one in 
which all the P-Cl bonds in the molecule have the same length and (u) the other 
in whifjh t the P-(JJ1 ( distance outside the plane of chlorine atoms (1), (2), (3) is 
different fiom thq P-Cl distance in the plane. 
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The mostgeneial potential energy function for the totally symmetric vibra- 
tions may be written as 

/, i 8 (AT 16 )* + A‘ i , (Ar* h )* + /.i i„(A r ti y + ij i J (Au») s 
whcie A and A 1 arc the fouo constants of P-Cl valence in the plane and outside 
the plane of chloiine atoms ( 1 ), (2), (3), A, and A, the Cl-Cl force constants 
outside and in this plane and A r tJ is the vanation of the distance r tJ between 
the atoms « and j If the displacements in the two symmetry modes (a) and (b) 
given above be a and P lespeetivcly, the potential encigy V and the kinetic 
energy T aio given by 

2V=3A a* + 2 A 1 p' + 3 A» (y3u)* +Wi ( P *“) 


2'L'=3/«, u’ + 2/h, p* 

The frequencies toj and ui* are given by the expulsions 


(1+*) 


A| 

mi 


= A,* + 3l,* 


e « 1 /« s± s ± ^\ + ? x i> , 

mi >n i V 2 I 2 m i * 


( 1 ) 


wheie (lv t lhi)=x, (A'/A)^* and to (in uns ')= , c being the velocity ollight 

For finding A j/A t we use the Cl-Cl toice constants calculated by Nath (1134) 
loi various tetra-chlondcs (Table 2> If we assume the Cl-Cl distances 


Table 2 



Cl-Cl force constant 

Intel-nucleai Cl-Cl 
distance 

CC 1 4 

. ! 045X10* dynes 

2-98 A* 

Si Cl 4 .. 

283x10* „ 

3 29 A* 

Go Cl 4 

j 232x10* „ 

343 A* 

Ti Cl 4 

' 155x10* „ 

3*61 A’ 

Sn Cl 4 

1 129X10* „ 

3-81 A* 


in the PC1 S molecule to be 2 90 and 3 02 (Moureu, Magat) the above table 
gives (kt/ki)**l, whereas if we take these distances as 3 08 and 8-62 
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(Rouault) we find (LtlK\)<\ We solve equation (1) foi k, k l and k t tor ditfeient 
values of a: (/.j//. i) and * (/. V^i) Foi * = 1 we obtain the solution foi case (i) in 
which all the P-Cl bonds have the same length Table 3 shows the lesultsof 
calculation foi cases (l) and (n) sepaiately 


Tabi,» 3 



Case 

(0 



I 


Case (n) 



3~* 

1 1 


J 

0 

\ 

l 


1 ' 

1 

k 

z-+ 

l 

l 

l 


l 0,1 

1 

05 

1 

05 

1 

kx 10 » 

| 3 67 

380 

3 9b 

32 

3 13 

3 33 

312 

3 36 

3 09 

3 4 dynes 

k 1 x1Q' S 

3 67 

3 80 

3 06 

-** 

156 

333 

156 

336 

154 

34 

A i x 10 6 

,-.21 

-1 20 

-.u; 

0 

+ 035 

-08 

| 035 

- 083 

04 - 

-085 


For case (i) wc find that the (alculatcd values of P-Cl and Cl-Cl force 
constants aie veiy much highei than the expected values, and the latter foice- 
ooustauts aie also negative It follows that the structure as represented by case 
(i) does not fit in with the expeiimental data 

For case (u) the value of P-Cl force constant m the plane of Cl atoms 
(1), (2), (8), i e , Ic is in all cases much gi eater than 2 1 x 10 5 Furthoi for a 
positive value of k t (Cl-Cl foicc constant) the value of * (k^/c) m less than 1, te , 
k > 10 A 1 We ctpi reject this structure as well ou the basis of-the first Jesuit 
alonq (k >2 1) but the second result also leads to the same conclusion According 
to the Allen and Longair (1935) the force constant K, and the mtcr-nucleai 


distance R< may be connected by a relation of tbo foim It** = 


C M 

(K,)» 


or Rf 9 K« = const 


We may use this lelation to find the variation of P-Cl force constant with 
P-Cl distance According to Rouault the P-Cl distance in the plane of 
the Cl atoms (l), (2), (3) is 2 1 A while outside this plane its length is 2*25A The 
P-Cl foroc constants m the two cases are Ic and k l respectively. Therefore 
(2 25)" k l »(2 1 )*A or klk 1 =1 5 Thus for a bond length 2 25A the value of P-Cl 
force constant k x should be A/1 5 By calculation on the basis of triangular 
bi-pyramtd structure k l < kl 10 We are thoiefore justified in assuming that 
the triangulai bi-pyramld stnlcture is not in accordance with the spectroscopic 
data. 
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The tnangulai bi-pyramid model will have mud dipole moment but Irmiel 
(193d finds that m CCI 4 solution the substance shows a dipole moment of 87 1) 
This is lu agieemont with om deduction that the spectroscopic lcsulta do not 
support the tnangulai bi-pyianud model foi the liquid molecule Rouault has 
suggested the tnangulai bi-pyiamid stinctuic foi the lapom molecule, but ns the 
spcctioscopic lesults loi the vapom state aie vuj incomplete, nothing can be 
stated definitely about it Howeiei, it will be vvoith while to nob' an obsenation 
of lboekwuy and Beach on the election diffraction stud\ ot Pl<' t g.i^ ‘ that the 
sqnaie [lyianud modi 1 and the tnangulai bi-pyiainid model both show good 
ngieemc lit with phologiaphs and the c lion e between tin two modi Is < unnot be 
made on election difti action lesnjts 

3 Square Pyramid Modfi 

We shul I now examine the sqnaie pytanud model as an altoi native stmctnie 
Let the cliloi me atoms at the foui tomeis ot a wjuaie be called (l) (J). (3 1 (4) 
m succession, thechloime atom outside the sqnaie on a noiinal to the plane 
passing thiongh the cent]e as (5) and the phosphoi ns at< m at the centie ol the 
square as (b The s>stein belongs to the point gioup C t , The cliaiactei table, 
numbei ot modes of \ ibiation and then selection uiles in the Raman Eflec t and 
mfia-ied aie given be low in Table 4 


Table 4 


C 4 „ | K 

2CV 

>0. 

2a i 

n r r 

1 n> 

Selection mb's 
Raman | Infra-ied 

A 

1 

1 1 

1 

1 

1 Q 

3 

pol | V 

B 

L 

l l 

'-I 

| 

-1 

l Q 

ft 


C 

1 

1 1 
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2 1 ft 

2 

clop 1 

1) 

1 

- 1 | 1 

-1 

1 

1 ft 

1 

dep t 

K 

“ 

0 —2 

; (» 

ft 

Q,, Qjr, 

) QttJr, Q« )i 

d 

| dep a 

mi ] 

(> 

l * 1 1 

i 

j i 

0 

loi the who 

e molecule 

Fit 

18 

1 4 -> 

,8 

4 





a - actn e, f - foi biddeq, dep—dcpolai ise d 
The table shows that we should expect nine lines of which thiee should be 
polarised and six depolarised The fact that this number is not observed is 
most likely due to experimental difficulties because, as the < nlcnlation shows, 
several frequencies lie within 15ft ctp" 1 
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We shall now calculate the foicc constants by assuming three polarised 
trequencicB 100 d'iO 306 as belonging to class \ and then evaluate the remaining 
tiequencies hor this purpose wc have to write the symmetry co-ordinates in 
terms of the co oidinates of atoms jefeired to then equilibrium positions as 
origin If t y % be the co ordinates of the »th atom with lespeot to its position 
of rest as ongin then foi the atoms (I) (*) (3) (4) positive a* points towards 
the phosphoi ns atom (61 at the centie positue x points upwaids poi pendiciil n 
to the plane of the squaie and y is at light ingles to both such that the motion is 
right handed boi atoms ( r ») and (h)/., and / lepiesei t in >tious peip< ndu ulai 
to the plane of th< squaie while \ f \ and Yu Y lepiosent motions painllel 
to the r nnd y axes lospeetivdy I he symmetry to oidinates aio 
Q -*■ w, 4 (*i + *j4 * U, t /») + ' ■>* A 



3-,+^,+^+^ 

1 

\ 4 

<v -» 

{*, +*,4 *, + *, + / ) 

,* ( r >/ ) | 



*|+*J + * +*1-4/ 



ti«s"4 

y\ +*/j+ 2 /i+!/i 


It 1 

Q' - 

ii+r,-r»-Ti | 


. C 2 


%\ + *■)-*,-*! f 




Q's-* V\ + Va Vi 

Q*-* w?i 4 (Vi j^ + irJ + Wi* X 6 + w,i \ 

Q,*- Mi* (iTi + 2/f — x Y 4 -m s 4 \ 

Q« - wti* c (n ' yi-rs-yj +W| J (o-e) Y 6 -»i * 4 r\ o 

+wi t 4 a 

-* w?i 4 r (♦/i-r i -i/ s + 7i)-w/i i bi-r)\ 5 + »n, 1 c \ c 
4 m x * a {x, -Xi) 

Q'iI** - *- (Vi~V<) + 

Q,', t A-*(£Cf “*s)“ (yt~Vi) 

Q' -y^ + rt)- 4wi! S \ 

Q'i*/W (or i + y ~j-\ — y t ) + 4»«i^ ^ 

Q'i # 7 mi 1 (*rii) ” t"',* y\-r t -ty, + a- t > 

+ (o-c) \ s -?«t 4 c \ c 

«ii* (xi + Vt-fi-Vi) 

-{q-fhw} 1 cY, 
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wheie ‘ a’ is the P-Cl distance, ‘c ’ the distante of the centre of gravity of the 
square pyramid model above the eential atom (6) [c=«wi J /(5j«, +m t ), where 
m } is the mass of the chlorine atom and w, that of the phosphorus atom ] 

i For the formulation of the potential energy function wo use only three force 
constants, vtx k that of the pnmai y valence P-Cl, A, of the repulsion between 
the Cl-Cl atoms, and d the force constant of angular Cl-P-Cl deformation The 
calculation of foice constants and frequencies yi given below 

Class A If a, P and y aie the displacements in the thice modes Q,' t , 
and Q,' 4 , the potential energy is given by 

“V— 4/a* + / (pF-4 Y > 3 + 4Mv T«)M4/,( ft +|?y+ ^(pp+y) 1 ‘ , 

where p=(wii + r i»j,)/»?,* 

and the kinetic energy by 4mt «* H r >Wj+2fi»«i)P* t ?0w», y* 

The frequent us aie given by the deteiniiriant 

4/+ 10/.,-4m, A* 0 10A, *0 

0 3‘»5/,+ l^/'-f)(jM,+ »h,)A* -2515(A-d‘) 

10/,, —25 15(A—d') 1G/. +r>04» +4d'—20*r*,X l 

where d'=*d/«* 

Class C The two frequencies (i' r , are given by the determinant 
4/ + 2A,-4w,A, 2 k x 1*0 

2A, 2/,+4d'—4»W 1 A > I 

Class D The single fiequeney Q g is given by A* = (2A, + 4d')/«ii. 

Class E The fiequencies Q,', ,a, Q / n« ai<? given by the determinant 

2A+9A,+4d / -4»«iJl* — (10 43A + 9846A, — 20 86d'l L i =0 

-(10 43/, f •0346/, -20 86d') r >4 4/ + 8735A, +145 id' -( 0346/, - 8 56d'l 

-(16wi, + 4 im*)A 2 > 1 

2»»i(l — —V 

/,, -(9346/.,-8 5Gd') /,+2d'- “— 

3- r 
a , 

If we take A=153xl0 5 , /, =0 2x10®, d' = 0»0lxi0‘ dynes, we'get the 
frequencies given in the second column of Table 5, Observed frequencies afe 
also given for comparison, , 

F 4 
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Class 

A 

C 

I) 


Fiequoneics calculated 
410, 314, 123 

280, 70 

' 446 

' ’44*7, 155, no 


Ficqueucies obseived 
306, 351, 06 in solution 
302, ( >, 100 In llq “PCI, 

271, ( y 

( 100 ) ' ' ’ 

440,405, ( ),{ ) 

"v—' , 


The agicement between the obseived and call nlated values is fAirly gOttd 
and the values of the (force constants obtained aie quite leasonable Thevaliu 
of P-Cl force constant is less than that in PCIs as the P-Cl distance in PCI 
is groatci than that in PCI„ The Cl-CI foicc constant is positive and ol the 
right order The calculation also shows that the missing tieqitf non s an ncai 
the exciting lino, and so theie is a likelihood of then being masked on ai/c^nut 
of the back-ground The cxpcnmcntal obscivations, theiefoie fit in with the 
square pyramid model E'iom chemical evidence (tc, reactions of PClj with 
liulene, styrol, asymmetric diphenyl athylen) Bergmanu and Boqdi (l9ol) 
conclude in favour of the squaie pyramid model for the molecule of liquid PCl s 
Ridhck, Kurz, and Rosenfeld have proposed the same stiucture for the molecule 
of liqtffd'&bCl 5' I 

Sutherland (1938) has shown that the dissociation energy, of a linkagq, 48 
K, R 1 

given,,by JD?nt whore D is the.dissociation energy, R« the lntei-nuclcni 


distance between thc^toms and K, the force constant between them and m and n 
are constant^ Mqcke (1,931) also proposed the same 1 elation Using this 
relation it is possible to compare the values of P-Cl force constants 111 PCI, 
and PC 1 B * 'Thus 1 ! ' »' 


i TT^ ~ ’ w ' ieie > Ri P-Ol distance) 

U PCI| IV P-Cl vJ K P-CIc, 1 

j 1 1 , ' 1 1 " I , 

Tie value of the P-Cl distance In PCI* is 1 2 02A (Brockway and Beach) and lq 
PpU its value may be taken as 2 1A U (Rouault) The P-Cl foice constant iri 
Pt?l» is klxiO 1 dynes (Howard and Wilson) Accoiding to Jan Khan and 
Samuel (1936) the dissociation eneigy of the P-Cl linkage in PCI, is 8 K Cal 
wpile in PCI j its value is only 69 K Cal Substituting these values 111 the nbovJ 
equation the value of Kp^ comes out as 1 54x 10 6 ( dynes Thi$ compares veiy 
well with the vahue q£ IGp^^MSSx 10* calculated, with the help of spectroscopic 
data on the basis of the square pyramid model, 
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We may also use Allen-Longau’s 1 elation to compaie the P-Cl bond strength 
in POI 3 and PCI 5 We have 

k pci 8 x ^ f pci» =k pci 3 x lif ’pu, 

Substituting in tins equation the values of K and R as given 111 the 
picvious paragraph we have «= (2 l/£ 02 ) 8 The left-hand side is equal 

to 137 while the right-hand side is equal to 12b These considerations 
show that the value of K PU& = 1 53 x 10 8 13 voiy nearly the correct value, 
and agrees with that to be expected on the basis of the value of the inter- 
nuclear distance and the dissociation eneigy of the molecule. They thus lend 
additional suppoit to the squaie pyiamid stiuctuie tei the molecule of the 
liquid P<J1 5 


4 Summary 

The ltaman frequencies foi liquid PClj spectrum aie examined and 
assuming the stmctuie to be triangular bi-pyramid, the f 01 ce constants of P-Cl 
\alcncc, Cl-Cl lepulsion are calculated by using the two polarised Raman 
licquencics 302 and 100 emo 1 It is found that the value of P-Cl foice constant, 
if wc assume that all the P-Cl bonds in the moleculn have the same length, 
is 3 b7 x 10 s dynes which is highei than the corresponding value 2 1 x 10 6 dynes 
111 PCI 3 although the P-Cl distance in PC1 5 is greatei than that 111 PC1 3 . 
Kmther, the Cl-Cl foice constant is negative while it is positive m othor 
compounds The case, in which the P-Cl distance outside the plane of Cl atoms 
(1), (2), (3) is greater than the P-Cl distance in the plane, has also been consideied 
and leads to similar results It was found by the use of Allen-Longair’s lelation 
that in this case the ratio of the calculated values of P-Cl force constants is very 
different from what one would expect on the basis of the P-Cl distances These 
considerations and those of dipole moments enable us to discard the tuangular 
bi-pyramid model 

The square pyramid model 111 which the phosphorus atom is at the centre 
of a squaie with foui chlorine atoms at the corneis and the hfth chlorine atom 
is outside the squaie is next considered Using /*. (P-Cl) force constant 1 53X 10 6 

dynes, Cl-Cl force constant=*2* 10* dyues and d f = the Cl-P-Cl deforma¬ 
tion force = 01 x 10 8 dynes, the frequencies calculated for class A are 410, 314, 
123 (obs 396, 351, 96, 392, { ), 100), foi class C, 280, 70, (obs 271, ( )), for 

class D, 14b (obs. 100); and for class K, 497, 155, lib (obs 495, 449, ( ), ( )) 
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A fairly close agreement between the obseived and the calculated frequencies 
and the icasonabic values of force constants obtained justify the pioposcd 
stiuctuie 1 uither the calculated value of PCI foico constant is in good 
agreement with that to be expected on the basis of the dissociation energy of the 
compound and the P-Cl distance 

The author wishes to express his thanks to the Univeisity of Mlahabad foi 
a grant towards the expenses of publication of this papci 
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THE CRYSTAL STRUCTURES AM) THE SPACE GROUPS OF SOME 
AROMATIC CRYSTALS 

I— PHLOROGLUCINOL DIHYDRATE, s-C fi H 3 (OH) 3 . 2H,(> 

« 

By S L ClIORGHADE 
I’h^hic, Lauokaiohy, rwivtiwiry ot Au aiiauao 
(C ommuineiitod by l’rofcasor K. 8 Kruthiian, FRb —Received October 14, 1943) 

|Plate 1| 

i'hlorogliumol ilihydriitc crystallize* m the orlhui humble tiyhlcm Its unit all has the 
dimension* 

,j=tl 75 A—8 10, fa 1361 A 

and it contains 4 mold ulcs of l»ll ,(OH), 4H,U Ihc uystal habit in pseudo hex agonal, with 
‘a as the pseudo hexagonal aim 

Ihc ohstiveil characteristic iTtniiliojis id X ray infliction* m 
(Oil) u itli (i+i) odd 
(40/) with 4 odd, 

whit h point to (he spate group bung either Q/, 1 * or C',, 1 ’ buiec these sjiaee gtoups belong to the 
bipyramidal and the pyramidal classes respatively, observations on the external form of the crystal 
should enable us to decide between the two space groups But unfortunately the pyramidal faces 
do not appear on the crystals broiu other considerations, however, the space group Qa 1 ‘ ca a bo 
definitely ruled out 'this space group requires the moletulc to possess either a centre of symmetry, 
or a plane of symmetry paiallel to (001), a centre of symmetry foi the molecule will be inconsistent 
with its chemical formula, and a plane of symmetry parallel to (001) inconsistent with the observed 
X ray reflections, and also with the magnetic and optical properties of the crystal Ihe only other 
space group that < an fit with fbc observed extinctions namely r t <’, should therefore be regarded 
ns the correct space group fot the eiystal 

1 Introduction 

Extensive measurements* have been made during leuent years by Professor 
Kiishnaii and his collaborators, Mis Lonsdale, and others, on the magnetic and 
other properties of single crystals of aromatic compounds, and the results obtain¬ 
ed have been discussed by them in relation to the orientations of the benzeno 
lings in these ciystals. For some of the crystals a detailed knowledge of the 
eiystal structuief is available from the X-ray studies made by Robertson, Mrs 
Lonsdale, Miss Knaggs, and others , foi some others the dimensions of the unit 
cell and the space gioup are known ; while for the majority of them the availa¬ 
ble crystallographic data are meagre We have, therefore, undertaken a 

*Sce K IxmwJalc, Report s on Progress in Physics, 4 (1838), 368 
fbec J M Robertson, ibid 4 (1638), 332 
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systematic study of the space gioups of these crystals, and the results will be 
published in a senes of papeis of which this js the fust The piesent papei 
concerns itself with the determination of the space gtoup of phloroglucuiol 
dihydrate 

Pbloroglucinol dihydrate ciystalhees ip* the orthorhombic system Well- 
developed single crystals are easily gro#u by the slow ei aporation of a solution 
of the substance in ether 01 absolute alcohol They appear as thick, transparent 
six-sided tabular plates parallel to {001} and bounded by {201} and {110} 
Occasionally {100} is also developed and unpeifeet cleavage has been obsened 
along this plane This compound is soluble in water and ciystals grown out of 
aqueous solutions, while letaining the same axial latios, show a remarkably 
dlffeient habit, in which {Oil}, {001} and {201} arc found to be developed The 
latter ciystals piesent a pseudo-hexagonal appealance, with the pseudo-hexagonal 
s^xis along '« * 

The present X-ray studies on phloioglucinol dihydrate were undertaken 
with the view of verifying whethei these two types of ciystals weie cijstallo- 
giaphicallyidentical Rotation photogiaphs about the thiee crystallographic 
axes showed definitely that this was the case This conclusion is supported by 
the optical mcasuiements made by the present writer and by the magnetic 
measurements made by Santilal Bancijee (1038), which gave identical icsults 
loi the two types of ciystals In the couise of these X-iay studios it was found 
that the earlier analysis of the structuic of this oiystal and the space group 
assigned to it, namely Qk Xi , in the orthoihombic bipyramidal class (K BanerjOe 
and R Ahmad, 1^38), do not agicc with observation The piesent paper gives 
an account of fiesh X-ray studies made on the ci ystal, and a critical discussion 
of its space gtoup in lelation to these and other available data 

2 Tub Unit Cell 

Goniometric measurements (see Table I) made with a large number of well- 
developed crystals, grown from different aolvetits, gave 
' o • 6 • c - 0 8383 1 • 1 08b 

X-iay lotatiQii photographs taken about the V,'/>’ and V axes using the 
KL^adiatlon of { coppQi (see ^figs n, b, c in Plate 1), gaye the following dimensions 
for the unit cell of the yrystal. 

0=5=6.76, 6= 840, o=I3.61 A. 


•The ciystals sic slightly colouicd and ploochroic, the colour being more conspicuous in 
crjstnls grown from aqueous solutions The tolour is presumably due to traces of the oxidation 
products. 
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Table I 


Calculated trom axial 
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I Calculated 

ratios c 

if 





Banerjee & 
Vhraad 

(Troth 

(110) 

din) 

VI* 0' 


70 57 

70*1' 

(001) 

(Oil) 

r .'t 0 

'>0° >' 1 

)«l 24 

50 10 

(001) 

con 

7 r > 18 


70 

70 0 

(201) 

( *01) 

S4 

s 1 

7 r 0 

*7 8 

(Oil) 

(Oil) 1 

(il 48 

b! % 

01 J 

Oft 40 

(201) 

(Oil) 

| S>51 

82 r il) 

8 >8 

81 12 

(201) 

(110) 

_ 

— 


41 5 


r l lie density of the nystal dituinund by the Hoatatum nuthod w is p^\ 4 r »<> 
gin/c c which giv <-> toi the miinbi 1 ot molec lies of C H (OH) 11,0 in tliP 
unit cell 4 O’ if 4 11 k above axial dimensions ltad t<> 

a h c = 0 S 33 1 1 t)07 

which agree well with the gomometiic intios given above but diHVi ippnciabl} 
flora those given by Uioth (1017) namely 

a h c = 0 8246 I: > x 1 7080 

K Banerjee and R Ahmad (1038) who have made \ ia> mrasuiemepts on 
this aystal guo foi the dimensions of the unit cell 

a — 0 70 /i=810 ei=13 70 \ 

and for the density the value 1.304 gm /( e * 

3 DPTFRVIINAriON or THE bPACI GllOUI 

Rotation phologiaphs and oscillation photogiaphs ovei suitably small 
tanges of oscillation about the thiec crystallogiaphu a\es show that tin 
reflections fiom the following planes aie absent (see Tabb IT) — 

' {OLl) if (/+/) is odd, 

(hOl) if h is odd 

The reflections fiom all othei planes were in gnieial noiinal showing 
that the under lung lattice is simple oithoihombu 

*8mee the paper Was nriflen th n has appenrisl in llip Indian Jumal of Phyua f >r Trail, 1943, 
Vol 17 p 103 a piptr bj ( R Hose and Ranjit Kolmar 4 < n on the axial dimensions of thia 
crystal and it is gratifying that thi arid dimensions and the density giun b\ thenj a (free well 
with our* Their values are 

4*0740 /-8090 C--480OA, p=*t 45S vm /e« 
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Table II 
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The absences noted above are characteristic of the apace groups 
Pa 1 * ( Pnatn ) in the holohedral class, and 


G iv 9 ( Pna ) in the hemihedral class. 

Observations on the external form of the crystal should enable us to decide 
between these two classes and hence between the two space groups But unfortu¬ 
nately, though we have grown crystals out of several solvents, in none of them could 
we observe any pyramidal faces that would help us to settle the crystal class 
If the crystal should prove to be pyramidal only, * e. if there wore no real plane 
of symmetry parallel to (001), the space group would be C tv 9 (Pna), with a glide- 
plane of translation (Ate)/ 2 parallel to <100), a glide-plane of translation a/2 
parallel to (010), and a two-fold screw-axis parallel to V ’ On the other hand, if 
the crystal were bipyramidal, the space group would be Pa 1 * ( Pnam ), m which 
case in addition to the glide-planes given above, each of the four molecules in 
the unit cell must possess either a centre of symmetry, or a plane of symmetry 
parallel to (001), 
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4 Evidence for the Hexagonal Ring in the Molecule of 
Phloroglucinol Dihydrate Being Benkknk 
There lias been a long-standing contioversy among the organic chemists 
regarding the moleculai structure of phloroglucinol In mo>-t of its reactions it 
behaves like a trihydnc phenol 


On the other hand, it mutes with tinee molecules of hydiox) laimne to form u 
trioxime, so tliat it may also be considcied a tnketone 1 1 r > - ti iketolie\amethj- 
lene, having the structuial formula 


(TI) CH 



The benzciuc structuie I should exhibit un nbnoinial dianugnetiMii dm tied 
along the normal to the plane of the benzene ling, and hence also a laige 
magnetic anisotropy It will have similarly a large optical anisotropy as well 
On the other hand, structure II may not be plnnai at all, and will be nearlj 
isotropic both magnetically and optically, in stiiking coutiast with f 

Santilal Banerjee (1938) has made magnetic susceptibility measure¬ 
ments on single crystals of phloioglucinol dihydrate He finds that the punnpnl 
susceptibilities of the crystal per gram molecule have the values 

X4=-120 1x10'\ X*= -831x 10 •, X,= -84 1 x 10- r , 

giving for the mean gram molecular susceptibility of the crystal the value 
Xw«=— 96 8 x 10“ * The large magnetic anisotropy of the crystal, and the above 
value of the mean susceptibility, as pointed by Santilal Banerjee, are definitely 
in favour of the benzemc structure I for the molecule 

Measurements of the principal refractive indices of the crystal made by the 
present writer give for the 1) lines of sodium 

o'- — 1.416, p = l 67°, y = 1 718 , V = 71°in' 
o=oc, b~y, r-p 

These data also strongly support the benzenic stiucture for the molecule 
Incidentally it may be noted that both the magnetic and the optical data 
ftre m conformity with tpe V axis of the crystal being a pseudo-hexagonal axis. 
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5. Reasons for Rum no out tiir Space Group Qk lh 

We have seen that the crystal of phloroglucinol dihydratc belongs either to 
the space group Qn l * 01 to the space group P 3V 9 We now proceed to give the 
leasons for excluding the former space group, namely Qh ia 

If the space gionp were Qh lR , each of the foui molecules in the unit cell 
of the ciystal must possess eithei a centre of symmcti j, or a plane of symmotiy 
patallei to 0011 Now the chemical foimitla toi the molecule, with three (OH) 
groups in symmetmal positions, definitely excludes a eentie of symmetix 
The plane of synunetiy for the mole< ule is also mled out foi the following 
lpasons 

If the molecule of phloiogliiciuol dihydiate were to possess n plane ol 
symmetiy, then consistent with the known stuutuie of the hen/,cue ring this 
plane should be eithei of the following — 

(1) It may be parallel to the ung Such a plane of symmetiy lias been 

observed, for example, in the molecule of wi-dnntroben/,enc (Hertel and 
Sehneidei, 1930, Hendricks, 1931, K Hanerjee and M Ganguly, 1940) Since 
the X-iay data require that tins symmetiy plane should also be the (001) plane 
of the crystal, we aie then foiced to place all the ben/ene lings in the ciystal 
of phloioglucinol dihydiate paiallel to (001) This placement, howe\ei, is 
definitely inconsistent with observation (i) the reflection fiom (002) is b> no 
means intense, noi does the intensity of higher ordei reflections fiom this plane 
fall off noimally, (u) the above placement requires the'r’ axis to be both 
magnetically and optically an axis of symmetiy such that | ft | | ft I Z | X« | , 

r -= (1Z y> which are not actually the (asc 

(2) The plane of symmetiy may be peipendicular to the plane of the 
benzene ring. It should be mentioned beic that in none of the numerous aromatu 
compounds containing disorete ben/ene rings studied till now for then stmctuie 
has such a symmetry plane perpendiculai to the plane of the benzere ring been 
observed (see, for example, Lonsdale, 1934) This makes the postulate of,a 
plane of symmetry perpendiculai to the benzene ung in phloioglucinol 
dihydrate highly improbable 4part from its improbability, the postulate 
of such a plane will place all the benzene rings m phloroglucinol dihydrate 
parallel to ‘ r ’ axis They may all be parallel to one another and he in the 
(010) plane, or in the (100) plane , or the benzene ungs mav take inteimediate 
orientations, with all the benzene planes parallel to ‘ c' If the moleeulai 
planes are all paiallel to (010) a little calculation from the positions of the 
vanoos atoms of the four molecules in the unit cell shows that the reflections 
from all the planes for which IA + Z) is odd or(A + 2fc) is odd, depending upon 

the *torqs ho >n tfco axial plane oi m the glide-plane parallel to it, will 
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all vanish whereas actually many of these reflections are obseived and 
are quite strong Furthei the orientations of the benzene rings parallel 
to (010) will be quite inconsistent with the a axis being a pseudo- 
hexagonal axis for the crystal and also incompatible with the optical 
and magnetic data foi the crystal, because then we should have 
I h I ^ | X 4 1 Z | Xf | and b =c,c Zy which are not consistent with 

observation 

If the molcculai planes are all parallel to (100) then again the leflections 
from plaqes for which ( h+L+l) is odd or (k+l) is odd depending upon whether 
the atoms are m the (100) plane or in the glide-plane parallel to it will all vanish 
whereas most of these reflections are observed 

Intermediate orientations with all the benzene planes parallel to c will 
also be inconsistent with the X-ray data Because then one or the other of the 
various (A&0) reflections observed should be very intense whereas this is not the 
case as will be seen from Table II in which all thi reflections in this zone 
appear with low intensities Moreover the intermediate onentations considered 
above will also be inconsistent with the ' a axis being an axis of pseudo hexagonal 
symmetry, and also with the observed optical and magnetic properties of the 
crystal 

We are thus foiced to conclude that the molecule of phloroglucinol cannot 
have either a centie of symmetiy ot a plane of symmetry parallel to (001) and 
hence the ciystal cannot belong to the space group 

b Gjv 8 As the Most Probable Sr ace Group 

The only alternative left over, namely the space group Cj,® should there¬ 
fore be regarded as the coirect space group for the crystal In this space group 
the benzene rings m the unit cell may be inclined to one auother, and to the 
axial planes also , and this space group does not require the molecule to possess 
any elements of symmetry 

7 The Location of the Molecular Planes 

Though we have not made quantitative intensity measuiements to enable 
us to locate the exact orientations of the benzene rings, their appioximate 
orientations can be deduced from the visual estimates of the intensities On an 
examination of the intensities given in Tables II and III it will be seen that 
the (201) planes have the strongest reflections, and the intensities fall off quite 
normally as we go to the higher orders The reflections from the (212) planes, 
each one of which is close to the corresponding (201) plane, are also quite strong, 
and the fall of intensity again normal in the higher orders of reflection One 
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may therefore presume that the orientations of the benzene planes m the crystal 
of phloroglucinol dihydrate will be close to (201) and (212), and very probably 
intermediate between them Now the normals to these planes make the following 
angles with the ‘ ab’ and ‘ c ’ axes of the crystal. 

Tahle IV 

a b c 

(201) 14* 00’ 7fa* 

(212) 33* 70’ 65* 

It is giatifymg that the orientations deduced by Santilal Banerjee (1938) 
from the magnetic data for the ciystal, namely, the normals to the benzene planes 
making angles of 28’, 70*, and 70* respectively with the ‘a’, 7/ and 'c’ axes, fit 
well with the orientations suggested above fram the X-ray data The optical 
properties also are roughly m quantitative agreement with the orientations 
suggested 

We should mention here that according to the space group (7|v B assigned 
to the ciystal of phloroglucinol dihydrate, with (100) and (010) as the glide-planes 
of symmetry, the 'c' axis should be a polar axis, and the crystal should therefore 
exhibit piezo- and pyro-elcctric effects We are verifying this result. 

I am gieatly indebted to Professor K 8 Knshnan, F R.S* for his con¬ 
tinued interest and helpful advice during the progress of this work, to the King 
Edward Memonal Society of Nagpur for the giant of a Research Scholarship, 
and to the University of Allahabad for providing research facilities, and for 
meeting the expenses of publication of this paper 
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ON THE DIFFERENTIABILITY OF STEP FUNCTIONS 
By P D Shuk i ,a 


(Communicated by Professor A N Singh—Received November 11, 1948) 

1 The object of this paper 18 to answer the following question pioposed 
by Prof A. N Singh* — 

Does the' existence of <f>' (0) for a step function </> (tr) depend upon the exis¬ 
tence of the metric density at *=0 of the set of values of x coi responding to the 
linos of invariability of <#> (x) ? 

It has been shown that the answer to this question is m the negative 

2 Wo shall first show that the existence of the metric density is not neces¬ 
sary for the existence of the diffci ential coefficient. Consider, for example, the 
step function defined below — 

In the interval ( — 1, 1) define a set of points xr such that x,= -~jr, r = 1, 2, 3, 
. Let |,+i denote the middle point of the mteival (xr+ j, Xr), and let 
a function 4>(x) be defined as follows in the same mtenal (xm-i, x,) 


where ip (tr) is any monotone increasing aud continuous function of x with xp (|r + i) 

” UlW> and< l ,(a! ' )3 ^ 


*1 am indebted to Prof A N Singh for hut raising the question and helping me through 
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Let the function 4> (*) be defined as above for all positive integral values 
of r. Also let <t> (- x)— — (x) and 4> (0)=0. 

Then 4> (x) is an odd, monotone non-decreasing and continuous step function 
with<M0)=0 Alsothe interval (o>+i, |r+j) is a line of invariability of 4>{x) 
for r = l, 2, 3, 

Now, the differential coefficient </>' (0) exists For, 

4 ? (0) = Lim (0) * 

* +{ 1 x-0+ x 

__ Lim <t> (x) 
x-+Q + x ’ 


and the last limit exists. Because consider any *>0 , it must then fall in the 
intervals (x,+i, Xr) for some value of r, say for r-m , 




Then for this x, due to the monotone character of <t> (*) we have 


OS 


tilts 


3Wl 


But 


(Xm ) 

Xm+\ 


1 /w2" 


which tends to zero with \/m 
Therefore, 


Lim 4> ( x ) _ n 
*-*0+ x ~ 


ie, *' + (0) =0 

Also >/> (x ] is an odd function of * Hence '/•'JO) also exists and equals 0), 
Thus <#>'(0) exists aud equals zero 

It shall now be shown that the mctuc density of the set r corresponding to 
the lines of invariability of <t> (x) does not exist at x = 0 
If we take 

*=U., 

the rcquued metric density 


_ Lim 

r-*oo 


i (%r+n—Xr+*) 
«=J_ 

5r+l 


_ 1 2 (*r+,. l -Xr+,) 

= Lim »«1 _ 

r-+°o i (Xr + Xr+i) 


* (1) ♦'+«)) denotes the right-hand dematlve of <p (x) at x-0 Similarly, *'-(0). See Tftch- 
marsh TJUtrj »f Ftmctim, Oxford 11989), p 864 

<2> *-*0 + mean* x tendin* towards aero from the right. Similarly, *-*0’ 
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__ Lim 1//+* 
r-*o O 3/2 r+ * 

2_ 

“ 3 

And il we take 

X = Xr, 

the same metric density can similarly be shown to be 
_ Lira 1/2^ 

r-**> 1/2" 



Thus the required metric density at x=0 does not exist though <#>'(0) exists 
3 We shall now show that the existence of the same metric density at 
x = 0 is also not suffktent foi the existence of <£'{0) Consider, for example, the 
step function defined below 

In the interval (0,1) define a set of points x, such that av— l/2 r , r— 1, 2, 3 
In each interval (av+j, av) choose a point so that |r+| = [(r+2)/(r + l)Ja:,+i 
Let then a function <f>(x) be defined in the interval {xr+i, x,) as follows* 


</>(*)« y , 
+(*)=* , 

Hx) m <t>(x r + 1 ), 
</>(*)= y{x), 


x = Xr = — with r even, 
x » xr = —- with r odd, 

Xr+l SlS g r+ , 

|r+l S X £ Xr, 


where ij/a) is any monotone increasing and continuous function of x, with 
t (5*+i) and tp (a?r) = (a>) 

Let the function <f> (*) be defined as above for all positive integral values 
of r and let ^(0) = 0 

Obviously then <t> (x) is a monotone non-decreasing and continuous step 
functiou with $(0) = 0 Also the interval (5,+j, av+i) is a line of invariability 
of 4>(x) tor r = I, 2, 3, 

We shall now show that the metric density at sc=0 of the set of values of x 
corresponding to the lines of invariability of this function exists 

Whatever be «>0, it must lie in some of the intervals (x r +u x >), and when 
it lies iu (xr+L, Xr) it mimt be either m («c+i,^+i) or in ($,+i, sc,). Suppose we 
oonsider the former 




Xr+l s * S 5r+l. 



274 


P. D SHUKLA 


Thea the metric density required 


Lim 

£-*0 


— (x-Zr+i) + 2 (£r+«—JCr+«) 1 

* f* = J J 


2 (£'+«~lEr+«)# 


which is easily seeu to bo SO and 

^ Lim 1 

r-*00 Xr+t 

which is = Lim 2 r+i 2 (l/(r+w) 2'+"] 

r ~*°° nml 

=0 

Similarly if x lies in the other interval, 

».<?., |r+t £ X £ Xr, 

the metric density required 


r L *“ f A. 


which again SO, and 


Lim 


2 [l/(r + «)2 r+ "] 


f-+O0 (r + 2)/(r+ l)2 r+l ’ 

which is =0 

Thus the required metric density existB and equals zero 

But </> / (0) does not exist, because ^'+(0) does not exist. For if wo take 

1 

X = Xr ® Y * 

we have from the definition of <t> (x), 

+W * 1/21 or l/2 r ~* 

x, w ot ~w > 

according as r is an even or odd integer respectively 

Hence tends towards 1 or V 2 according as r tends towards °° through 

Xr 

even or odd integers respectively. 

It follows, therefore, that ~~ does not exist, ix., $'+(0) does not 


exist. 



LATTICE SUMS OF CUBIC CRYSTALS’ 


By Rama Dhar Misra 
Lucknow Univmcsuy 
(Received 15 April, 1048) 


Introduction 

If a be the lattice constant of the undeformed cubic lattice then the distance 
t* 1 of the point (li, l t , It) from the point (0, 0, 0) is given by 

(r 0/ )* = a* (fi* + L*+L‘) 


Here / t , l % , l s are always integral, positive or negative 

In order to explain the phenomena of stability, melting, tensile strength, etc 
we require lattice sums of the type 


&<*'• 




l 


h* k ' It*' L ak ’ , 
l/i , +/* , + /. , ) i " ’ 


the summation to extend over all possible positive and negative integral values 
of l\, It, Is- The dash over 2 denotes that l 1 =l t = l l =0 should be excepted. 
« is positive integral 

Some of these sums have been calculated for certain values of n by the 
author (1940), who in collaboration with Prof Max Born (1940) has also developed 
a mathematical theory of thise sums Numerical calculations of the sum 8*®* 
have been published by Jones and Ingham (1925) with help of the use of Epstein 
Zeta functions Our method, applicable to the geueial case, consisted in using 
Gamma and Theta functions and their transformations Unfortunately these 
calculations are tedious for values of n greatei than 10+2 (A| + &, + A S ) 

A method just suited for large values of « due to Bom and Bormann (1920) 
is that in which lattice sums are added up to a certain stage by direct summation 
and the rest approximated by an integral. 

The present paper consists of an improvement upon the latter method We 
can calculate the upper aud lower limits for the error committed in taking the 
approximation at any stage and thus we can obtain the lattice sums correct to 
any desired degree of accuracy 


* A iomrntry of this paper m read at The Indian Science Cougma, IMS 
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1. Let us consider the lattice sums 


&, (0) 


s * 8,<1) tti*+f»*+*»*)** 


s.< a > =2', - 


R a, i) _ V' — l iLhl — 
8 " «»*+!,*+;«*)»■ 


Between these quantities one has obviously the identities 


3 & 15 = S„ 

3S» (,) + 6 8, (1 - 11 = 8»-i <#) 

so that S (1) and 8 *• 11 can be expressed in terms of S c °' and 8 
2. S„ l ' 0) can be expi essed as 


a; 01 = 2 Vj - = 2 \ + R« (,) 0>) 


f-t 


i 


where Vj <#) is the number of neighbours at the distance q* and 


. ( 21 ) 


R/ 0) (p) = 2 ^ . • (2 2) 

?=P Q 

« (*, >’* «> 

Similarly 8. *>= 2 ^- = 2 + R. (, (p) . (2.3) 

«** r 

wheie *f (,) represents the sum of the fourth powers of l t of all points at distance 
q* as (f| , + ft , + /|*)* from the ongm and 


R. (,) (p)=2 ^ .(2.4) 

#-/ * 

The following table gives the values of v 7 (t> and v 7 (,) for various possible 
values of q and. corresponding l it l t and h- 

If q= 1, obviously we can have 
Ji-±1, ft=0, l t -0 
or 

or )i=<U,=(W»*±l 

and therefore v>/ 6) for q»»l is 6 and Wa shall abbreviate all this into 
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saying that for g = 1, 1i, /*, 7* are 1, 0, 0 and understand that cyclic as well as 
positive and negative values are to be taken for the l' s. Thus 



Q 

h 

u 

U 


v i * 

8 

1 

0 

0 

1 

b 

2 

sf 

2 

0 

l 

1 

12 

8 

sb 

3 

1 

l 

1 

8 

8 

8fb 

4 

0 

0 

2 

6 

32 

a 

5 

0 

1 

2 

24 

136 

«f 

6 

l 

l 

2 

24 

144 


7 






afb 

8 

0 

2 

2 

12 

128 


1 

'1 

2 

2 

24 

264 

8 

' 1 

l0 

0 

3 

6 

162 

sf 

10 

0 

1 

3 

24 

656 

sb 

11 

1 

1 

3 

24 

664 

sfb 

12 

2 

2 

2 

8 

128 

s 

13 

0 

2 

3 

24 

776 

Sf 

14 

1 

o 

3 

48 

1568 


15 






sfb 

16 

0 

0 

4 

6 

512 


1 

r° 

1 

4 

24 

2056 

8 

17 1 

[2 

2 

3 

24 

904 


! 

fi 

1 

4 

24 

2064 

sf 

18 

lo 

3 

3 

12 

648 

sb 

19 

1 

3 

3 

24 

1304 


Here a, f, b , denote simple, face-centred and body-centred lattices 
respectively. 
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It will now be shown that 


ar , + p , + * , =p' x* + y'~p" x= V/ 71 


(2.5) 


but 



** + V , + * , =P !t* + t/ , =p * = S/p 


Here the three terms correspond to those lattice points for which none or one or 
two co-ordinates are zero and the values of lower limits p f , p" and p" f have 
to be determined with the help of the above table Any decomposition of p te 
one of the thiee types / , + »i , + w' (space), I' + m* (plane), /’ 'axis), Several of 
these may appear simultaneously If one type or two do not occur for some p, 
we pick out the smallest of the numbers p +1, p+2, . . where the missing types 
occur, say Pi and p t Then in all these decompositions of p, and, if necessary, 
of Pi and Pj, we reduce l, m, n by unity and add their squares The smallest 
amongst those of the three types are p', p" and p'" 

Consider the space divided into unit cubic cellB by lines drawn at unit 
distances parallel to the axis, x, y and x axis being respectively parallel to the 
directions of l t , f t and /® Then corresponding to any one corner P f oi a cubic 
cell in space, there will be one, and only one, value of q. But corresponding to 
any value of q there will be v f <#) corners m space, all at a distance Vy from the 
origin With every corner not lying on a co ordinate plane let us associate the 
cell of which it is the farthest corner from the origin As a matter of fact no 
point lying on a co-ordinate plane can be the farthest corner of a cell, with such 
a point let us associate the square (or the unit segment of the axis if the point 
lies on an axis) of which it is the farthest corner (or far end) fig. 1 illus¬ 
trates this for the xy plane. For the point P ? , gn=3 , +2 , = 13 ; for 0=5 there 
are 8 points in the xy plane (24 points in space). 

It is now obvious that in addition to the cubic cells we also require the unit 
squares on the co-ordinate planes and unit segments on co-ordinate axes so that 
every point corresponding to all possible values of q may have a cell or square 
or segment associated with it. 
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As P f is the farthest coiner of the cell (01 squat o or segment) associated 
with it we have for all points x y * m the cell (01 square or segment) 

L <- 1 

q i» (x'+y* + * J )'” 

The nearest corner will be P/ where 

9 '=(Z_l)* + ( / «-l)*+( H -l)‘ (2.7) 

Wo now replace the sum 2 by integrals over coil esponding colls, squares 

and segments and get quite easily the inequality (2 5) 



To obtain the otliei inequality we associate th s time with eioi) corner that 
cell of which it is the noaicst point E\eiy point on a co-oi dinnto plane can 
ha\e two iells associated with it and eveiy point on an axis four cells This 
means that on as-ociating one cell with eveiy point we shall have some cells left 
unassociated, and therefore while lntegiating over the entire space wo nui9t ex¬ 
clude the integrals over the unnssociated cells The entue first layer on one side 
of every co-ordinate plane will remain imassociated so will a row of cells all 
along the length of every axis on the associated sides of the planes 
We can thus write 


2 

1=f <1 


. dr dy dx 

> J J j (rM s’) 4 * 

x'+y' + x'-v 


(28) 


where 0 is the integral oyer the excluded space. 
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Now from Fig 2 it is quite obvious that 
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1_> f dr f f dr dy / f f dxdvdx 

(OK)" J aT J J (a- J + ^i k9 J J J (I' + ifM* 1 )*' 

*-OK x-OK y-ti y *-<)K >-4 Z = 0 


Using such inequalities to replace volume liitegials over the ext luded ^pace, » e, 
first layers of cells over co-ordinate planes and rows of cells along axes by 
surface integrals ov< r the planes and line integrals over axes, lespectively, wo 
get instead of (J 8) the inequality (2 6) 

The evaluation of these integrals is easy 
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Then we get from (2 5), (2 6) and (2*10) 

Ii (p'l-h(p) + W)+h(p'"l > S,° +I|(p) ) 

> -(l,W + I.(p)) (2*11) 

3 Next we consider S« <f ' and the form expressed in (2 3) Associating cells, 
squaiea and lengths with P ? s as before we get 

I r cos 8 | 4j)« , 

wheie r is any point in the cell, square oi segment of which P ? (q — li ‘ + /,’ + /»*) 
is the farthest point, md I r tos o I is the numerical value of rcos 8 


Also 


1»* > ( 1 r eoa 0 1 -1)* 

(i » 4 + 1 , » + /,*)*• r n 


( 8 - 2 ) 


where r is any pomj m the coll, square or segment of which P f is the nearest 
point 

On cry plane 1, =0 and consequently also on x and y axes 
Replacing sums by integrals we obtain 


W) - J rip) + J.VO+J.V") > s„<»- (V +j, (p)) 
> -(j,-(p)+j, (p)j 

CO r Ur 

where Ji + (pM= j j ( 1 r cos.tf) +1). r » 81ll q $ r ^ j d<f> 

0 0 


(3 3 ) 


\6(n-7)pM g 7)+ («-6)j/M* r « + (n-5)p'^- 6 > 


+ (»-4)p' i(B ' 4) + (n -3)p' i(,, " 3) 

J r (p)-f j —r* sin 6 drde fu 

0 o 
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- the same hs but with alternate teims positive and negative. 

J.-If")= 2 / y-<Jx.5Si»ii!).V«. 

>Jf~ 0 

'■in 32 6« 

4(»-6) 


” 2 [ <n-3)p" t( ’' M + (» - 4) p" ll " 4)l+ <»-Sy"' *>. 


Ji'(p) and J»"(p) are related to *J| + (p) and J» + (p) respectively as Jj'(p) 
is related to Ji + (p) 

13y properly choosing p we can make the difference of the two extreme sides 
of inequalities (2 11) and (3 3) as small as we like and then have approximately 

p-i 'i 

s *'"’= 2 fr- + '• <et 

?= 1 9 1 

1 > ■ < 34 > 

8.“'- s, ’fr. +J.-W 

If p be large enough then quite a good appi oximation is obtained by 
considering only the first teims of Ij (p) and Jj (p) and we can then write 


P-i V J<» in 

a,m= ,h y 

P-i v, (,) in 
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The above calculation holds for the simple cubic lattice For other two 
lattice types a modification has to be applied, namely, this While the simple lattice 
has one cell per particle, face-centred has two and body-centred four cells per 
paiticle Therefoie it is easily seen that foi the facc-eeutied and body-centred 
lattice the remainder sums of the infinite senes are one-half and one-fourth of 
those of the simple lattice 

4 So far we have discussed lattice sums of the type S™ 0 ,8. 1 , S„ 8« *' l) 
only The analysis can be extended to any &A* 1 *•' and it 1 as not been given 

here for reasons of space 
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INTENSITY CALCULATIONS FOR THE FINE STRUCTURE OF 
HYDROGENIC ATOMS PART I 


By K Basu, D Sc , 

Lfcturbr in Appiii-d Mathpmatios, Uniarrsity of Caicdtta 
(Communicated bj Professor K b Knahnan, F R 8 -Received May 13, 1943) 

I Introductory 

In their treatise on the Theory o£ Atomic Spectra (IW), Condon and 
Shortley having discussed the question of intensity in hydrogen spectia from the 
standpoint of Schroedinger mechanics write . “The relative strengths of the 
different doublets are not so simple since these (calculations) involve diffeient 
radial integrals ” They have suggested by this statement that calculations carried 
out so far by various authois* beginning with Pauli (1*33) and Schroedinger (1926) 
are defective in that they do not really lend any clue to relative strengths if the 
radial parts of the integrals in the intensity-matrix of the type (n l m j J P I «' l' 
m' /) be not exactly of identical value for both components of the doublet, amd in 
the circumstances, these strengths must be assessed from spin consideration, that is 
to say, on the basis of Dirac’s wave equations The sum-rule for any Russel 1- 
Saunders multiplet as given by Ornsteiu, Burger and Dorgelo tells us that 
the strengths of a doublet would be proportional to the statistical weights of the 
components, and consequently the relative strengths of the lines *S-»*Pj and 
, 8-*' , Pj would be in the ratio 1 2 (there is one level in the S-state) This is 
not only true for hydrogen but for the 8-P doublets of the alkalis But 
departures have been noticed in the experimental ratio in Rb for the 2nd 
doublet, in Cs for the 2nd and 3rd doublets This anomaly was tried to be 
solved by Fermi (1929) on the giound that there would be alteration in the spm- 
orbit interaction for the *Pj and *P| senes , ai d he suggested an altered radial 
function to explain the departure But what actually would be the altered radial 
function ? I think no body has yet attempted to find it out by actual calculation 
I have attempted to show in this and the following papers, from the quantitative 
point of view, that inasmuch as the radial parts of the eigenfunctions in Duac’s 
equations for hydrogenic atoms for the levels j=l+i andy=/-4 are different 
huthe geneial case (Sec 5), and the intensity matrix for S-P transitions with the 
same j value differs apparently from the matrix with different fs, it is pure 

*For literature, see Coudon and Shortley, “ Theory of Atomic Spectra ” (1936), pp. 131—138 
284 



INTENSITY CALCULATIONS FOR THE FINE STRUCTURE 


accident that we get identical values for the matrices, and as a mattev of conse¬ 
quence, the relative strengths as 1 2 in the principal series of hydrogen I have 
verified this ratio for the Lyman senes of hydrogen in the present paper The 
general method chalked out here can be utilised for intensity calculations 
for the Balmer series also (which will be taken up in Part II) I have utilised 
the eigenfunctions of Dirac’s wave equations as expressed by mein terms of 
Souine’s polynomial functions, essential propeities of which have been studied 
in sepai ate papers (Basu l‘U3« , 1943/>) 


2 Strength of a Multiplut 

In a multiplet having (2s+ l)-{old j values (; is two-fold for doublets, vn , 
t-i) an energy level [n l ;) is ehaiactensed by;, and is (2;+D-fold de¬ 
generate in the absence of an external field , and the different states of the level 
have different m’s (}, j- 1, , — (;— 1),—Since the ladiation emitted due to 

transitions between any state of ; mid another /)=/+ 1, j, j- D> anil governed 
byAf = ± 1, form one component of the line, and the total intensity is the sum 
of the intensities of its components, we have in the case of dipole radiation 

I (n I], v! J'/)=N(n l J wl^fr S [(« l j m | er I ri l' f m ')]*. . . (2*1) 

Of m' 

where m f =m, m— 1, wi+1, and N (n l j m) is the number of atoms in the initial 
slate {n l j m ), and 2 [(« l j m / er | «' l'm' /)]’ is the sum of spontaneous emission 

probabilities for sevoial transitions (« l j m-*n l' / m') Since the numbers of 
atoms in different states of the same level j are the same wc have 

N(w Z;) = (2;+l) N(w /; m ) , (2 2) 

and I( v l j, n' f /) = N(n l J) hv A (n/;, n t j), (23) 

where A (n l j, n't/) denotes the tiansition piobabihty of Einstein for 
(n l ]-*ri l' f), that is to say, 

A I nlj, n’l l H« IJ •»( *• I»' r / ,»’)]' (24) 

= ^r; sl " 'J,”’'' J > 

where S(r» l j, n’l' 3 ) is called the strength of the line (n ll '/)• 


. (2 5) 
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We see then that the intensity (in ergs/Bec per emitted atom) = 8(n Ij) 
n't /)/( 2j+l), and S is given by 

8(n }') = 2 L( n Ij m I r | «' /' / wi')]* (v = ro) (2*6) 

an m 

We shall calculate S instead of I which is not sjnrnietricftl in the initial 
and final levels on account of the factor (2/+1)' 1 associated with the initial 
level, whereas 8 is free fiom this assymetry* 


d Sketch op Solutions op Dirac'8 Equations 

The solutions of Dirac’s 4-equations as given by Betho (1933) are (note 
that p«cos 0 ; and j+ sa l+ i, ;_=/—4) 

(« l m j+)=* VI/ -m+ J)/(2/+3) P/ + | (p) exp t (r) 

ijI* (n / m y+)=» •«/(/+m+j)/(2/ +8) P/ +1 (|A> ejp * (m+ (r) 

Mi» (n / «» J+)= Vl/+f« + M2/+1) P/ m-i (p) exp »(w»-i)</>p.i + (r) 

(« /»»;+) = VU“«»+ i)l(2l+l) Pi 0, +i (p) exp t {m+i)<j>gni + (r) 

i|>i (n / w j-)= ^ V(/+t»-4T/(2/-~n P/. t 0,_j (n) exp i (m-i) l />*/’*r (r) 

il», (w / m j-)= *J(l-m-l)I(2l-l) P/_ i ffl+ 4 (ji) exp » (ro + 4)<N/ , B r (r) 

ijij (« l m </(/- m +1)7(2/+ 1) P, m _ j (p) exp t (vi-i)ignr (r) 

i|i, (« /f» /-) = ~^[l + m + i)/{2l + l)Pi «+j(p) »(w* + i)^‘ M . (8 1) 

where tp (n / m j+) denotes eigenfunction for ]+ (=/+]) state, 
iji (nlm j.) denotes eigenfunction for j- (=/- i) state, 

P*,(p) =|-^ (2/+1) P J ((*) (associated zonal harmonic), 


•Ooodon and 8hortley, be. cii , Ch 7, Sec 7, p. 98. 
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F'l = fnl + (x=-(j + +l) = -l-l),fa (* = (, + *) = /) 

G./=p./ + (a:=-(;++!)=' /-I), g„! (x=U +!)=l) . (32) 

and the radial functions in a combined fonn (Bose and Basil 1943) aie given 
below : 


rF„/=- Awe'^Vl-e p y 


-sS+» 


/ x oZ-’Y + r 

V" I+ Vi-.> 


n/ * + v/fj? 8 2y + lW ' 


Vl+«« f ~i lp> 

W-*+?;-? 

+ /r^TvCrf*- 

V Vl «* s «,+ iW J 


where 

8=E/«w: , ,y = V* , —a , Z*, a=e*/eft, P=2Xr, 

A = ^Vl -e’, nr + y^aeZ/V 1-8*, » (principal quantum number) 
=WrVadial quantum numbei) + | « | -=«»+,;+1, 

Aw (normalising facto. )= ’ 

and S»* (/») is a Sonme’s polynomial of degree A and order v (non-integral) 
The two-fold eigenvalues ai e 


, l-i la,Z * 

f («;+) =1- y „» 


1.«WJ 8.K 

2 »* U+l 4 n) 


, . > , 1 a*Z* 1 a 4 Z*/ 1 

•-<»>) =1-2 “V-? 


(3 4) 


<8 6) 


We shall ignore in oui calculations aZ, a*Z*, terms, as the value of 
a 18 1/137 2, provided Z is not very large (m the ease of hydrogen it is 1) Again 
because Fni involves a factor \/l-E which is ~ nZ, it is small in comparison with 
G«/(the so-called "big component ” of the radial fuuction) and can safely be 

P.8 
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neglected in our present case. Paying heed to these approximations we write 
down the followiug approximate values 

X=Z/a« j J Vl-e*=aZ In, v^l + s =V*2, «=—(;'+ J) gives 

, y{j=l-i)=yi=l-i a f~, Yi-Yj- 1 = * jj^|)(f >0 ) = 

a small +te fraction, (1=0 gives single state lor 8-level), *—+ 0+i) 
gives y =Yi'=M <L f“' Y (;=f-S)=Yi'»I-l-i J~p = 

1 (i> 1) =a small +«e fraction. 






AV/-i 


j. / z_)i far T+ri- i+i 


V^2 


r(2 Y /+l) Vn'-J! 


(flr'-n'-l) 


(3 6) 


The ' a ' given above is the radius of the innermost Bohr H-atom, which is 
taken as unity in atomio (Hartree) units 


4 Selection Bulks and Intensity Matbioeb 

Since (n 1 e r | «') is the matrix defining the moment of electrical density 
in space for the transition n-*ri and the dipole radiation for the transition is 
isotropic and unpolansed it will be independent of the angular co-ordinates 
At first we shall calculate the matrix elements 

(n 1 m j I * | n' f'm' /), (n 1 m j | *+ Jy I n' l f m’ f) (J= ±i) . . (4*1) 

remembering *=r cos0, x+ J y**r sin0 e 1 *, 

2r 1 

—■J exp $ {rn-m')4>d+~bmm’, Jp/ »(p) P/ Jp) dp=ft/'/, . (42) 


and the following sequence relations ■ 


coat P/ «= V 
8100 P/ m— - 
ain0 P/ m~ 


U+l) , -m» P/ 
(21+3) (21+1) r/+1 




ZZEZZ 

]2i+l)(2f-B 


P/-, , 


(1 - w» +1) (f-m+ 2) Pi / (l + ro)(l+m-l) 

(21+11(21+8) r, +»"-i + V (2/+J)U/-l) 


(l+m + 1) (1 + fn+2) p / (f~ro) (1-tw-l) 

(21+1) (21+8) +1 " +1 V (121)+ 121-1)“ 



P/-i *+i 

. (4*8) 
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We have 

m jl x\nl jWitnlmfrl/tin'l'm'fi+S othersjr'coeOdudrfo . (44) 

| x + 3 y | J /{V 1 (« (mj] \Ji ,(»' I'm'f) + 3 others}e J *>- , 8intofy<*r(ty 

, • (4-5) 

KCt “** * * — " wiH We the 

«“m'(Am=0), ±1(AJ= ±1) from (4 4) 

and an additional rule Am= ± 1 f fom ( 4 - 5 ) 

We give below the results of our calculations in a tabular form, noting 


Matrices Values 

(n / m;+ | *] n 'l+ \ m j + + l) 


2f+3 


-K'-) 

m<-) 


(nlmj+) x\ ril-lm /+-1) 

inlmj -1 * | n'J+1 to y. + l) — 

inlmj. | x | n'J-1 m j- -1) p* 7 ' 1 -) 

J 2J+1 \V ) 

lntmi - TTO+1) «' 4 ) 

(«*”» j+ la;+»yl ril+lm+l t j x 

{nlmh | x+ ly I n'l~\ m±\ j+-p- (/'M , i 

2/+1 \ #/ + J 

(nlm}+ \ x- i y \ ril+l m -1 *.+ ^R* /+1+ j i j -! 


(A; A l Am) 
1 1 0 

-1 -1 0 
1 1 0 
- 1-1 0 
0 J o 
0-10 


(» lmj+ | x-ty | 


- lM -i 
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(n 1 m j-\x+iy\u'l+lm+lj. + l) •— W * I) (b^ /+> ~) (1 1 1) 
Mwj;- !*+ty wi + l;.-!) - -VKt 1 lLZlU^T_ n lzD (r*^ 1 ' j (_ j _j ^ 


(n/my-|*-i y |M'/+ 1 wi-] ;- + l) - ( t j_j| 

(nim w -i y_—i) — + m ~^ R ^- 1 j(- i. t - 1 ) 

(nlmn\x+ty\n'U'lm-<i j 4.]) - g^tt-w+t) <i+m+ , n , , 

J ' fei+i)(2/+8) lx j (0 1-1 > 

(nl«,,lx-, v U'nim + l,^i) - (0 , lt 

<»!»>,(0-1-1) 
(nl»i-l,-„|„',-l„ I + ,i»-l ) - (0-1 1) 

where ' 


r^*M r ’ ( £ O + »; «i )*• ~]> ’ sj*, 

0 o 

( R „/_ )®^* ( ff' wf )dr 'jr 3 oh olf di , 

( R < ) = J r ’ ( fa far* a t Kr) dr at alt dr - 
Mf ( fa fat* all a<r) dr ah pj ; dr 


(aZ<l) 


Working out the BUfliraatiom for all the states of in' 
according to the well-known rule • 


(«*,»», m + 1, w-1) 


. fr I imj\*\n'l±lrn /))*+ 
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i[(n l m j \ x+ty\ ril±\ m+L /)]*+ ■*[(« * «* l*-*y| 
we derive the following 

n'/+l m-l /)]*, 

^(n 1 /+ | 

rl»'i+iy + +i)r=-^ (r^ +1+ ) , 

(Aj=l, Af = l) 

2 \in l j+ | 

|r \n'l-\ j+-l)J*= 7+1 (R„ /+ ). 

(aj= . ai=~d 

2j(nlj | 

r\ril + 1 i + Dl*= 'V, ( R l/ +1 ) » 

(Aj=l A/-1) 

2 [(« / j. | 

r («'/-! j -l)| , = -~ l (i^/ ), 

(A; - - 1, A/=-l) 

^ [(« 0+ 1 r | «'Z4 l ; +l)j — (2i+ 1K2I + d)( R »/+ ) 

I , (A;-0, A/-1) 

2 f(» 1 

w' *• 

j l»lni lj+ 1)] (21-l)(2i+l)( R »/_ ) 

\ (Aj—0, Ai= -1) 



. (4 6) 


5 Expressions for the R’s 


Written explicitly . 


[ Yl = v'(m) , -a’Z , > y t =\I7^'V} 


A+j + £+(«/) V l+e+(nT-lf/(?Xi>) Yl (2X,r) V, e o (n + nO r x 


l V i+1+ 7PK*W) 

rfri ATT TOE >-' 

1 /, oZ Sy.+l !««/ 'v v^l-e+'lni 1) *y.H 

1 v'Vi-zvn; 


«,(£)!•* 


... (511 
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Noting the approximations given m (S 6) and remembering X t ~Z Ian, X, 
^Z/a«we get the following results 


»/-1 + \ __ +v.+^' + * \^r(2y, +n — l)Y(2'tt + n , -J+ 1) 

*/+ / ° «>'+* n'v. + ‘ r t 2Yi + l)r(2Y» + l) y/ n -l~l ~n'-l\ 


Vn+7+T I 111 * 


_(w'-f)VfTn+I 

\V+/ 


{iv} 


™ = A— •- f C. + . 1 )'C , (?)C.( , ?K- 


(5 2) 


mo 

(I v, 

= Z» ,| +> , »+ t 2 » l+ »'* V / r(2v , t + w - 2+ l)f( >V, 4 n'-l + 2) 

\ j a n >i+yy.+i r(2/i+i)r(2Y' l +i)v'i»-n*» , -2+ii x 

iA*-flW-i+i)[ {v}+{vi}-{vn}-{yin} ].(bs) 

where [y'i = V^’-a’Z* , y'*=* Vfa— l) , -a , Z* ] 


{VI 

{VI} 
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(vm<= p+r.'4v z (-;+v) r t#;; (f-)^/ + + ,‘(f:)*, 

mn ( = (1- + >• s- ,(f )<;/ +1 0. 

0 

(*T Bx-xa 

+ (n+i+i){x-xrr}i, [Y=V(i+n , -'?z , J. 

where 

nx)=/^y+' .-«(4-+ . L ) r C’( vK;^(f K’ 

0 

M-J*" .-*(-i + fhC*(f 

0 


(5 4) 


•-*(*+Ki.ff h 

o 

Evaluation of these integrals has been earned out in Appendices A and B 
lgnoiing the constant factor V In the expressions for 8 we will get 32 jt’o* 
(s’o’Vaft times the values given m the appendices In the atomic unit ( ea) is 
taken to be unity and the wave number o, which is given by a= —Ry Z 'In*, 
where Ry stands for the Rydberg constant m 0 e i /in1l'c is calculated taking R y 
to be unity. 


6 Calculation of Relative Strengths 

With the help of results (A. 1), (A 2) and (A 6) of Appendix A the 
matnees given in (4 6) can be worked out in the general cases 

Let ns consider a general case of tiansition, for the doublet spectra of 
hydrogen, from the two levels (nlj+,nl j ~) to (n l~ 1 ;+-l, n' l -1 1). 
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From the selection rules we get only three lines in general, viz ,a (n l l—l 
j+—\),b{nlj 

e(n l j--*n f l—l — 1) From £ 

(2 4) and (4*6) we get the 
strengths 8 (a), S ( b ), 8 (c) 3 
barring the constant factor 


(S'ln^o® e*o , /8ftZ , ) ) L~ I j 


according to the rule of Ornstein-Dorgelo: 


8(a) = (2; + +l) | 

(<.■'*)’ • • • 

. (61) 

S(6)+S(e)=(2y- + l)j 


(6 2) 

Evidently, in the above, the initial state is 1-state (the lines in the fig are 
indicated to the left). Again, if the initial state be the (l— Instate, we get, 
according to the same rule (sec lines to the right) 

8(a) + 8(6) = (2/f — 1) 


| (6 3) 

Sto=(?/--n 

•(*.)' • ■ • 

(6 4) 


Taking for granted that the R’s have identical values in (0 l), (6*2), (tf 3), 
(6‘4h easy calculations give after simplifications * 



S(A)4-8(cl l 
8(a) “ J+l 


. (6 6 ) 


and 


8(a)+ 8W _ l 
8(c) “ f-1 


Adding 1 to both sides of (6 5) and (6‘6) we get 

8(e)/S(a)=tf-l) (21+U/U41) <21—1) . . 

8(ft)/B(«)»l/(l+l)(2/-l) . . 

The last two equations yield the result : 

8(a) s 8(A) : S(c)=(/+1) (21-1) : l'. (I- l) (2/+1) 


. (6 6 ) 


. (6 7) 
. ( 68 ) 


. (6 9) 
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In particular, we know when 1= 1, (line c is absent , there is no doubling 
of the S-state) and for the Ljman Beries, the R's are identical (according to our 
calculations given in Appendix B) so that we get 

8(a)/S(A)=2/l, or, spj . sp k 2 1 (610) 

Similarly, by putting 1= 2,1 = 3 we derive 

pd-transitions p^d { . p$dj * -9 1 5 

d/’-transitions d|/j dj/j . dj/^ = 20 1 !4 

This rule does not hold true if the R’s be different In the case of Rb 
and Cs, for instance, we may remark a priori that the departures noticed in 
experiments will be quite consistent with theoretical results (although it is 
pi emature to verify the experimental results at present) The electron compo¬ 
sitions for those alkalis are 

Rb(Z = 37) (ls*2»* 2p , 3s , 3p*3d 10 4s , 4p‘)5s 

Cs (Z = &5) (ls*2«* 2p‘3s*3p <l 3d 10 4s*4p*4d 10 68 , 6p 8 )6s 

The s-levels start with principal quantum numbers ri' = 5 and «'=6 respectively ; 
and we have to calculate for Rb 58-+npp npj (n= 5, 6, for the 1st, 
2nd, doublets) , and for Cs : 6 s-*npp np^ ln = 6 7, for the 1st, 
2nd,.. doublets) for their principal senes Since in these cases aZ is of the 
order ~ 1/3 7 and ^ 1/3 6 which are not negligible quantities m comparison with 
unity, we will have to evaluato the radial parts of the eigen-fnnctions without 
ignoring the oZ terms This will possibly explain the departures from 
experimental values 

For the Lyman series the radial functions »(R»/~) ’ (®»/ + ) ftn< ^ 

| R >/ + J have the same value (See Appendix B, Eqs B \ B11, B 16) 


APPENDIX A 

In Papers I and II the following integials have been established . 


(A]»J % p (2M 8*(2Md* 


(p+]2XStn) 


nlmlPft r <P)_1 * * m f\ 

ai+\,^ +1 r(X + fl) rin+m)r = 0 r'«0 r=0 


• y |V ~ a> 

, x,+x, ) 


i *>+i-a. \i p+1-p ) rfp-m -T -i-v-v) 
l n-X /i m-X 1 I t-vT?-vlvl 


X 


F. 4 


. (A.I) 
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[B]= j‘* v,+v,+, 8 - (X '^ ,)z 8^ i+l (2X,*) 8* +l (2X t *)d*(Yi-l-Y.=* + w^ac- 

tion <0) 

__ wlwl r( 2 Y, + l)r( 2 Y t -U) _ * -J "f 

(X l + X,) v ' + >«’ f3 r(2Yi + n + l)r(-Yi^»» + l)r«Yi-Y»-l)r-0r'-0r-0 

'» 

V I hzh V +T “ a ” / Yi + 1 - Y* ^ riY -Y>-1-^t»-TT(Y»-l-Y 1 -t-24T-i. T '-v) 

\ X, + Xj ) { m-x' ) n-X ! T-v 1 V-v 1 v ! 

. (A.2) 


Integrals in '5 2) and 15 3) can be evaluated with the help of (A.2), and the 
integrals in (6 4) can be evaluated with the help ot (A 1). In the former case, 
Yi and y» being equal (each=Y)> the contribution to the senes 


/yi+i-y»i 

\ m-x! j 


.if) 


comes fiom t'=»t and x'—m -1 only, and for each of these values of x' the con¬ 
tribution is 1 For ordinary calculations m generally takes the values 0, 1, 2, 
So we lequire to evalute a simpler integral of the type given below i 


[C]*jVe (x <+ a ») z 8 * (2X t *)d* . 


Since 


exp ( °Xi xt I \. t) _ r(X + nl q* r \ iq.. ti 

(i -<jx - Kr ^(xT 8 * {M * ■ • (See ' l) 

/-o 

t both sides by a/exp( — )(X 4 -f X*)* and integrate between 0 and 

' s; (a.**- ^b'^ < A -‘> 


where A= (X 1 +X») (I + W)/(l-/) aud 5 = (X i -X|)/iXi + X,) 

Right-hand member = (A 6) 


••[0]- 


T(X + n) 


x {coeff of T in the expansion of (A .5)) 


. wir<x) t r(p+1) VVf _vr t ( p+ i-Xi rfp+r,-!- u . ri+r , 

‘ T(a + «) Tai +x,y+‘ 1 l n i rip+Dr.r * 

r,ri ' 
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If fj +rj = n, then putting r,=t say, we derive : 


[C]« 


wirft) 

r»0 


n-T / t! Ui hJ 


(A 6) 


APPENDIX B 

Making yi = J+l> Y» = ^< (5 2) becomes 

/_,■/-1*\ Z ,/+, 2 ,/+1 /« + /+ Ito'+T! 

( K */+ V 


’ (w-I-l) (n'-I) 
l\/(n + I+ll(n'-U) 


W+Vb + ltl) (f/+l) m'}- 


(w-i-1) vV+j 


7»+Tn '^^{IV')} 


(B.1) 


In the above put (=1 »'■= 1 and get 


(R l °*) = ^2VWl) n (n . + 2){ir | - ( n - j){nr} (B2) 


m-h^e-^y a-’hmir 

vi-*a o 

(from A (B 3) 


{im 


y,-9 0 
y,-+l 


= f + " +, «- z (‘ + -( K * + ,( f >-#(^ I ) 5 (^) B - 3 • ®« 


(of 2) UI'l-(n-2) un')= 4^ 2 “*fiTlF r '' 


Hence from (B'2): 
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Take y i' B l> Yi ,= =l—l in (5 8): 

I z^a 1 '- V«+n» '+i-ii An-i)(n ' -m) „ 

l K «/- n'+W* (21)1 (21-2)1 V n-ll n'-2+11 

[{V}-{VII} + {VI}-{VIII}) 

_ 7j v 2 v , l / n + l\n!+l-l\ f 
~ n l+l n' 1 m(2l-2)\^J lIdem] * 1 (B6) 

In the above put l = 1, n * 1 

)= -^y(«+i)n(n-i)[{v'}-{vn / }+{vr}-{vnr} ) . (B7» 

" 1 * n 

where 

IV'I = /-- Y/+Y, ' + 1 '- Z ( ,+ T) r 

0 

0 

(Vir}=^‘' + v ,,+1 e -z (>+-!-)'' )«*'; Iv.'- 1 -v.'-oj 


{vm')=j>' +Y, ' + V z (>+\ Y iy.'-i, »,'-oi 

o v 

Now, einoe 8 >,,'+l(^)= 1 -f f ^TTl' 8 "’ 5 =1 ~ 2Zr ' 


|yi'l»lVItt'|-2Zj r Y. , +Y,'-|! e -Z(l+ 1 ) r 8^! +1 (^j*; 
0 

{vm- IT) -2z£"'+*'+V z (i+t)"8£? + i(~ r )dr. 
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, Henoe the expression within the parentheses of (B 7) 

=2z[jj> fV * +a e K ( i+ i) r ^;, 3 +l ( 2 f’K 

o 

j-)’-S^ + ,(TK ]„'>! „'=» (B81 

0 

-“[¥$*&? W* W % U> 
) nTi ^->-"' (sir • 18,1 

v ( ^ ) has two contributions for x~n~2 and n-~ 3 , 

% l ( * ) has two contributions for T=n-l and »—2. 

I® 91 * zM„"l)‘[ 2n (”u)’ - (n+2l (^l) ] 

4/ n Yin- M"'*_i*_ _ 2 >2i n !i~ 

“'FVFi) to) (»-D(«+l)“ Z* (n+l)*’ 


(BIO) 


t 2V(»- !)*"♦ 

! z 


(BID 


(«+irn 

, / pio- 2 6 « T (w- l) , " t 

and \ / ZV+IP 

From (6 4) we have, putting 1 • 

i »y+i- \ z ,/+, 2* /+ * i n+nriT Tfu^ 

[* nl + r VA 1 V^-l^ITn^T-21 

[(«-J-l){IK-XI}M»H + l'{X-XII) J . . <B12) 

For >i=j,/»o (r;,‘; • ,B,, > 



300 


K. BA80 


where 

fX't =b+'.-i' + ±Y<,\\ (f>, 

v-*i o 

{XII'} - /V‘V z (‘+|') r (^)rfr. 

y-*\ o 


Applying (A.6) as before we derive : 


|X'} = 


2n' 4 (« , ~lV'- 1 tvTT/ , 

WTIT^' txn} 


2n /4 (n'-l)"'~* 

z 4 W r +i / +1 * 


Hence 


and 


( R io + )-“ 


r vV +1 [X' - XII'] 


2V T/t( w /,i r - § >» 

" ziriVv"'* 


«y-(» s: r-w? 

[ ( 0 --K.V)] • • 
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